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To  the  H  onourable 

Sic  RICHARD  GROSVE  NOR 

-  of  Eaton ,  in  the  County  Palatine  of 
Chejltf-]  Baronet. 


S  I  R, 


WHEN  requeued  by  fome  Bookfellers  in  London, 
to  Revife  and  Prepare  this  Treatife  for  a  New 
Jmpreflion,  and  once  refolved  to  Anfwer  their  De¬ 
mands;  I  was  not  long  conlidering  at  whole  Feet  to 
1  ay  it.  “  4 


My  Memory  may  indeed  be  impair'd  by  Age,  Mif- 
fortunes  and  Accidents  ;  Nay,  I  am  fenhble  it  is  fo  : 
But  it  mull  be  entirely  loft,  when  I  am  forgetful  of  the 
great  Obligations,  I  lie  under  to  Sir  Richard  Grof- 
venor 


Your  Hofpitality  and  Generoflty,  make  you  ftand 
unenvied  in  the  Abundance  of  Fortune.  Any  Upftart 
may  contrive  to  fpend  a  great  Eftate  :  But  it  is  a 
Felicity  almoft  peculiar  to  great  Birth  to  become  One. 

Were  I  now  to  defcribe  Liberality  without  Profufe- 
nefs ;  Steadinefs  in  Principles,  without  any  private 
View  ;  Candor  and  Affability,  good  Nature  join'd  to 
found  Judgment,  and  a  Serenity  of  Temper,  which 
your  Enemies  will  always  find  the  Companion  of  true 
Courage  ;  And  then  pronounce  that  you  are  poilefled 
of  all  thefe  good  Qualities  in  as  high  a  Degree  as  moft 
Men  living ;  No  Gentleman  that  knows  you  well, 
would  think  I  flatter'd  you. 

A  2  Sir, 


,  The  P EDJCATJO N1 


j 


4Sir,  'Give  me  Leave  to  fay,  I  Honour  your  Gha- 


uncourtly,  my  Stile  unpolifh'd,  and  therefore  more 
proper  to  be  prefix'd  to  a  Work,  wherein  the  Matters 
related  are  indeed  clad  in  a  plain  and  homely  Drefs; 
but  they  are  True,  and  deligned  to  propagate  Ma¬ 
thematical  Learning  amongft  fuch  as  defire  to  be  intro¬ 
duced  into  that  fort  of  Knowledge  *  And  I  am  extreme¬ 
ly  pleas'd  they  are  permitted  to  be  feat  into  the  World 
under  your  Prote&ion. 

That  you  may  long  Live,  to  promote  the  Good  of 
your  Country,  and  that  City  in  whofe  Intereft  you 
have  fo  heartily  engag'd  your  Self;  And  that  you  may 
ever  fucceed  in  your  own  private  Affairs  ;  And  live  to 
enjoy  all  the  BldTuigs  that  attend  a  quiet  prudent  Life, 
Is  the  earneil  Prayer  of^ 


Honoured  SIR , 


Tour  mojl  Obliged, ,  Htmbley 


and  Obedient  Servant y 


J.  WARD. 


To 


The  PREFACE. 


y 


To  the  READER. 


n 


**  % 


I  Think  it  needlefs  (and  almofl:  endlefs)  to  run  over  all 
the  Ufefulnefs ,  and  Advantages  of  Mathematicks  in 
(general  fhall  therefore  only  touch  upon  thofe  Two  Admira¬ 
ble  Sciences  Arithmetick,  and  Geometry ;  which  are  in¬ 
deed  the  Two  grand  Pillars  (or  rather  the  Foundations) 
upon  which  all  other  parts  of Mathematical  Learning  depend. 

As  to  the  Ufefulnefs  of  Arithmetick,  'Tis  well  known 
that  no  Bufinefs ,  Commerce ,  Trade ,  or  Imploymcnt  whatfo- 
ever ,  even  from  the  Merchant  to  the  Shop-keeper ,  8c c.  can 
be  manag'd  and  carry  d  on ,  without  the  Affiance  of  Numbers • 
/o  ri?*  Ufefulnefs  of  Geometry,  'Tis  as  certain y 
that  no  Curious  Art ,  or  Mechanick-Work ,  can  either  be  in¬ 
vented,  improved  or  performed,  without  its  aftfling  Princi¬ 
ples, tho  perhaps  the  Artift,  or  Workman,  h as  but  little  (nay 
fcarce  any)  Knowledge  in  Geometry. 

Then ,  as  to  the  Advantages  that  arife  from  both  theft 
Noble  Sciences,  when  duly  join'd  together,  to  afiji  each 
other,  and  then  apply' d  to  P  r  attic  e  (according  as  occalion 
requires)  will  readily  be  granted  by  all  who  confder  the 
vaji  Advantages  that  accrue  to  Mankind  from  theBufnefs 
of  Navigation  only .  As  alfo  from  that  of  Surveying  and 
dividing  of  Lands  betwixt  Party  and  Party .  Be/ides  the 
great  Pleafure  and  Ufe  there  is  from  Time-keepers,  as  Di 
als,  Clocks,  and  Watches,  &c.  All  thefe,  and  a  great  ma¬ 
ny  more  very  ufeful  Arts,  (too  many  to  be  enumerated 
here)  wholly  depend  upon  the  aforefaid  Sciences .  * 

And  therefore  'tis  no  Wonder,  that  in  all  Ages  fo  many 
Ingenious,  and  learned  Perfons  have  imploy  d  themfelves  in 
writing  upon  the  Subjett  of  Mathematicks ;  but  then  moJi\ 
of  thofe  Authors  feem  to  prefuppofe  that  their  Readers  had 
made  fome  Progrefs  in  that  fort  f  Learning  before  they  at - 
tempted  to  perufe  thofe  Books,  Which  are  generally  large 
Volumns,  written  in  fuch  abfrufe  Terms  that  young  Lear-' 
nets  were  really  affraid  of  looking  into  thofe  Studies. 

Thefe 


* 


The  P  R  £  F  A  C  E. 

*r - — -  '  ’ 

The  fie  Confederations  firfe  put  me  (many  Years  ago)  upon 
the  Thoughts  of  endeavouring  to  compofe  fuch  a  plain,  and 
familiar  Introduction  to  the  Mathematicks,  as  might  En¬ 
courage  thofe  that  were  willing  (to  fpend  fome  Time  that 
way)  to  venture  and  proceed  on  with  Chearfulnfes Tho 
perhaps  they  were  wholly  ignorant  of  its  firfe  Rudiments. 
Therefore  I  began  with  their  firfe  Elements  or  Principles. 

That  is,  I  began  with  an  Unit  in  Arithrnetick,  and  a  : 
Point  in  Geometry  *  And  from  thefie  Foundations  proceeded'  ■ 
gradually  on,  leading  the  young  Learner  Step  by  Step  with 
all  the  Plainnefs  I  can.  Sec. 

And  for  that  Reafion  I  publifhed  this  Treatfee  (Anno 
1707)  by  the  Title  of  the  Young  Mathematician's  Guide  ; 
which  has  anfwerd  the  Title  fo  well,  that  I  believe  I  may 
truly  fay  (without  Vanity)  this  Treatfee  hath  prov d  a  very 
help]  ul  Guide  to  near  Five  Thoufand  Per  fins  and  perhaps 
rnofi  of  them  fuch  as  would  never  have  look'd  into  the  Ma- 
thematicks  at  all,  but  for  it. 

And  not  only  feo,  but  it  hath  been  very  well  receiv'd  a- 
viongfi  the  Learned,  and(Vvc  been  often  told)  feo  well  Ap¬ 
prov'd  on  at  the  Univerfities,  in  England,  Scotland,  and 
Ireland,  that  it's  Order'd  to  be  pubhckly  read  to  their  Pu¬ 
pils,  Sc  c. 

The  Title  "Page  gives  a  fhort  Account  of  the  feveral  Parts  treated  of,  with  the  Cor- 
redtions  and  Additions  that  are  made  to  this  Sixth  Edition,  which  I Jhall.notinl.arge 
upon,  but  leave  the  Book  to  fpeak  for  it  felf;  and  if  it  be  not  able  to  give  Satisfaction 
to  the  Reader,  I’m  fn*e,  all  lean  here  fay  in  its  behalf  will  never  recommmd  it:  'But 
this  may  be  truly  f aid,  That  whoever  reads  it  over ,  will  find  more  in  it  than  the  Title  doth 
fromife,  or  .perhaps  he  experts :  ’ Tis  true  indeed,  the  Drcfs  is  but  Plain  and  Homely,  it  be¬ 
ing  wholly  intended  to  Inftrnrt,  and  not  to  Arnufe  or  Puzzle  the  young  Learner  with  hard 
Words,  and  obfeure  Terms  :  However ,  in  this  I  fhall  always  have  the  Satisfaction ;  That 
Tvc  fincerely  aim'd  at  what’s  tifeful,  tho ’  in  one  of  the  meanefi  Ways ;  ’ Tis  Honour  enough 
fir  me  to  be  accounted  as  one  .of  the  Under-Labourers  in  Clearing  the  Ground  a  little,  and 
removing  fome >  of  the  Rubbijh  that  lay  in  the  Way  to  this  Sort  of  Knowledge.  How  well 
I  have  perform'd  That,  mtifi  be  left  to  proper  Judges. 

To  be  brief-,  As  I  am  not  fenfible  of  any  Fundamental  Error  in  this  Treatife  ;  fo  I  wi’J. 
not  pretend,  to  fay,  it  is  not  without  Imperfections,  (Humanum  eft  errare)  which  I  hope  the 
Reader  w'll  excuf iv  and  oafs  them  over  with  the  like  Candor  and  Gyod  Will  that  it  was 
compnfcd  for  his  Uje  ,  by  his  real  Wcll-wijher, 

J.  WARD. 
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PART  I. 


P  RECOGNITA. 


THE  Bufinefs  of  Mathematic^}  in  all  its  Parts  both  Theory  and 
Practice ,  is  only  to  fearch  out  and  determine  the  true  Quan¬ 
tity  ;  either  of  Matter,  Ppace,  or  Motion,  according  as  Occa- 
fion  requires.  _  , 

By  Quantity  of  Matter  is  here  meant  the  Magnitude  or  Bignefs  of 
any  vinble  .Thing,  whofe  Length,  Breadth ,  and  Thic^nefi  may  either 
be  mealured,  or  eflimated. 

By  Quantity  of  Space  is  meant  the  Diilance  of  one  Thing  from 
another. 

And  by  Quantity  of  Motion  is  meant  the  Swiftnefs  of  any  Thing 
moving  from  one  Place  to  another. 

The  Confederation  of  thefe  according  as  they  may  he  propofed, 
are  the  Sub  j  efts  of  the  Mathematical,  but  chiefly  that  of  Matter. 

Now  the  Confederation  ot  Matter ,  with  refpeYt  to  its  Quantity, 
Form  and  Pofition.  which  may  either  be  'Natural ,  Accidental ,  or  Oefign- 
eA,  will  admit  of  infinite  Varieties \  but  all  the  Varieties  that  are 
yet  known,  or  indeed  poffible  to  be  conceived,  are  wholly  com- 
prifed  under  the  due  Confideration  of  thefe  two,  Magnitude  and 
Number ,  which  are  the  proper  Subjects  of  Geometry ,  Arithmetic  fa  and 
Algebra .  All  other  Pam  of  the  Mathematical  being  only  the 
Branches  of  thefe  three  Sciences,  or  rather  their  Application  or 
particular  Cafes.. 
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GEOMETRY 
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PracognitaA  Part*  I. 

GEOMETRY  is  a  Science  by  which  we  fearch  out  and  come  to 
know  either  the  whole  Magnitude  or  lome  Part  of  any  propofed 
Quantity,  and  is  to  be  obtained  by  comparing  it  with  another  known 
Quantity  of  the  fame  kind,  which  will  always  be  one  of  thele, 

Line  ^or  Length  only)  a  Surface ,  (that  is,  Length  and  Breadth)  or  a 
Solid  (which  hath  Length ,  Breadth  and  Depth ,  or  Thiclpnefs)  Nature  ad¬ 
mitting  of  no  other  Dimenfions  but  the fe  three. 

«  AR1THMETICK  is  a  Science  by  which  we  come  to  know  what 
Number  of  Quantities  there  are  (either  real  or  imaginary)  of  any 
Kind;contained  in  another  Quantity  of  the  fameKind :  Now  this  Con- 
lideration  is  very  different  from  that  of  Geometry,  which  is  only  to 
find  out  true  and  proper  Anfwers  to  all  l'uch  Queflionsas  demand, 
how  Long ,  how  Broad,  how  Big,  &c.  But  when  we  are  to  confi- 
der  either  of  more  Quantities  than  one ,  or  how  often  one  Quantity  is 
contained  in  another,  then  we  have  recourfe  to  Arithmeticli ,  which 
is  to  find  out  true  and  proper  Anfwers  to  all  fuch  Queftions  as 
demand  how  Many ,  what  Number ,  or  Multitude  of  Quantities  there 
are.  To  be  brief  the  Subject  of  Gemetry  is  that  of  Quantity ,  with 
refpedt  to  its  Magnitude  only ;  and  the  Subjedlof  Arithmeticli  is  Quan - 
titles  with  refpedt  to  their  Number  only. 

ALGEBRA  is  a  Science  by  w'hich  the  mod  abflrufe  or  difficult  Pro¬ 
blems  either  in  Arithmetic h  or  Geometry  are  refolved  and  demondra- 
ted,  that  is,  it  equally  interferes  with  them  both  ;  and  therefore  it  is 
promifcuoufly  named,  being  fome times  called  Specious  Arithmetic ^  as 
by  Harriot  Viet  a,  and  Dodlor  Wallis,  &c.  And  fometimes  it  is  called 
Modern  Geometry,  particularly  the  ingenious  and  great  Mathemati¬ 
cian,  Mr.  Edmond  Halley ,  Savilian  Profelfor  of  Geometry  in  the  Uni- 
verfity  of  Oxford,  giving  this  following  Indance  of  the  Excel¬ 
lence  of  our  Modern  Algebra ,  writes  thus, 

4  The  Excellence  of  the  Modern  Geometry  (faith  he)  is  in  nothing 
c  more  evident,  than  in  thofe  full  and  Adequate  Solutions  it  gives  to 
‘  Problems  :  Reprefenting  all  the  poffible  Cafes  at  one  View,  and 
c  in  one  general  Theorem  many  times  comprehending  whole  Sciences; 
£  which  deduced  at  length  into  Proportions  and  demondrated  after 
c  the  Manner  of  the  Ancients,  might  well  become  the  Subje&s  of 
4  large  Treadles:  For  whatfoever  Theorem  folves  the  mod  compli- 
c  cated  Problem  of  the  Kind,  does  with  a  due  Reduction  reach  all 
4  the  fubordinate  Cafes.  Of  which  he  gives  a  notable  Indance  in 
the  Doftrine  of  Vioptricks  for  finding  the  Foci  of  Opticli  Glajfes  univer- 
fallv,  ( v  id  -  Philofophicai  Trxnf actions ,  Numb  205.) 

Thus  you  have  a  fhort  and  general  Account  of  the  proper 
Subje&s  of  thole  three  noble  and  ufeful  Sciences,  Arithmetic bx.  Geo¬ 
metry  and  Algebra.  I  fhall  now  proceed  to  give  a  particular  Ac¬ 
count  of  each,  and  fird  of  Arithmeticli ,  which  is  the  Bafis  or  Foun¬ 
dation 


Chap,  i.  Of  Cfoatattetg,  _ 3 

dation  of  all  Arts,  both  Mathematics  and  Mechanic and  therefore 
it  ought  to  be  well  underftood  before  the  reft  are  medled 
withal. 


GHAP. 


Concerning  the  federal  Paris  of  Sritfurteticft,  with  the 
Definition  of  fuch  Characters  as  are  ufed  in  this  Trea -? 

■  fife*  i  i  i  :  v 

AR  I T  H  M  E  T  I C  K,  or  the  Art  of  Numbering,  is  fitly  divided 
into  three  diftinCt  Parts,  two  of  which  are  properly  called 
Natural,  and  the  third  Artificial. 

The  Firft  being  the  moft  plain  and  eafieft,  is  commonly  called 
Vulgar  Arithmetick  in  whole  Numbers;  becaufe  every  Unit  or 
Integer  concerned  in  it,  reprefents  one  whole  Quantity  of  fome 
Species  or  Thing  propofed.  i 
The  Second  is  that  which  fuppofes  an  Unit  (and  confequently 
the  Quantity  or  Thing  reprefented  by  that  Unit)  to  be  broken 
or  divided  into  equal  Parts  (either  even,  or  uneven)  and  confi- 
ders  of  them  either  as  pure  Parts,  viz,,  each  lets  than  an  Unit,  or 
elfe  of  Parts  and  Integers  intermixt.  And  is  ufually  called  the 
DoCtrine  of  Vulgar  Fractions. 

The  Third,  or  Artificial  Part,  is  called  Decimal  Arithmetick ; 
being  an  Artificial  Invention  of  managing  Fractions  or  broken 
Numbers,  by  a  much  more  commodious  and  eafy  Way  than  that 
of  Vulgar  Fractions:  For  the  feveral  Operations  performed  in 
Decimals,  differ  but  little  from  thole  in  whole  Numbers;  and 
therefore  it  is  now  become  of  general  Ufe,  efpecially  in  Geome¬ 
trical  Computations. 

A  R  I  T  H  M  ET I C  K  (in  all  its  Parts)  is  performed  by  the  va¬ 
rious  ordering  and  difpofing  of  ten  Arabic^ Characters  or  Numeral 
Figures  (which  by  fome  are  called  Digits) 


One  Tm  Three  Four  Five  Six  Seven  Fight  Nine  Cypher. 
113*167  8  p  o 


The  Ufe  of  the  Characters  is  faid  to  be  firft  introduced  into 
Fnglani  near  fix  hundred  Years  ago,  viz,,  about  the  Year  1130. 
vide  DoCtor  tVallis’s  Algebra,  Page  u. 

B  2, 


The 
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■  *• 

The  firft  of  thefe  Characters  is  called  Unity,  and  reprefents  one 
of  any  Kind  of  Species  or  Quantity.  As  one  World,  one  Star, 

one  Man,  &c.  '  .  .  , 

Viz,.  Unity  is  that  by  which  every  Thing  that  is,  is  called  one 
( Euclid .  7.  Vtf.  1.)  and  is  the  Beginning  of  all  Numbers.  That  is 
to  fay, 'Number  is  a  Multitude  of  Units.  Euclid.  7.  Def.  2. 

For,  one  more  one,  makes  two  ;  and  one,  more  one,  more 
one  makes  three,  &c.  Which  is  the  firft  and  chief  Pcftulate ,  or 
rather  Axiom  to  Arithmetic^ 


■  S  That  1+1=1.  I+I+I=J.  I+I+I+I=4- 
lZj'  c  i+i+i+/+i=)*-  And  lo  on  to  5?. 

Nine  of  thefe  Figures  were  thus  compofed  of  Units,  and  diffe¬ 
rently  form'd  to  reprefent  l’o  many  Units  put  together  into  one 
Sum,  as  was  intended  each  fhould  denote:  Nine  being  the  greateft 
Number  of  Units  that  was  then  thought  convenient  to  be  ex- 
preffed  vby  one  fingle  Character  ;  the  laft  of  the  Ten  is  only  a  Cy¬ 
pher,  or  (as  fome  phrafe  it)  a  Nothing,  becaufe  of  it  felf  it  figni- 
fies  nothing  ;  for  if  never  fo  many  Cyphers  be  added  to,  or  fub- 
traCted  from  any  Number,  they  can  neither  increafe  nor  diminilli 
that  Number;  but  yet  as  a  Cypher  for  Cyphers)  may  be  placed, 
the  other  Figures  will  become  qf  different  Values  from  what  they 
were  before,  as  will  appear  further  on. 

For  the  more  convenient  Ordering  of  the  aforefaid  Numeral 
Figures  ' according  to  the  feveral  Varieties  that  happen  in  Com¬ 
putations;  I  do  advife  the  young  Learner  to  acquaint  himfelf 
with  the  Signification  of  the  following  Algebraick  Signs  or  Cha¬ 
racters, *  which  he  will  find  of  excellent  Ufe,  as  being  a  much 
fhorter,  better  and  more  fignificant  Way  of  denoting  what  is  to 
be  done  (in  moft  Operations)  than  can  otherwife  be  expreffed  in 
Words  at  length. 

Significations. 


Siim  Himes-  j~  The  Sign  of  Addition ;  As  8  +  7  is  8  more  7] 
land  fignifies  that  the  Numbers  8  and  7  are  to  be 
.’added  into  one  Sum.  The  like  is  to  be  under- 
SPIus  w  <J  when  feveral  Numbers  are  conneded  toge- 
1  S  2  wore.  ]  ther  with  the  Sign  +. 

!  t  As  H+12+9+4P  &C.  denotes  thefe  are  all  to 
'-be  added  into  one  Sum. 
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7  S  Minus  j 
d or  lefi-  j 

"  The  Sign  of  Subtraction  ;  As  9  —  6  is  9  lefs  6 , 
|and  fignifies  that  6  is  to  be  taken  from  9,  that  fo 
.  their  Deference  may  be  found. 

>  S  Into  or  ' 
.  5  c  with.  * 

7  The  Sign  of  Multiplication ;  As  9  X  6,  is  9  into 
.6,  and  fignifies  that  9  is  to  be  multiplied  into 
,  or  with  6 . 

The  Sign  of  Vivifion  ;  As  8  -f-  is  S  by  z>  and 
^fignifies  that  8  is  ro  be  divided  by  z,  alfo  thus 
)z)  8  (4.  or  thus  !,  each  fignifying  the  fame  Thing, 
.to  wit,  8  divided  by  2. 

^Equal.  < 

'  The  Sign  of  Equality  or  Equation ,  viz.*  when¬ 
ever  this  Sign  :=:  is  placed  betwixt  Numbers  (or 

I  Quantities)  it  denotes  them  to  be  equal,  as  9^=9, 
lor  or  9 — 6=z 3,  That  is,  9  is  equal 

to  9,  or  9  more  6}  is  equal  to  ij,  and  9  lefs  6,  is 
•equal  to  3,  &c. 

.  ! 

: :?  |  so  is-  < 

The  Sign  of  Proportion ,  or  that  commonly 
called  the  Golden  Rule,  or  Rule  of  Three ,  and  :  :  is 
'  always  placed  betwixt  the  two  middle  Terms 
or  Numbers  in  Proportion.  Thus,  2  :  8  :  :  6 
:  24.  To  be  read  thus;  As  2,  is  to  8,  fo  is  6, 
Jo  24. 

Thefe  Signs  and  their  Significations,  being  perfectly  learnt, 
^vill  help  to  fhorten  the  Work*  •' 

CHAP.  II. 

i  » 

Concerning  the  principal  Rules  in  Slrirtmcticlt,  and  how 

they  are  perjormed.  in  whole  Numbers. 

*  0 

THE  Rules  by  which  Numerical  Operations  are  perform'd 
in  all  the  Parts  of  Arithmetick,  are  many  and  various,  fe- 
veral  of  them  being  form'd  and  raifed  as  Occafion  requires, 
when  applied  to  Practice,  yet  they  are  all  comprehended  with¬ 
in  the  due  Confideration  of  thefe  Six,  viz**  NUMERATION  (or 

NOTATION 


6  Xtitfymttitk.  Parr  I. 

NOTATION,  ADDITION,  SUBTRACTION,  MUL¬ 
TI  P  L  I  C  A  T  I  G  N,  DIVISION,  and  EVOLUTION,  or 
Extraction  of  Roots . 


Sed.  i.  Of  jpumeration,  or  potation* 


NUMERATION  or  Notation,  teachetli  to  read  or  exprefs 
the  true  Value  of  any  Number  when  writ  down;  and  confe- 
quently  to  write  down  any  propoled  Number  according  to  its 
true  Value  when  it  is  named :  And  this  confifteth  of  two  Parts | 


i  -  . c  .  '  •  .  ■  umi.  i  j dLc  aoiri 

only  iigni+y  ns  otvn  fimpie  Value,  viz.  fo  many  Units  as  that 
Figure  reprelents.  •  1 

ni  ^e/eC°^nd.P!aCe  h  th~of  Tem'  anT  Ff§lIre  Ending  in  that 
lia^  iSulaecn  10  many  ^eas  as  that  Figure  reprelents  Units. 

Ths 
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The  third  Place  is  Hundreds,  the  fourth  Place  Thou  lands  '& rc. 
That  is,  each  Place  towards  the  Left-Hand  is  ten  times  the  Value  of 
that  next  it  towards  the  Right. 

For  Inftance,  fuppofe  75  9  were  propofed  to  be  read  or  pro¬ 
nounced  according  to  the  Value  of  each  Figure  as  they  now  Rand. 
The  fir  ft  Figure  in  this  Sum  is  7,  becaufeit  ftands  in  the  Place  of 
Units,  and  therefore  fignifies  but  its  own  ftm pie  Value,  to  wit  9 
Units,  or  Nine.  The  fecond  Figure  5  ftands  in  the  Place  of 
Tens,  and  therefore  fignifies  five  Tens  or  Fifty.  The  Figure  7 
ftands  in  the  third  place,  or  Place  of  Hundreds,  and  therefore  it 
fignifies  feven  Hundred,  and  the  whole  Sum  is  to  be  read  or  pro¬ 
nounced  thus,  Seven  Hundred  Fifty  Nine. 

Note,  Although  the  Figure  7,  ftands  in  the  third  Place  (accor¬ 
ding  to  the  Order  of  Numbering)  yet  when  the  whole  Sum  comes 
to  be  read  it  is  firft  pronounced,  the  reading  of  Numbers  being  - 
perform'd  like  that  of  Letters  or  W ords,  always  beginning  with 
the  outmoft  Figure  towards  the  Left-Hand,  and  fo  many  Figures 
as  are  placed  together  without  any  Point.  Comma,  Line,  or  other  ;r 
Note  of  Difti nation  between  them,  are  all  but  one  Sum,  and  mu  ft 
be  read  as  fuch.  *' 

For  Example,  7 £3 596  is  but  one  intire  Sum  or  Number,  not-* 
withftanding  it  confifts  of  fix  Places  of  Figures,  and  is  thus  read  j 
Seven  Hundred  Sixty  Three  Thoufand  Five  Hundred  Ninety  Six. 

The  like  is  to  be  obferved  in  reading  or  exprefling  the  true  Va- • 
]ue  of  any  Sum  or  Rank  of  Numbers  confifting  of  Seven,  Eight, 
Nine,  or  more  Places  of  Figures,  each  Figure  being  to  be  Valued 
according  to  its  Diftance  from  the  Place  of  Unity :  As  in  'the 
foregoing  Table.  ^  ^ 

Now  fuch  Values  may  as  well  arife  by  Cyphers,  as  by  ot Utr  Ft-~ 
gures ;  for  Inftance:  6  (landing  by  it  felf,  reprefents  but  fix  Units : 
But  if  a  Cypher  be  annext  to  it  thus,  6 o,  then  it  becomes  ^rixty 
for  the  Cypher  pofleffing,  the  Place  of  Units,  hath  thereby  remove^ 
the  6  into  the  Place  of  Tens;  and  another  Cypher  moreiavould" 
make  it  600,  Six  Hundred,  <S*c. 

Whence  it  may  be  noted,  that  altho’a  Cypher  of  it  felf  fignify 
nothing  (as  hath  been  fa  id  before)  yet  being  placed  on  the  Right- 
Hand  of  any  Figure,  it  augments  the  Value  of  that  Figure  bv  ad¬ 
vancing  it  into  a  higher  Place  than  otherwife  it  would  have  been, 
had  not  the  Cypher  been  there. 

Take  one  Example  more  in  Numeration,  if  you  pleafe,  that  in 
the  Table  viz.  6 78987^43?  1,  which  is,  according  as  is  there  fignified, 

Six  Hundred  Seventy  Eight  Thou  fand  Millions, 

Nine  Hundred  Eighty  Seven  Millions , 

Six  Hundred  Fifty  Four  Thoufand. 

.  'Three  Hundred  Twenty  One  Units .  Of  any  propofed  Species  or  Quan¬ 
tities  whatfoeyer. 

And 
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And  here  it  may  be  obferved,  that  every  third  Figure  from  the 
Place  of  Units,  bears  the  Name  of  Hundreds;  which  (hews  that 
if  any  great  Sum  be  parted,  or  rather  didinguiihed  into  Periods, 
of  three  Figures  in  each  Period  (as  in  the  foregoing  Table)  it 
will  be  of  good  life  to  help  the  young  Learner  in  the  eaiier  va¬ 
luing  and  exp  reding  that  Sum. 


-J  ■  % , 


y  f 


Se<a.  2.  Of  atnitimt. 

Populate  or  Petition. 


That  any  given  Number  may  be  iricreafed  or  made  more , 

by  putting  another  Number  to  it. 

$ 


ADDITION  is  that  Rule  by  which  feveral  Numbers  are  col¬ 
lected  and  put  together,  that  fo  their  Sum  or  total  Amount  may 

In  this  Rule  two  Things  being  carefully  obferved,  the  Work 
will  be  eadly  performed. 

i.  The  fir  ft  is  the  true  placing  of  the  Numbers,  fo  as  that  each 
Figure  may  dand  direCtly  underneath  thofe  Figures  of  the  iame 
Value,  viz, •  Place  Units  under  Units,  Tens  under  Tens,  and  Hun¬ 
dreds  under  Hundreds,  <&c. 

Then  underneath  the  lowed  Rank  (always)  draw  a  Line  to  fe- 
paratethe  given  Numbers  from  their  Sum  when  it3s  found. 

Example-  If  thefe  Numbers  *43*7,  and  2651,  were  given  to  be 
added  together,  they  mud  be  placed 

Thus  I  543*7 
10  ’  £  26*1 


2.  The  fecond  Thing  to  be  obferved  is  the  due  colle&ing  or 
adding  together  each  Row  of  Figures  thatdand  over  one  another 
of  the  fame  Value  :  And  that  is  thus  performed. 


KUL  V., 

Always  b°gin  your  Addition  at  the  Place  of  Units,  and  add 
together  all  the  Figures  that  dand  in  that  Place,  and  if  their  Sum 
be  under  Ten,  fet  it  down  below  the  Line  underneath  its  own 
Place;  but  if  their  Sum  be  more  than  Ten,  you  mud  fet  down 
only  the  Overplus,  or  odd  Figure  above  the  Ten  (or  Tens)  and  fo 
many  Tens  as  the  Sum  of  thofe  Units  amount  to,  you  mud  carry 

to 


\ 
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to  the  Place  of  Tens ;  Adding  them  and  all  the  Figures  that  (land, 
in  the  Place  of  Tens  together,  in  the  fame  Manner  as  thofe  of 
the  Units  were  added ;  then  proceed  in  the  fame  Order  to  the  Place 
of  Hundreds,  and  fo  on  to  each  Place  until  all  is  done. 

The  Sum  arifing  from  thofe  Additions  will  be  the  total  Amount 
required. 

Example  I. 

Let  it  be  required  to  find  the  Sum  of  the  aforefaid  Numbers.  ;  * 


5697%  the  Sum  required. 

Beginning  at  the  Place  of  Units,  I  fay  1  and  7  is  8,  which  being 
lefs  than  io,  I  fet  it  down  (according  to  the  Rule)  underneath  its 
own  Place  of  Units;  and  then  proceed  to  the  Place  of  Tens, fay¬ 
ing  7  and  2  is  7,  which  being  lefs  than  io,  I  let  it  down  under¬ 
neath  its  own  Place  of  Tens,  and  proceed  to  do  the  like  at  the 
Place  of  Hundreds,  and  then  at  Thoufands,  letting  each  of  their 
Sums  underneath  their  own  refpe&ive  Places :  Laffly,  Becaufe  there 
is  not  any  Figure  in  the  lower  Rank  to  be  added  to  the  Figure  5:, 
which  (lands  in  the  Place  of  Ten  Thoufands,  in  the  upper  Rank, 
I  therefore  bring  down  the  laid  5  to  the  red,  placing  it  under¬ 
neath  its  own  Place,  and  then  I  find  that  54327+^5  1=56978, 
the  true  Sum  required. 

Example  2. 

Suppofe  it  were  required  to  find  the  Sum  of  thefe  Numbers, 
3 578  +  49^ -f- 742  +  1 84  +  95.  Thefe  being  placed,  as  before 
dire<5fed,  will  (land  as  in  the  Margin.  Then  beginning  (as  before) 
at  the  Place  of  Units,  fay  5  and  4  is  9,  and  2  is  n,  and 
%  is  17,  and  8  is  25,  fet  down  the  5  Units  underneath  its  3578 


own  Place  of  Units,  and  carry  the  20,  or  two  Tens,  to  the  *96 

Place  of  Tens  (at  which  Place  they  are  only  2)  faying,  2  741 

and  9  is  11,  and  8  is  19,  and  4  is  23,  and  9  is  32.  and  7  184 

is  39,  fet  down  the  9  underneath  its  own  Place  of  Tens,  95 


and  carry  the  30,  or  three  Tens  (which  indeed  is  300)  - 

to  the  Place  of  Hundreds,  at  which  Place*  they  are  but  3,  5095 

laying,  3  I  carry  and  1  is  4,  and  7  is  11,  and  4  is  15.  and 
5  is  20,  here  becaufe  there  is  no  Figure  overplus  (as  before)  I  fet 
dowm  a  Cypher  underneath  the  Place  of  Hundreds,  and  carry  the 
2  Tens  (or  rather  the  20c©)  to  the  Place  of  Thoufands,  faying 

C  (as 
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(as  before,)  i  I  carry  and  3  is  5,  which  being  the  lad,  I  let  it 
down  underneath  its  own  Place,  and  all  is  finifhed.  Andnnd  the 
Sum  or  total  Amount  to  be  5095=3 578+496+74*+i84+9?- 
If  this  Example  be  well  confidered,  it  will  be  fufficient  to  fnew 
the  ufual  Method  of  Addition  in  Whole  Numbers)  but  to  make  all 
plain  and  clear,  I  fhall  fliew  the  young  Learner  the  Reafon  of 
carrying  the  Tens  from  one  Degree  or  Row  of  Figures,  to  the 
next  Superior  Degree,  which  is  done  purely  to  fave  Trouble, 
and  prevent  the  ufing  of  more  Figures  than  are  really  neceflfary, 
as  will  appear  by  the  following  Method  of  adding  together  the 
fame  Numbers  of  the  lad  Example. 


Thus,,  Add  together  each  fingle 
Row  of  Figures  by  itfelfj  as  if  there 
were  no  more  but  that  one  Row, 
fetting  down  the  Sum  underneath 
its  own  Place. 


•  •  •  t 

:3;5';7:8 

i  }4\9‘6 
i  ; 7:4*  x 
:  :  1.8:4 

1  t  »  1 

;  j  \9\% 


The  Sum  of  the  Row  of  Units,  is 
The  Sum  of  the  Row  of  Tens,  is 
The  Sum  of  the  Row  of  Hund.  is 
The  three Thouiand  brought  down 


•  *2- 5 
'  3:7!° 

j  ■>  \ ' } 

i . 7  0*0 
;3;o;o;o 


The  Sum  or  total  Amount  as  before,  is  5095 


From  hence  I  prefume  it  will  be  eafy  to  conceive  the  true 
Reafon  of  carrying  the  aforefaid  Tens;  and  alfo  that  Cyphers  do 
not  augment  or  increafe  the  Sum  in  Addition.  (See  Page  4.) 

I  might  have  here  inferted  a  Lineal  Demondration  of  this  Rule 
of  Addition  5  but  I  thought  it  would  rather  puzzle  than  improve 
a  younr  Learner,  efpecially  in  this  Place  ;  befides-  the  Reafon  of 
it  is  diffidently  evident  from  that  Natural  Truth  of  the  Whole  be¬ 
ing  equal  to  all  its  Parts  tafyn  together.  Euclid.  I.  Axiom  19. 

That  is,  the  Numbers  which  are  propofed  to  be  added  toge¬ 
ther  are  by  that  Axiom  underdood  to  be  the  feveral  Parts,  and 
their  Sum  or  total  Amount  found  by  Addition  is  underdood  to 
be  the  Whole, 

And  from  thence  is  deduced  the  Method  of  proving  the  Truth 
of  any  Operation  in  Addition  viz-.  By  parting  or  feparating 
the  given  Numbers  into  two  Parcels  (or  more,  according  to  the 
largenefs  of  it)  and  then  Adding  up  each  Parcel  by  it  felf:  For 
if  thofe  particular  Sums  fo  found,  be  Added  into  one  Sum,  and 
that  Sum  prove;  equal  or  the  fame  with  the  total  Slim  fird 

founds 
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found,  then  all  is  right;  if  not,  care  muff  be  taken  to  difcover 


The  Sum  of  thefe  Parts  is,  12951 


The  Sum  of  thefe,  is  9513 


The  Sum  of  each  £  . 

Parcel  put  together 5 


Sed.  3.  Of  Subtraction. 

c Tojiulate  or  ^Petition. 

That  any  ^timber  may  he  Dimini jhed \  or  made  Lefs ,  hy 
taking  another  jjlnmbet:  from  it. 

SUBTRACTION  is  that  Rule  by  which  one  Number  is  de¬ 
ducted  or  taken  out  of  another,  that  fo  the  Remainder,  Difference, 
or  Excefs  may  be  known. 

As  6  taken  out  of  9,  there  remains  3.  This  3  is  alfo  the  Dif¬ 
ference  betwixt  6  and  9,  or  it  is  the  Excefs  of  9  above  6. 

Therefore  the  Number  (or  Sum)  out  of  which  Subtraction  is  re¬ 
quired  to  be  made,  mult  be  greater  than  (or  at  leaf!  equal  to)  the 
Subtrahend  or  Number  to  be  Subtracted. 

Note,  This  Rule  is  the  Converfeor  direct  Contrary  to  Addition. 

And  here  the  fame  Caution  that  was  given  in  Addition  ;  of 
placing  Figures  direCtly  under  thofe  of  the  fame  Value,  viz.  Units 
under  Units,  Tens  under  Tens,  and  Hundreds  under  Hundreds, 
&c.  muft  be  carefully  obferved  ;  alfo  underneath  the  loweftRank 
there  muft  be  drawn  a  Line  (as  before  in  Addition)  to  feparate 
the  given  Numbers  from  their  Difference  when  it  is  found. 

Then  having  placed  the  leffer  Number  under  the  greater,  the 
Operation  may  be  thus  performed. 

'R  U  L  E. 

Begin  at  that  Right-Hand  Figure  or  Place  of  Units  (as  in 
Addition)  and  take  or  fubtraCt  the  lower  Figure  in  that  Place 
from  the  Figure  that  Rands  over  it,  fecting  down  the  Remainder 

Ci  er 


and  correCt  the  Error. 

Example. 


Add 


The  total  Sum  of 
all  thefe  Parts 


22455 


12 
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or  Difference  underneath  its  own  Place,  if  the  two  Figures  chance 
to  be  equal,  fet  down  a  Cypher.  But  If  the  upper  Figure  be  lefs 
than  the  lower  Figure,  then  you  muft  add  io  to  the  upper  Figure, 
or  mentally  call  it  io  more  than  it  is,  and  from  that  Sum  fub- 
traft  the  lower  Figure,  fetting  down  the  Remainder  (as  before  di¬ 
rected.)  Now  becaule  the  io  thus  added,  was  fuppos’d  to  be  bor¬ 
row’d  from  the  next  fuperior  Place  (viz-  of  Tens)  in  the  upper 
Figures,  therefore  you  muff  either  call  the  upper  Figure  in  that 
Place  from  whence  the  io  was  borrow’d,  one  le Is  than  really  it  is, 
or  elfe  (which  is  all  one,  and  moftufual)  you  muft  call  the  lower 
Figure  in  that  Place  one  more  than  it  really  is,  and  then  proceed 
to  Subtraction  in  that  Place,  as  in  the  Former ;  and  fo  gradually 
on  from  one  Row  of  Figures  to  another  until  all  be  done. 


Example  I. 


Let  it  be  required  to  find  the  Difference  between  6 78?,  and 
4572.  That  is,  let  4571  be  fubtra&ed  from  6787. 

Thefe  Numbers  being  placed  down,  as  before  directed,  will. 
Hand 


678* 


Beginning  at  the  Place  of  Units,  take  2  from  5  and  there  will 
remain  3  which  muft  be  fet  down  underneath  its  own  Place,  and 
then  proceed  to  the  Place  of  Tens,  taking  7  from  8,  there  will  re¬ 
main  1,  to  be  let  down  underneath  its  own  Place;  again  at  the 
Place  of  Hundreds  take  j  from  7,  and  there  remains  2,  which  fet 
down,  as  before;  laftlv,  take  4  from  6  and  there  will  remain  2, 
which  being  fet  down  underneath  its  own  Place,  the  Work  is  fi- 
nifhed,  and  the  Difference  fo  found  will  be  2213=^785 — ’4572,  as 
was  required. 


Example  2. 


The  Difference  between  5849,  and  7496  is  required. 

Having  placed  the  Numbers  as  in  the  Margin,  begin 
at  the  Place  of  Units  (as  before)  and  fay  9  from  6  cannot  7494 
he.  but  9  from  16  and  there  remains  7,  to  be  fet  down  5849 

under  its  own  Place,  next  proceed  to  the  Place  of  Tens,  - 

where  you  muff  now  pay  the  io  that  was  borrowed  to  1647 
make  the  6,  16,  by  accompting  the  upper  Figure  9  in  that 
Place  one  lefs  than  it  is,  faying,  4  from  8  and  there  remains  4, 
onelle  (which  is  the  moft  praCtifed)  lay  1  I  borrowed  and  4  is  y 


from 


Chap.  2.  Of  ^ubtracttott* 


!3 


from  9  and  there  Remains  4,  to  be  fet  down  under  it's  own  Place 
(as  before)  ;  again  at  the  Place  of  Hundreds,  fay  8  from  4  that 
cannot  be,  but  8  trom  14  there  will  remain  6  to  be  fet  down; 
and  here  I  have  borrowed  10  (as  before)  which  muft  be  paid  in 
the  lame  Manner  as  the  other  10  was,  viz.  either  by  calling  the 
7  in  the  upper  Rank  but  6,  faying,  ?  from  6  there  remains  1,  or 
elfe  by  faying  1  borrowed  and  5  is  6  from  7  and  there  remains 
1,  which  being  fet  down  under  its  own  Place  all  is  done,  and  the 
Difference  required  will  be  1647=7496 — 584 9. 


Ex  Ample  3. 


Prom  830476 
Take  741068 


Remains  89408 


By  this  Example  you  may  perceive  that  Cyphers  in  the  Subtra¬ 
hend,  viz .  in  the  Numbers  to  be  fubtraCted,  do  not  diminifti  the 
Number  from  whence  Subtraction  is  made.  See  Page  4. 

Thefe  three  Examples,  I  prefume,  may  befufficient  to  fhew  the 
young  Learner  the  Method  of  Subtracting  whole  Numbers;  as  for 
the  Reafon  thereof  it  is  the  fame  with  that  of  Addition,  Page 
lo,  viz.  of  the  Whole  being  equal  to  all  it!  Parts  tafen  together. 

That  is,  in  this  Rule  the  Number  from  which  Subtraction  is  re¬ 
quired  to  be  made,  is  underftood  to  be  the  Whole,  and  the  Sub¬ 
trahend  or  Number  to  be  fubtraCted,  is  fupposJd  to  be  a  Part  of  that 
Whole,  confequently  if  that  Part  be  taken  from  the  Whole  the 
Remainder  will  be  the  other  Part. 

From  hence  is  deduced  the  common  Method  of  proving  Sub¬ 
traction,  by  adding  together  the  Subtrahend  and  the  Remainder. 
For  if  the  Sum  of  thofe  Two  which  are  here  called  Parts,  be  e- 
qual  to  the  Number  from  whence  Subtraction  was  made  (which 
is  here  called  the  whole)  then  the  Work  is  right;  if  not,  care 
muft  be  taken  to  difeover  and  correCt  the  Error. 


Example. 
From  *9  43  y 


Sum  which  is  equal  to  the  Number  from 
lence  Subtraction  was  made. 


Or 


H 
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Or  from  the  abovefaid  Reafon,  it  will  beeafy  to  conceive  how 
to  prove  the  Truth  of  Subtraction  by  Subtraction. 

For  if  from  m3?  being  here  the  Whole, 

there*  be  taken  47.608  as  Part  of  that  Whole, 

there  will  remain  11827  the  other  Part  (as  before) 

And  if  from  5943?  the  Whole,  there  be  fubtraCted 

the  laft  Part,  viz-  11827 


there  will  remain  47608  the  firft  Part,  or  Number  which  was 
required  to  be  firft  fubtraCted. 


From  75:643  '  From  7000000 

Take  9000  Take  986431 

66643  Remains  60135:68 


Se<a.  4.  Of  Multiplication. 

MULTIPLICATION  is  a  Rule  by  which  any  given  Num¬ 
ber  may  be  fpeedily  increafed,  according  to  any  propofed  Num¬ 
ber  of  Times. 

That  is.  One  Number  is  faid  to  multiply  another,  when  the 
Number  multiplied  is  fo  often  added  to  it  felf,  as  there  are  Units 
in  the  Number  multiplying ,  and  another  Number  is  produced. 
( Euclid .  7.  Def.  1 5'.) 

To  perform  Multiplication  there  are  required  two  given  Numbers, 
called  Fatfors. 

The  Firft- is  that  Number  which  isto  be  multiplied,  and  isgene- 
rally  put  the  greateft  of  the  two  Numbers,  commonly" call'd  the 
Multiplicand. 

The  other  is  that  Number  by  which  the  Firft  is  to  be  multiplied, 
and  is  uiually  called  the  Multiplicator  or  Multiplier  3  and  this  de¬ 
notes  the  Number  of  Times  that  the  Multiplicand  is  required  to 
be  added  to  it  ieif.  For  fo  many  Units  as  are  contained  in  the 
Multiplier,  fo  many  times  will  the  Multiplicand  be  really  added  to 
it  felf,  (as  per  Euclid  above.)  And  from  thence  will  arife  a  third 
Number,  called  the  Product .  But  in  Geometrical  Operations  it  is  called 
the  Reflan&le  or  Plane- 

^ ,^01'  ^nce5  Suppofe  it  were  required  to  increafe  6  four  Times, 
Tnat  is,  to  multiply  ^  into  or  with  4,  thefe  two  Numbers  are  to 
be  Let  (01  p*aced)  down  as  in  Addition  or  Subtraction- 


Thus 


Chap.  2.  Of  £©ttlttpltcatl0tt. 


lS 


Produtt  24  viz,.  4  times  6  is  24,  as  plainly  appears  by  Ad- 


1 

2 

3 

4 


Add 


24 


dition,  viz-  By  fetting  down  6.  four  times,  and 
then  adding  them  together  /  into  one  Sum 

Thus 

From  hence  it  is  evident  that  Multiplication 
is  only  a  concife  or  compendious  Way  of 
adding  any  given  Number  to  it  felf,  fo  often  as  any  Number  of 
Times  may  be  propofed. 

Before  any  Operation  can  be  readily  perform’d  in  Multiplication , 
the  feveral  Produ&s  of  the  fingle  Figures,  one  into  another  muft 
be  perfectly  learn’d  by  Heart,-  viz.  That  2  times  2  is  4,  that  3  times 
3  is  9,  that  3  times  6  is  18,  OV.  According  as  they  are  exprefted 
in  the  following  Table.  Wherein  I  have  omitted  multiplying1 
with  2,  it  being  fo  very  eafy  that  any  one  may  do  it. 

Multiplication  Table. 


It'  i . — 

3x3=9 

3X4=11 

4X4=16 
4X  5=20 

$  X  5  =  25 
5X6=30] 

6  X  6=36 
6  X  7=42 

7X7  =  4  9 
7X8  =  56 

8  X  8=64 
8  X  9=72 

3x5=15 

4X  6=24 

rX7=35 

6X  8  =  48 

7X5=63 

9X9=81 

3X6=18 

4X7=28 

5  X  8=40 

6 X  9=54 

3X7=11 

4X  8=32 

i! 

On 

X 

3  X  8=24 

4X9=3^ 

3  X  9=27 

I  think  it  needlefs  to  give  any  Explanation  of  this  Table ;  for  if 
the  Signs  and  their  Significations  be  well  underftood,  ( vide  Page 
5)  it  muft  needs  be  eafy.  Only  this  may  be  noted,  that  4X 3=3X4, 
or  7X5=5X75  <stc. 

That  is,  3  times  4,  is  the  fame  with  4  times  3,  or  5-  times  7, 
is  the  fame  with  7  times  5,  &c.  The  like  muft  be  underftood  of 
all  the  reft  in  the  Table. 

And  when  all  thefe  fingle  Products  are  fo  perfectly  learn’d  by 
Heart,  as  to  be  faid  without  paufing  ;  you  may  then  proceed  (but 
not  till  then)  to  the.  Bufinefs  of  Multiplication  \  which  will  be  found 
yery  eafy,  if  the  following  Rule  (and  Examples)  be  carefully  ob- 
ferved.  •  ; 

i  f-j  B  B  R  U  L  E. 

Always  begin  with  that  Figure  which  (lands  in  the  Units  Place 
of  the  Multiplier  j  and  with  it  multiply  the  Figure  which  ftands 

in 

r  '  '  i 
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in  the  Units  Place  of  the  Multiplicand ;  if  their  Produ<fl  be  lefs 
than  Ten,  let  it  down  underneath  its  own  Place  of  Units,  and 
proceed  to  the  next  Figure  of  the  Multiplicand.  But  if  their 
Produdf  be  above  Ten  (or  Tens)  then  fet  down  the  Overplus 
only  (or  odd  Figure,  as  in  Addition)  and  bear  (or  carry)  the  laid 
Ten  or  Tens  in  mind  until  you  have  multiplied  the  next  Figure 
of  the  Multiplicand,  with  the  fame  Figure  of  the  Multiplier; 
then  to  their  Produft  add  the  Ten  or  Tens  carried  in  Mind,  Pet¬ 
ting  down  the  Overplus  of  their  Sum  above  the  Tens,  as  before: 
And  fo  proceed  on  in  the  very  fame  Manner,  until  all  the  Figures 
of  the  Multiplicand  are  multiplied  with  that  Figure  of  the  Mul¬ 
tiplier. 

Example  I. 


Suppofe  it  were  required  to  multiply  3115  into  or  with  3. 

3113  Multiplicand ,  2  F  B 
3  Multiplier,  ?  or  "«<’«• 


Produtt  9639 

Beginning  at  the  Units  Place,  fay,  3  times  3  is  9,  which  be- 
caule  it  is  lefs  than  Ten,  fet  it  down  underneath  its  own  Place, 
and  proceed  to  the  next  Place  of  Tens;  faying  3  times  1  is  3, 
which  fet  down  underneath  its  own  Place,  then  to  the  next  Place, 
viz,,  of  Hundreds,  faying  3  times  z  is  6 ,  which  let  down*  as  be¬ 
fore;  Laflly,  at  the  Place  of  Thoulands,  fay  3  times  3  is  9,  which 
being  fet  down  underneath  its  own  Place,  the  Operation  isfiniili* 
ed;  and.  the  true  Produft  is  3X3?  as  was  required. 

Example  1. 

Let  it  be  required  to  multiply  8569  into  8.  Set  down  thefe 
Numbers  as  before. 

Thus  k 


68  5  5  z 

Beginning  at  the  Units  Place  fay,  8  times  9  is  72,  fet  down 
the  1  underneath  its  own  Place  of  Units,  and  bear  the  70,  or 
7  lens  in  mind,  and  proceed  to  the  next  Figure  of  the  Multi¬ 
plicand  (at  which  Place  the  7  Tens  are  only  7)  faying  8  times  6 
is  48,  and. the  7  carried  in  mind  is  f?,  fet  down  the  odd  <  un- 
erneath  its  own  Place  of  Tens,  and  carry  the  50  (which  is  real* 
•  ,'00)  to  yhe  next  Place  (viz.  of  Hundreds)  at  which  Place  it  is 
on  y  5,  where  fay,  8  times  f  is  40;  and  the  ?  carried  in  mind 
is  4f,  let  down  the  y.  underneath  its  own  Place;  and  carry  the 
40  or  4  Tens  (which  is  really  4000)  to  the  next  Place,  viz.  of 

Thoufands, 
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Thoufands,  faying,  8  times  8  is  64,  and  4  carried  in  mind  is  68. 
(Now  this  being  the  laft  Place  or  Figure  to  be  multiplied)  fet 
down  the  whole  Product  68,  and  the  Work  is  done. 

So  that,  8569 X  8=685-52,  the  Product  required. 

Nbw  the  Reafon  of  this  and  all  other  the  like  Operations,  may 
be  eafily  conceived  from  this  which  follows, 


®  * 5  6 * 8  |  j^-The  fame  Fadlors  as  before, 


5  Here  8  times  9  is  but  72,  as  before,  becaufe  the  9 
^ftands  in  the  Units  Place. 

C  Now  here  it  is  not  really  8  times  6= 4^,  but  it  is 
■^8  times  60=480,  becaufe  the  6  ftands  in  the  Place  of 
^Tens. 

And  here  it  is  not  8  times  *=40,  but  it  is  really 

8  times  *00=4000,  becaufe  the  *  ftands  in  the  Place 
of  Hundreds. 

Laftly,  becaufe  the  8  in  the  Multiplicand  ftands 
in  the  Place  of  Thoufands,  it  is  therefore,  8  times 
8000=64000,  and  not  8  times  8=64. 

68  a  J  The  5um  t^ie  Particular  Produfts,  which  gives 
*  *  Z  the  true  Product,  as  before. 


By  what  hath  been  already  faid,  with  a  little  Confederation  had 
to  the  Examples :  I  prefume  the  Learner  may  eafily  underftand 
how  to  multiply  whole  Numbers  with  any  fingle  Figure.  And 
when  it  is  requir’d  to  multiply  with  more  than  one ;  Then  fo 
many  Figures  as  there  are  in  the  Multiplier,  fo  many  particular 
Products  there  muft  be. 

That  is,  all  the  Figures  of  the  Multiplicand  muft  be  multiplied 
with  every  fingle  Figure  of  the  Multiplier  as  if  there  were  but 
one  fingle  Figure  ;  and  the  Sum  of  all  thofe  particular  ProdudP, 
will  be  the  true  Product  required;  but  in  thofe  Operations  great 
Care  muft  be  taken  in  fetting  down  the  particular  Products, 
f which  arife  by  each  multiplying  Figure)  in  their  proper  Places. 
Which  will  be  eafily  done  if  the  following  Directions  be  care¬ 
fully  obferv'd. 


Viz,. 


Always  place  the  firft  Figure  (or  Cypher)  of  every  par¬ 
ticular  Prodmft,  dire&ly  underneath  the  multiplying  Fi¬ 
gure.  Or  thus : 


The  firft  Figure  (or  Cypher)  of  the  fecond  particular  Produdfc 
muft  ftand  dire<5tly  under  th’e  fecond  Figure  (or  Place)  of  the 
firft  Product;  and  the  firft  Figure  (or  Cypher)  of*  the  third 

D  particular 


8 


^tttpmencB, 


oarticular  Produft.  muft  Hand  direftly  underneath  the  third  Fi¬ 
gure  of  the  firft  Produd :  And  fo  on  until  all  is  done. 

6  Now  the  Reafon  of  placing  the  firft  Figure  of  every  particular 
Produft  in  this  Order,  will  be  very  obvious  to  any  onethatcon- 
fiders  the  laft  Example;  wherein  the  Cyphers  are  only  fet  down 
to  fliew  the  true  diftance  of  the  firft  Figure  in  each  particular 
Produdl  from  the  Units  Place.  And  altho  it  is  not  u  ual  to  fet 
down  Cyphers  in  this  Manner  ;  yet  they  are  always  fupp?s  d  to 
be  there  :  That  is,  their  Places  are  always  left  void,  as  in  the 
two  following  Examples ;  wherein  I  have  placed  Points  inftead 
of  Cyphers. 

i lx  Ample  3* 

Let  it  be  required  to  multiply  78094,  into  or  with  7^3. 

7^°94 


75^3 


234282  The  Firft  particular  Product  with. 
468564.  The  Second  particular  Produtt  with 

390470..  The  Third  particular  Product  with 

546658...  The  Fourth  particular  Produft  with 


5 

60 

500 

7000 


590624922  The  Total,  or  true  Product  required. 

Example  4. 

Suppofe  it  be  required  to  multiply  <7498  into  60008. 

574  98 
60008 


459984  The  Produft  with  8 

344988....  The  Product  with  60  000 

3450339984=57498X60008  as  was  required. 

Here  you  may  obferve,  that  I  pafs  over  the  Cyphers,  and  only 
take  care  of  placing  the  firft  Produft  of  the  laft  Figure,  viz,,  of 
60000  according  to  the  foregoing  Dire&ions. 

When  there  is  a  Cypher  or  Cyphers,  to  the  Right-hand  either 
of  the  Multiplicand,  or  Multiplicator,  or  to  both  ;  in  that  Cafe 
multiply  the  Figures  as  before;  negle&ing  the  Cyphers  until  the 
particular  Produ&s  are  added  together;  then  to  their  Sum  annex 
fo  many  Cyphers  as  are  in  either  or  both  the  Fa&ors.  As  in 
thefe. 


Ex  Ample  5. 
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9ii% 

4600 

57228 

58152 

43874809 


Example  6 . 

87600 

79 


7884 

6132 


6920400 


.  Example  7. 

785000 

565500 


7065 

4710 

3925 


44666500000 


Tyke  a  few  Examples  without  their  Work  at  large , 


7  5649X  57^4380077 1 
687000X356=244572.000 
530674X45007=23884044718 
75>oI  375X30000=237041 250000 
537084000X590700=3 1725  5  518800000 
102030405X504030201=51426405  540261405 
987654321X123456789=121932631112635269 


Note,  If  it  be  required  to  multiply  any  Number  with  Io,  loo, 
Iooo,  10000  <&c.  it  is  only  annexing  the  Cyphers  of  the  Multi¬ 
plier  to  the  Figures  of  the  Multiplicand,  and  the  Work  is  done. 


578x10  =5780  .  578x1000  =578000 

578x100=57800.  578x10000=5780000,  &c. 


Thefe  Examples  (being  well  ijnderftood)  are  fufficient  to  inftruft 
the  Learner,  in  all  the  Varieties  that  can  happen  in  Multiplying 
of  whole  Numbers,  according  to  the  Method  generally  pra&ifed : 
However  it  may  not  be  amifs  to  (hew  here  How  Multiplication 
may  be  performed  (with  many  Figures)  by  Addition  only. 


Example , 

Let  it  be  required  to  multiply  879654  into  79863. 

In  Order  to  perform  this  (or  any  other  Operation  of  this  Kind) 
by  Addition  only;  you  mult  make  a  Tariffa  or  fmall  Table  of  the 
given  Multiplicand,  in  this  Manner: 

Firfly  Make  a  fmall  Column,  and  in  it  place  gradually  downward 
the  nine.  Angle  Figures ;  vU.  1.  2.  3.  4.  5. 

P  2 


Then 


20 


Part  I. 


Then  againft  the  Figure  i,  fet  down  the  Multiplicand  (which 
in  this  Example  is  879654)  and  againft  the  Figure  2,  fet  down  die 
Dquble  of  the  Multiplicand,  found  by  adding  it  to  it  felf;  To 
this  Double  add  the  Multiplicand,  fetting  down  their  Sum  againft 
the  Figure  3.  And  fo  proceed  on  by  a  continued 
Addition  until  there  be  ten  Times  the  Multipli¬ 
cand  in  the  Table,  which,  if  the^  Work  is  true, 
will  be  the  Multiplicand  it  felf  with  a  Cypher  to 
the  Right-hand  of  it  (as  in  the  annexed  Table)  ( 
this  being  done,  it  will  be  eafy  to  conceive,  that 
the  Figures  in  the  fmall  Column  of  the  Table, 
do  relpedtively  reprefent  thofe  of  the  Multipli¬ 
er  ;  And  that  the  Numbers  againft  any  of  thofe 
Figures  in  the  fmall  Column,  will  be  the  true 
Product  of  the  Multiplicand  agreeing  to  any 
Figure  of  the  Multiplier  ;  as  plainly  appears  by 
the  Work  of  this  Example. 


I 

879654 

2 

I759308 

3 

263896* 

4 

3518616 

5 

4398270 

6 

527792-4 

7 

6157578 

8 

7037232 

'  9 

7916886 

10 

1  87.96540 

Then 

Againft  3,  in  the  Table,  is 

Againft  6,  is 

Againft  8,  is 

Againft  9,  is 

Againft  7,  is 

The  Produtt  reqmrel 


87  9d 4  7  Xhe  as  before. 

79863  s 


2638962 

5*779*4 
7037*32 
7  9 1 68  86 
6 157578 


=8796*4X3 

=879654X60 

=879654X800 

=879654X9000 

=879654X70000 


70251807402  =879654X79863 


Note ,  This  Method  of  Tabulating  the  Multiplicand,  is  both 
eafy  and  certain;  being  neither  iu.bj.edf  to  Errors,  nor  burden- 
fom  to  the  Memory,  and  therefore  in  large  Calculations  it  may 
be  found  very  ufeful.  But  for  common  Piaffice  the  ufual  Me¬ 
thod  (a£  in  P.-zge  18,  &c.)  is  beft,  and  to  be  preferred  before  this. 

Moll  Mafters  that  teach  (and  feveral  Authors  that  write  of ) 
Arithmetick,  do  teach  to  prove  the  Truth  of  Multiplication,  by 
cafting  away  all  the  Nines  that  are  contain’d  in  both  the  Fadfors, 
and  their  Produdt;  but  becaufe  that  Method  is  very  erroneous, 
as  might  be  eafily  fhew’d  ;  I  fhall  therefore  omit  inferting  it,  and 
leave  the  Proof  of  Multiplication  to  the  next  Seflion.  wherein  (I 
prefume)  the  Reafon  and  Proof,  both  of  it,  and  Divifton,  will 
plainly  appear. 
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Sed.  5.  Of%  SDibtfion. 

HDlbifiOU  is  a  Rule  by  which  one  Number  may  be  fpeedi- 
ly  fubtratfed  from  another,  fo  many  times  as  it  is 
'  contained  therein. 

That  is,  It  fpeedily  difcovers  how  often  one  Number  is  con¬ 
tained  (or  may  be  found)  in  another :  And  to  perform  that,  there 
are  required  two  Numbers  to  be  given. 

>  1.  The  one  of  them  is  that  Number  which  is  propofed  to  be  di¬ 
vided,  and  is  called  the  Dividend . 

z.  The  other  is  that  Number  by  which  the  faid  Dividend  is  to  be 
divided,  and  is  called  the  Divifor. 

And  by  comparing  thefe  Two,  viz-  the  Dividend  and  the 
Divifor  together,  there  will  arife  a  third  Number,  called  the 
Quotient ;  which  (hews  how  often  the  Divifor  is  contained  in  the 
Dividend,  or  into  what  Number  of  equal  Parts  the  Dividend  is 
then  divided.  Therefore, 

Divifion  is  by  Euclid  fitly  termed  the  meafuring  of  one  Number 
by  another,  viz.  ope  Number  is  faid  to  meafure  another  by  that 
Number,  which  when  it  multiplies,  or  is  multiplied  by  it,  it  pro- 
duceth.  Euclid.  7.  Def.  23. 

And,  if  a  Number  meafuring  another  multiply  that  Number 
by  which  it  meafureth,  or  be  multiplied  by  it,  it  produceth  the 
Numbeywhich  it  meafureth.  Euclid.  7.  Axiom  7. 

That  is  to  fay,  If  that  Number  which  divides  another,  (called 
the  Divifor)  be  multiplied  with  the  Number  which  is  produced 
by  Divifion  (called  the  Quotient)  their  Produft  will  be  the  Num¬ 
ber  divided  or  Dividend.  Whence  it  follows  that  Divifion  and 
Multiplication  are  the  Converfe  or  direft  Contrary  one  to  another 
(as  Subtraction  is  to  Addition )  and  do  mutually  prove  tfie  Truth  of 
each  others.  Operations. 

I  fhall  therefore  make  Choice  of  the  foregoing  Examples  in 
Multiplication ,  in  order  (as  I  prefume)  to  render  the  Bufinefs  of  Di¬ 
vifion  more  plain  and  eafy. 

Firfi:  Let  it  be  required  to  find  how  often  6  is  contained  in  24. 
That  is,  to  divide  24  by  6. 

N.  B.  Always  place  down  the  given  Numbers  in  this  Order; 
Firft  fet  down  the  Divifor,  and  to  the  Right-hand  of  it  draw  a 
crooked  Line;  then  fet  down  the  Dividend ,  and  to  the  Right  of 
it  draw  another  crooked  Line,  in  which  muft  be  placed  the  Quo¬ 
tient  Figure,  or  Figures  as  they  are  found. 

Dividend 
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Dividend, 

Thus,  Divifor  6 )  24  (4  the  Quotient. 

Here  I  confider  how  many  times  6  there  is  in  24*  and  find  it  4, 
viz,.  4  times  6  is  24,  therefore  4  is  the  true  Quotient  or  Anfwer 
required. 

This  is  apparent  by  Subtraction, 
as  in  the  Margin,  where  24  the  Divi¬ 
dend  being  fet  down,  and  from  it 
6 ,  the  Divifor  is  continually  fub- 
tra&ed  fo  often  as  it  can  be,  which 
is  juft  4  times*  Therefore  4  is  the 
true  Quotient  or  Anfwer  required. 


COROLLARY. 

0  (  ,  ^  I 

From  hence  it  is  evident;  that  Vivifion  is  but  a  concife  or  com¬ 
pendious  Method  of  fubtraCling  one  Number  from  another  fo 
often  as  it  can  be  found  therein;  for  if  the  Divifor  be  continu¬ 
ally  fubtraCted  from  the  Dividend,  accounting  an  Unit  (or  1) 
for  each  time  it  is  fubtraCted  (as  above)  the  Sum  of  thofe  Units 
will  be  the  Quotient. 
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6 
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3 

6 

6 

4 
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All  Operations  in  Divifm  do  begin  contrary  to  thofe  of  Multi - 
plication ,  viz.  at  the  firft  Figure  to  the  Left-hand,  or  chat  of  the 
higheft  Value,  and  decreafe  the  Dividend  by  a  repeated  Subtracti¬ 
on  of  each  ProduCt  arifing  from  the  Divifor  when  multiplied  in¬ 
to  the  Quotient  Figure.  And  the  only  Difficulty  in  Divifion  of 
whole  Numbers  (or  indeed  of  any  Numbers )  lies  in  making  Choice 
of  fuch  a  Quotient  Figure,  as  is  neither  too  big,  nor  too  little  ; 
and  that  may  be  eafily  obtained  by  obferving  the  following  Rule , 
which  hath  two  Cafes. 

RULE. 

Cafe  1.  As  often  as  the  firft  Figure  of  the  Divifor  is  taken  from 
the  firft  Figure  of  the  Dividend:  So  often  mull  the  fecond  Figure 
of  the  Divifor  be  taken  from  the  fecond  Figure  of  the  Dividend, 
when  it  is  joined  with  what  remains  of  the  Firft.  And  as  often 
mull  the  third  Figure  of  the  Divifor  be  taken  from  the  third  Fi¬ 
gure  of  the  Dividend,  &C. 

But  if  the  firft  Figure  of  the  Divifor  cannot  be  taken  from  the 
firft  Figure  of  the  Dividend.  Then* 

Cafe. 
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Cafe  2.  So  often  as  the  firft  Figure  of  the  Divifor,  is  taken  from 
the  two  firft  Figures  of  the  Dividend,  fo  often  muft  the  fecond 
Figure  of  the  Divifor  be  taken  from  the  third  Figure  of  the  Di¬ 
vidend,  when  it  is  join'd  with  what  remain'd  of  the  Second:  And 
fo  often  muft  the  third  Figure  of  the  Divifor  be  taken  from  the 
fourth  Figure  of  the  Dividend,  &c. 

That  is,  the  Quotient  Figure  muft  be  fuch,  as  being  multiplied 
into  the  Divifor,  will  produce  a  Produft  equal  to  fuch  a  Part  of 
the  Dividend  as  is  then  taken  for  that  Operation  :  But  if  fuch  a 
Produdt  cannot  beexa&ly  found,  then  the  next  lefs  muft  betaken, 
and  ordered,  as  in  the  following  Examples:  Of  which  let  that  in 
Page  16  be  the  firft,  wherein  there  was  given  8  $69  the  Multiplicand, 
and  8  the  Multiplier.  To  find  the  Produdl  685 ?2.  Let  us  here 
fuppofethe  faid  Produft  685*2,  and  8  the  Multiplier,  both  given? 
thence  to  find  the  Multiplicand.  That  is,  Let  it  be  required  to 
divide  687*2  by  8. 

Dividend 

Divifor  8)  6 8jji  (  Quotient  when  found. 

According  to  the  Rule,  Cafe  1.  I  compare  8  the  Divifor  with 
6  the  firft  Figure  of  the  Dividend,  and  finding  I  cannot  take  ie 
from  that;  I  then  confider  (by  Cafe  2.)  how  often  8  can  be  taken 
from  68,  the  two  firft  Figures  of  the  Dividend,  and  find  it  may 
be  taken  8  times;  for  8  times  8  is,64,  being  the  greateft  Produd 
of  8  (into  any  Figure)  that  can  be  taken  from  68.  I  therefore 
place  8  in  the  Quotient,  and  with  it  multiply  8  the  Divifor,  fet- 
ting  down  their  Product  underneath  the  faid  two  firft  Figures  of 
the  Dividend,  fubtra&ing  it  from  them,  and  then  the  Work  will 
ftand 

Thus  8)  68f?2  (8  *  * 

*4 


4 

In  order  to  a  fecond  Operation,  I  make  a  Point  under  the  next 
Figure  of  the  Dividend,  viz,-  under  the  5%  and  bring  it  down  un¬ 
derneath  its  own  Place  to  the  Remainder  4,  which  will  by  that 
Means  become  45-.  Then  I  confider  how  many  times  8  can  be  ta¬ 
ken  from  4 and  find  it  may  be  $  times  ;  for  $  times  8  is  40,  I 
therefore  place  $  in  the  Quotient,  and  with  it  multiply  8  the 
Divifor,  fetting  down  and  fubtra&ing  their  Product,  as  before. 
Then  the  Work  will  ftand 


Thus 


attitftffletitfo _ Part  I. 

Thus  8)  6855 z  (8? 

^4* 


4? 

40 


S 

For  a  third  Operation,  I  make  a  Point  under  the  next  Figufi 
of  the  Dividend  viz,-  under  the  ?,  and  bring  it  down,  as  before, 
proceeding  in  all  Refpe&s,  as  before,}  and  then  the  Work  will 
Hand 

•  Thus  8)  6 8*52  (856 
64*  *  * 


45 

40 


55 

48 


Liftly,  I  point  and  bring  down  the  2,  viz.  the  laft  Figure  of 
the  Dividend  to  the  Remainder  7,  which  will  then  become  72,  and 
proceeding  as  in  the  other  Operations,  I  find  that  8,  the  DtViior, 
can  be  taken  juft  9  times  from  72,  and  the  Work  is  finilhed,  and 
will  ftand  **■  • 

Thus  8)  (8 169 


\  Y 


4  •' 


6*"' 


45 

40 


55 

48 


72- 

72 


The  true  Quotient  is  found  to  be  8^9,  being  exa&ly  the  eighth 
Part  of .68*52,  or  the  Multiplicand  of  the  propofed  Example  of 
Multiplication.  As  was  required. 

1  The  Reafon  of  thefe  Operations  will  be  very  plain  to  any  one 
that  will  a  little  confider  of  it  as  follows. 

Vivifot 
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Vivifor  8)  6  8  gz  (8ooo.  The  Firft  Quotient  or  Figure. 

This  Produft  of  the  Divifor  into  the  Q«o- 
tient  is  ^4000.  viz,,  8  Times  8000.  the  Quotient 
o-^ Figure  being  always  of  the  fame  Value  or  De¬ 
gree  with  that  Figure  under  which  the  Unit’s 
Place  of  its  Produft  (lands. 


Suit  raft 


o 


Vivifor  8  ) 
Subtract 

Vivifor  8) 
Subtract 

Vivifor  8) 
Subtract 


i  (  ?oo.  The  fecond  Quotient  Figure. 

And  here  the  Produft  is  4000.  viz-  8  times 
CS 00.  not  8  times  s,  tyc. 


{60.  The  third  Quotient  Figure. 

Alfo  here  the  Product  is  480.  viz*  8  times 

l6  o. 


for  the  Reafons  abovefaid. 


(9-  The  fourth  Quotient  Figure. 

Now  here  the  Produft  is  but  72.  viz-  9 

times  8.  becaufe  the  9  (lands  in  the  Place  of 
Units. 


Remains  (  o  ©  )  Now  the  Sum  of  all  the  feveral  Quotients,  viz. 
8000  x  5:00X60  x  9=8 569.  as  before. 

.If the  Procefs  of  this  Example  be  well  confidered  and  compared 
with  that  of  Multiplication,  Page  17.  it  will  evidently  appear  to 
be  oniy  the  Converfe  of  that;  for  the  particular  Produfts  are  a- 
like  in  both,  only  that  which  is  ia§l  there,  is  fir£t  here  ;  there  they 
sre  added ,  here  they  ar £  fubtracfed.  So  that  whoever  underlfands  the 
true  Reafon  of  the  one,  muff  needs  underfland  the  Reafon  of  the 
other,  and  then  Divilion  will  become  very  eafie,  althou°h  the Di- 
vifor  confift  of  feveral  Places  of  Figures.  °  * 

Example, 

I  '  • 

Let  it  be  required  to  divide  5- 90614911  by  7 <6x. 

Dividend 

Vivifor  7 $6 3  )  390624911  ( 

5Tis  plain  at  Sight,  that  7 5^3  the  Vivifor ,  cannot  be  taken  from 
5?o 6,  the  like  Number  of  Figures  in  the  Dividend. 

Therefore,  by  the  lecond  Cafe  of  the  Rule  (Page  2 3.")  there 
mull  be  allowed  Five  Figures  of  the  Dividend,  viz.  $9062,  ‘for  the 
firft  Operation  or  Quotient ;  that  fo  the  firft  Figure  7  of  the  Di- 

vifor  may  be  taken  out  of  the  two  nrff  Figures,  viz-  S9  of  the  Di¬ 
vidend,  CTc. 


E 


Then 
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Then  I  proceed  (  per  Cafe  i.)  and  conlider  how  often  7  may  be 
taken  from  5:5?.  and  find  ic  may  be  taken  8  times,  for  8  times  7  is 
but  56.  which  1  mentally  fubtraft  from  59-  and  there  remains  35 
to  this  3  I  mentally  adjoyn  the  third  Figure  of  the  Dividend,  viz* 
o.  which  makes  it  30.  out  of  which  I  muft  take  the  fecond  Figure 
of  the  Divifor,  viz -  5-  fo  often  as  I  took  the  7  from  59.  which 
was  8  times.  But  that  cannot  be,  for  8  times  5  is  40.  which  is 
more  than  30.  therefore  8  is  too  big  a  Figure  to  be  placed  in  the 
Quotient;  Yet,  hence  I  conclude,  that  the  next  Lefs,  viz.  7  may 
be  taken  without  any  further  Tryal.  I  therefore  place  7  in  the 
Quotient,  and  with  it  multiply  the  Divifor,  fetting  down  their 
Produdi:  under  the  Dividend,  and  fubtradf  it  from  thence,  as  in 
the  other  Example,  and  then  the  Work  will  ftand 

Thus  7563)  590614911  (7 
52941 


6111 

Tn  order  to  a  fecond  Operation,  I  make  a  Point  under  the  next 
Figure  of  the  Dividend,  viz-  under  the  4.  and  bring  it  down  to 
the  Remainder  6121,  which  will  then  become  6I214.  with  which 
I  proceed  in  all  refpedls  as  I  did  before  with  the  59061-  and  find 
the  next  Quotient  Figure  will  be  8-  with  which  I  multiply  the 
Divifor,^.  and  fubtradl  their  Product  from  the  faid  61114*  Then 
the  Work  will  Rand 

Thus  756$)  590624911  (78 
51941 • 


61*14 

60504 


7I0 

To  this  Remainder  7I0.  I  point  and  bring  down  the  next  Fi¬ 
gure  of  the  Dividend,  viz-  9-  which  makes  it  7109  ;  now  becaufe 
the  Divifor  7*63  cannot  be  taken  from  7109.  I  therefore  place  a 
Cypher  in  the  Quotient. 

And  this  muff  always  be  carefully  obferved,  viz-  That  for  every 
Figure  or  Cypher,  which  is  brought  down  from  the  Dividend,  in 
order  to  a  new  Operation,  there  muft  always  be  either  a  Figure 
or  Cypher,  let  down  in  the  Quotient.  Then  the  Work  will 
Hand 


Thus 
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Thus  7563)  590624922  (780 
51941 '• 


*  6 1 2 14 

60504 


7I09 

To  this  7109,  I  bring  down  another  Figure  of  the  Dividend, 
«?*>  2,  and  then  it  will  become  71091,  then  I  confider  how  often 
7  can  be  taken  from  71,  (?c .  (juft  as  at  the  firft  Operation  )  and 
find  it  may  be  taken  9  times,  therefore  I  fet  down  9  in  the  Quo¬ 
tient,  and  with  it  multiply  the  Divifor,  fetting  down  and  fub- 
trafting  their  Profluft,  as  before  ;  Then  the  Work  will  ftand 

Thus  7563)  590624922  (7805? 

'  J294I 


61214 

60504 


7I092 

68067 


,  3025 

To  this  Remainder  301$,  I  point  and  bring  down  the  laft  Fi¬ 
gure  2  of  the  Dividend,  which  makes  it  30252,  then  proceeding  in 
all  Refpedts  as  before,  I  find  the  Quotient  Figure  to  be  4>  with  it 
I  multiply  the  Divifor,  fetting  down  and  fubtradling  their  Pro- 
$u<ft  as  before,  and  then  the  Work  will  ftand 

Thus  7563)  590624922  (78094 

52941  *  **  * 


61214 

60504 


71091 

68067 


30252 

30252 


(00000) 

Here  the  Work  is  ended,  and  I  find  the  Quotient  to  be  78094^ 
being  the  true  Multiplicand  of  the  propos'd  Example  of  Multipli¬ 
cation,  Page  18. 

That  is,  7563  is  contained  in  590624922,  juft  78094  times,  &c. 

E  2  Jf 
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If  the  Work  of  this  Example  be  confidered  and  compared  with 
the  Rule  (  Page  22.)  the  whole  Buftnefs  of  Divifion  will  be  eafie  ; 
for  indeed  the  only  Difficulty  (as  I  laid  before)  lies  in  making 
choice  of  a  true  Quotient  Figure,  which  cannot  well  be  done  ac¬ 
cording  to  the  common  Method  of  Divifion,  without  Trials,  yet 
thofe  Trials  need  not  be  made  with  the  whole  Divifor(as  appears 
by  this  la  ft  Example)  for  by  the  two  firft  Figures  of  the  Divilor 
all  the  reft  are  generally  regulated ;  except  the  fecond  Figure  chance 
to  be  2,  5,  or  4,  and  at  the  fame  time  the  third  Figure  be  7, 8,  or  9, 
then  indeed  Refpeft  muft  be  had  to  the  third  Figure  according  as 
the  Rule  dire&s. 

However,  if  thofe  Trials  are  thought  tod  troublefom,  they 
may  be  avoided,  and  the  fame  Quotient  Figures  may  both  eafily 
and  certainly  be  found  by  Help  of  fuch  a  fmall  Table  made  of 
the  Divifor,  as  was  of  the  Multiplicand  in  Page  20. 

Example  4. 

Let  it  be  required  to  divide  7025-1807402  by  79863.  Seethe  Ex¬ 
ample  of  Multiplication ,  Page  20,  and  as  there  directed,  triage  a  Table  of  the 
Divifor  7 578 6 3. 

Thus, 


1 

2 

3 


Divifor  Dividend 
79863)  70251807402 

U9726  638004 . 

>3958?  - - - 


4 

5 

6 

7 

8 

O 

y 


319452- 

399 3*5 
+79178 

5”  5  904I 

6  38904 
7187.67 


636I40 

55904I 


770997 

718767 


- - - -  5^3°4 

I0I79R630  479178 


(879654.  Quotient. 

The  Work  of  this  Operation  I  pre¬ 
fume  may  be  eafily  underftood.  For 
thofe  Figures  in  theTable  are  the  Pro- 
dinfts  of  the  Divifor  into  all  the  9  Fi¬ 
gures;  confequently  thofe  Figures  in 
the  fmall  Column  do  fhew  what  Fi¬ 
gure  is  to-be  placed  in  the  Quotient; 
without  any  doubtful  Trials  of  the 
Divifor  with  the  Dividend,  as  before. 


43 1260 
3991 15 


3*9452- 

3*9452 


(000000) 

This  Method  of  tabulating  the  Divifor,  may  be  of  good  life  to 
a  Learner.  Efpecially  until  he  is  well  pradfiied  in  Divifion;  yea, 
and  even  then  if  the  Divilor  be  large,  and  a  Quotient  of  many 
Figures  be  required;  as  in  refolving  of  high  ^Equations,  and  cal¬ 
culating  of  Agronomical  Tables,  or  thofe  of  Intereft,  &7V. 

Hitherto 
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Hitherto  I  have  made  choice  of  Examples,  wherein  the  Dividend 
is  truly  mealured  or  divided  off,  by  the  Divifor,  without  leaving 
any  Remainder,  being  thofe  as  were  compofed  of  the  Divifor  and 
Quotient.  But  it  mod  ufually  falls  out,  that  the  Divifor  will  not 
pxa<ft lv  meafu're  the  Dividend  ;  in  that  cafe  the  Remainder  (  after 
Divilion  is  ended  j  muft  be  fet  over  the  Divifor  with  a  fmallLine 
betwixt  them  adjoyning  to  the  Quotient. 


Example  5. 

Suppofe  it  were  required  to  divide  379  by  5. 
a  ,  „  .  /  4  the  Remainder, 

j)  3 79  \7  5  5  tlie  Divifor. 


\ 
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£.  A  >•%. 

-L  ,  T  J*  '  ?  * 

Remains  (4) 

Example  6. 

4  *  *  y.'  , 

//  *  * t /  v*  *  m. 

Again)  Let  it  be  required  to  divide  43789  by  67. 

67)  43789  (65 3  if  The  true  Quotient  required. 
402  •• 


358 

337 


*39 

201 


Re  mam  (38) 

How  fuch  Remainders  thus  placed  over  their  Divifors  (  which 
are  indeed  Vulgar  Fractions )  may  be  otherwife  managed,  {hall  be 
fhew’d  farther  on. 

N.  B.  When  the  Divifor  happens  to  be  an  Unit,  viz- 1.  with  a 
Cypher,  or  Cyphers  annexed  to  it,  As  10,  loo,  iooo,  &c.  Divilion 
is  truly  performed  by  cutting  off  with  a  Point  or  Comma,  fo  many 
Figures  of  the  Dividend  as  there  are  Cyphers  in  the  Divifor;  then 
are  thofe  Figures  fo  cut  off  to  be  accounted  a  Remainder,  and  the 
reft  of  the  Figures  in  the  Dividend  will  be  the  true  Quotient  re¬ 
quired,  becaufe  an  Unit  or  1  doth  neither  multiply  nor  divide. 

Example  7. 

Let  it  be  required  to  divide  57842  by  ico.  The  Work  may  ftand 
thus,  100)  578.42  the  Quotient  required,  or  thus  100)  57842  (578/05 
the  fame  as  before.' 

Hence  it  follows,  that  if  any  Divifor  have  Cyphers  to  the 
Right  hand  of  it,  you  may  cut  off  fo  many  of  the  laft  Figures 

in 
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in  the  Dividend,  and  divide  the  other  Figures  of  the  Dividend,  by 
thofe  Figures  of  the  Divifor  that  are  left  when  the  Cyphers  are 
omitted.  But  when  Divifion  is  ended,  thofe  Cyphers  fo  omitted 
in  the  Divifor,  and  the  Figures  cut  off  in  the  Dividend  are  both 
to  be  reftored  to  their  own  Places. 


Example  8. 

Suppofe  it  were  required  to  divide  67546P  by  ?4°°* 

74 00)671469  (127 
54** 


135: 

I08 


274 

270 

Remains  (4)  But  the  true  Remainder  is  46?. 
Confequently  the  true  Quotient  is  12 

As  to  the  Manner  of  proving  the  Truth  of  any  Operation,  ei¬ 
ther  in  Multiplication,  or  Divifion,  I  prefume  it  may  be  eafily 
underftood,  by  what  is  deliver'd  in  Page  2,1, compared  with  the  three 
firft  Examples  of  Divifion  ;  For  from  thence  it  will  be  eafie  to  con¬ 
ceive,  that  if  the  Divifor  and  Quotient  be  multiplied  together, 
their  Produd  (with  what  remains  after  Divifion  being  added  to 
that  Produd)  will  be  equal  to  the  Dividend.  As  in  the  fifth  Ex¬ 
ample,  wherein  the  Dividend  is  375?,  the  Divifor  is  5,  the  Qiotient 
is  7t,  and  the  Remainder  is  4. 

I  lav,  75  X  5  =  375',  to  which  add  the  Remainder  4,  it  will  be  379. 

Again,  in  the  fixth  Example,  the  Divifor  is  6 7,  the  Quotient  is 
653.  and  the  Remainder  is  38. 

Then  653X67=43751,  and  43751+38=43789  the  Dividend, &c. 

There  are  feveral  ufeful  Contradions,  both  in  Divifion  and 
Multiplication,  which  I  have  purpofely  omitted  until  I  come  to 
treat  of  Decimal  Arithmetick.  Alfo  I  have  omitted  the  Bufinefs 
of  Evolution  or  Extrading  of  Roots,  until  further  on;  and  fo 
fhall  conclude  this  Chapter  with  a  few  Examples  of  Divifion,  un¬ 
wrought  at  large,  leaving  them  for  the  Learner's  Pradice. 

570)  4380077I  (7564 9- 
Or  7564?)  438oo77I  (5 79 


45007) 
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4*007)  23884044718  (*30674. 

Or  *30674)  23884044718  (4*007. 

356)  244*72000  (687000. 

*9600)  *76*9066400  (967434. 
ioooo)  679*43820000  (67954382,; 

79)  282016  (3*69^. 


CHAP.  III. 

Concerning  0m)itlon  and  Subtraction  of  Numbers  of  diffe¬ 
rent  Denominations,  and  how  to  reduce  them  from  one 
Denomination  to  another . 

SECT.  I. 

1.  Of  Englilh  Coin. 

TH  E  lead  Piece  of  Money  ufed  in  England  is  a  Farthing,  and 
from  thence  arifeth  the  reft,  as  in  this  Table. 

Fartk  f  j  J-  is  a  Crown. 

4==x  d.  Pen.  Jio  i.  is  an  Angel. 

48  =  I2=  1  s'  Shl1'  J  6  y.  8  d.  a  Noble. 

960=240=20=  1  /.  Pound  Sterling .  C 13  4^.  a  Mark. 

Note,  When  /.  s.  d.  q.  are  placed  over,  (  or  to  the  Right-hand 
of)  Numbers,  they  denote  thofe  Numbers  to  fignify  Pounds, 
Shillings,  Pence,  Farthings. 

/.  s.  d .  q. 

As  35  10  6  2.  Or  3*  /.  10  y .6{d.  Either  of  thefe  do  fignify 
3*  Pounds,  10  Shillings,  6  Pence,  2  Farthings. 

The  fame  muft  be  underftood  of  all  the  following  Chara&ers, 
belonging  to  their  refpe&ive  Tables,  viz,*  Of  Weights,  Meafures, 
Cr’c. 

m  . 

2.  Troy  Weight . 

The  Original  of  all  Weights  ufed  in  England ,  was  a  Corn  of 
Wheat  gathered  out  of  the  Middle  of  the  Ear,  and  being  well 
dried,  32  of  them  were  to  make  one  Penny  Weight,  20  Penny 

Weight 
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Weight  one  Ounce,  and  12  Ounces  one  Pound  Troy.  Vide  Sta¬ 
tutes  of  yi.  Hen.  3.  3 1.  Edw.  1.  12.  Hen.  7.  #  , 

But  in  later  Times  it  was  thought  fufficient  to  divide  the  a* 
forefaid  Penny  Weight  into  24  equal  parts,  called  Grains,  being 
the  lead  Weight  now  in  common  life*,  and  from  thence  the  r,efl 
are  computed  as  in  this  Table. 


Gr.  Gy<%, 

2,4.=  i  P.  W.  Penny  Weight. 
480=20=*  Oz.  Ounce. 
7<6’o= 2.40=  1 2  =  i  Pound. 


Note , 


f*  By  Troy  Weight  are 
1  weighed  Jewels,  Gold, 
^Silver,  Corn,  Bread  and 
Call  Liquors. 


Befides  the  common  Divifions  of  Troy  Weight,  I  find  in  An- 
glide  Notitia,  or.  The  Prefrnt  State  of  England,  Printed  in  the  Year 
1^99,  That  the  Moneyers >  (as  that  Author  calls  them)  do  fubdivide  the 
Grain . 


f  24  Blanks  =  I  Periot. 

1  20  Periots  =  I  Droite. 

The  ^  24  Vroites  =  I  Mite. 

20  Mites  =  I  Grain ,  &c.  as  before. 

3.  apothecaries  Weights . 

The  Apothecaries  divide  a  Pound  Troy,  as  in  this  Table. 

Gr.  Gtaih. 

20=  T  9  Scruple. 

6o~  3=13  Dram. 

480=  24=  8=1  3  Ounce. 

^760=288^:9^=  1 2=:  1  ft  7Voy,  the  fame  as  before. 

By  thefe  Weights  the  Apothecaries  compound  their  Medicines.-  but 
buy  and  fell  their  Drugs,  by  Averdupois  Weight. 


4.  Averdupois  Weight. 

.  When  Averdupois  Weight  became  Jjrfl  in  Ufe,  or  by  what  Law 
it  was  firfl  fettled.  I  cannot  find  out  in  the  Statute  Books;  but  on 
the  contrary,  I  find  that  there  fliould  be  but  one  Weight  (and 
one  Meafure)  ufed  throughout  this  Realm,  viz,,  that  of  Troy ,  (  Vide 
?4-  Ed.  3.  and  17.  Ed.  3.)  So  that  it  feems  {to  me)  to  be  firfl 
introduced  by  Chance,  and  fettled  by  Cuftom,  viz.  from  giving 
good  or  large  W eight  to  thofe  Commodities  as  are  ufually  weigh’d 
by  it,  which  are  luch  as  are  either  very  courfe  and  drofly,  or 

very 
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very  fubje&  to  waft  :  As,  all  kind  of  Grocery  Wares.  And  Pitch , 
Tar,  Rofin .  Wax,  TaUow,  Soap.  Flax,  Hemp,'  &c.  Copper ,  Tin  Steel ,  fron  Lead, 
&c.  Alfo,  Butter,  Cheefe ,  Sa/f,  &:c.  To  thele  and  the  like  (I  pre¬ 
fume)  it  was  thought  convenient  to  allow  a  greater  Weight  than 
what  the  Laws  had  provided,  which  happened  to  be  about  a  fixth 
Part  more  :  For  I  found  by  a  very  nice  Experiment,  that  one 
Pound  Averdupois  is  equal  to  14  Ounces^  II  Penny  weight,  and  15^ 
GrainsTroy .  And  it  is  now  computed  as  in  the  following  Table. 


Drams. 

1 6=11  Ounces . 

l 56=  16=1  ft  Pounds. 

28671=  1792=  112=1  C.  Hundred. 
573440=3 5:840=2240=20=  f  Tun. 


And 


ft 

1 4  =  a  Stone. 
2  8  '—a  f  of  C. 
*6  =  4:  of  C. 
84 ; — ■  4  of  C . 


5.  Long  Meafure. 

As  the  leaft  Part  of  Weight  came  at  firft  from  a  Wheat  Corni 
fo  (it3s  generally  (aid)  the  leaft  Part  of  Long  Meafure  was  at  firft  a 
Barly  Corn,  taken  out  of  the  Middle  of  the  Ear,  and  being  well 
dried  three  of  them  in  length  were  to  make  one  Inch  ;  and  thence  , 
the  reft,  as  in  this  Table. 

C*4  Nails  =  4  of  a  Tard . 

"Barly  Corns  And  <  if  Tari=  I  Ell- 

3=1  in.  inches  £  2  Tirds=  i  Fathom. 

3 6=  J2=I  F Feet 

108=  36=  3=1  r  Tards 

594—  198=  164=  54=1  p-  Po/gL_ 

23760=  7920=  660=  220=  40=1  Furlong 

190080=63360=5280=1760=  320=8=1  >  t/g 


Note,  That  forty  Poles  (or  Perches)  in  Length,  and  Four  .in 
Breadth  do  make  a  Statute  Acre  of  Land. 

That  is,  2zoYards,  multiplied  into  22  Yards=484o  Square  Yards 
are  a  Statute  Acre. 

And  according  to  the  Tranfa&ions  of  the  French  Academy,  Anno 
1687,  a  Paris  Foot  Royal  is  =128  Inches  Englifh ;  Six  of  thole 
Feet  make  a  Toife;  and  57060  Toife=  365184  Englifb  Feet,  are  the 
Meafure  of  one  Degree  of  a  great  Circle  upon  the  Surface  of  the 
Earth.  So  that  one  Degree  is  69  Miles  and  288  Yards,  which  is 
very  near  to  our  Country-man  Mr.  Norwood's  Experiment  made  be¬ 
twixt  London  and  Tor h,  Anno  163s )  who  found  that  367196  Feet  =  69 
Miles,  and  858  Yards  do  make  a  Degree.  And  not  60  Miles,  ac¬ 
cording  to  the  common  received  Opinion  and  Pradiice  of  the  Na¬ 
vigators  or  Seamen. 


F 


Hence, 
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Hence,  according  to  the  bench  Account,  the  Circumference  of 
the  Earth  (iuppofing  it  to  be  a  true  Spherical  Figure)  is  2489? 
Englijh  Miles. 


<$.  Of  Liquid  Meafure . 


All  Meafures  of  Capacity,  bnth  Liquid  and  Dry,  were  at  firft 
made  from  Troy  Weight.  Vile  Statutes  9.  H.  3.'  51.  H.  3.  12,.  H.  7. 
&CC.  wherein  it  is  Ena&ed.  that  eight  Pound  Troy  Weight  of  Wheat, 
gathered  out  of  the  Middle  of  the  Ear,  and  well  dried,  fhould 
make  one  Gallon  of  Wine  Meafure  :  And  that  there  fhould  be  but 
one  Meafure  for  Wine,  Ale  and  Corn,  throughout  this  Realm 
(Fide  Stat.  14.  Ed:  3.  15.  Ric.  z.)  But  Timeand  Cuftom  hath  alter'd 
Meafures,  as  they  have  done  Weights  (and  perhaps  for  one  and 
the  fame  Rea  foil)  for  now  we  have  three  different  Meafures,  viz- 
one  for  Wine,  one  for  Ale  or  Beer,  and  one  for  Corn. 

I  have  inferted  Tables  of  each  as  they  are  now  computed  by 
Cubic  Inches,  and  pra&ifed  in  the  Art  of  Gaging,  &c. 

The  common  Wine  Gallon  fealed  at  Guild-Hall  in  London  ;  by 
which  all  Wines,  Brandies,  Spirits,  Strong-waters,  Mead,  Perry, 
Sider,  Vinegar,  Oyl  and  Honey,  &c.  are  meafured  and  fold  ;  is 
fuppofed  to  contain  231  Cubic  Inches,  and  from  thence  the  reft 
are  computed,  as  in  this  Table. 


Gallons- 


Cubic  Inches 

231  =  1  Gallons  Note, 

I  9702  4  2  =  I  Terce 

14553—  Hogfhead 

19404=  84=2  =li=l  Pmiclon 
2910^=12^=3  =2  =T  L=  i  P>Htt  ^  The 
582X2=252=9  ™4  =3  —  2“  1  fun 


f 8  =  1  Runlet ,  and 
31F  makes  a  Wine  or 
Vinegar  Band. 

(Vide  1.  R.  3.) 


But  Dodor*  Wyhard  in  his  Tadometry,  Page  289,  doth  fuppofe 
the  Wine  Gallon  to  contain  bur  224,  or  229  Cubic  Inches  at 
the  mod,  and  purfuant  to  this  Account  an  Experiment  was  made 
bv  Mr  -Richard  Walter  and  Mr.  Philip  Shales,  two  General  Officers  in* 
the  Excife.  They  caufed  a  Vefiel  to  be  very  exadly  made  ofBrafs, 
in  Fo,rm  of  a  Parallelopipedon,  each  Side  of  its  Safe  was  4  Inches, 
and  its  depth  14  Inches;  fo  that  its  juft  Content  wras  224  Cubic 
Inches.  This  Veflel  was  produced  at  Guild  Hall  in  London  (Nay  25th, 
1^88)  before  the  Lord- Mayor,  the  Commijfioners  of  Excife ,  the  Reverend 
Mr.  Flamjteed  Aftr.  Reg.  Mr.  Halley ,  and  feveral  other  ingenious 

Gentlemen 
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Gentlemen  in  whofe  Prefence  Mr.  Shales  did  exa<5Hy  fill  the  afore- 
faid  Brazen  Veffel  with  clear  Water,  and  very  carefully  emptied 
it  into  the  old  Standard  Wine  Gallon  kept  in  Guild-Hall ,  which 
did  fo  exactly  fill  it,  that  all  then  prefent  were  fully  fa tisfied  the 
Wine  Gallon  doth  contain  but  224  Cubic  Inches.  (This notable  Ex¬ 
periment  I  (arc  tried.)  However,  for  feveral  Reafons.  it  was  at  that 
Time  thought  convenient  to  continue  the  Former  fuppofed  Con¬ 
tent  of  231  Cubic  Inches  to  he  the  Wine  Gallon,  and  that  all 
Computations  in  Gaging  fhould  he  made  from  thence,  as  above. 

The  Beer  or  Ale  Gallon  (which  are  both  one)  is  much  larger 
than  the  Wine  Gallon,  it  being  (as  I  prefume)  made  at  firft  to 
correfpond  with  Averdupois  Weight,  as  the  Wine  Gallon  did  with 
Troy  Weight  .*  For  (as  I  faid  before  page  33)  one  Pound  Averdupois  is 
equal  to  14  Ounces  12  Penny  Weight  Troy ,  very  near 

And,  as  one  Pound  Troy  is  in  Proportion  to  the  Cubic  Inches 
in  a  Wine  Gallon,  fo  is  one  Pound  Averdupois  to  the  Cubic  Inches 
in  an  Ale  Gallon.  That  is,  12  :  231  :  :  14^:  28H,  very  near 
the  Cubic  Inches  contained  in  an  Ale  Gallon,  as  appears  from  an 
Experiment  made  by  one  Nicholas Gunton,  General  Gager  in  the 
Excife,  about  6 o  Years  ago,  who  by  fuch  a  VefFel  mentioned  be¬ 
forein  the  laft  Page,  did  find  the  Standard  Ale-Quart  (kept  in  the 
Exchequer,  Vid.  12.  Car.  2  )  to  contain  juft  70^  Cubic  Inches,  con- 
fequently  the  Ale  Gallon  muft  contain  282  Cubic  Inches,  and 
from  thence  the  following  Tables  are  computed. 


Ale-Meafure . 

Cubic  Inches  ,  , 

2 82— i  Gallon  CA  Ferkin  of  Soap  and  of 

2256=  8=1  Terhin  < Herrings  are  the  fame 

4 pi 2=  16=2=1  C  with  that  of  Ale. 

9024=32=4=2  =  !  "Barrel 
13?  36=48=6=3=1  |=i  Hogfhead. 


Beer-Meafure* 

Cub.  Inches 
282=:]  Gallon 
2538=  9=1  Ferkin 
5076=18=9=1  Kilderkin 

110152=36=4=2  =  1  Barrel 
15228= 5  4=6= 3 = I  i—  1  Hogfhead. 

F  1  j  -N*  B* 


V 
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N-  B.  This  Diftindion  or  Difference  betwixt  Ale  and  Beer-Me&~ 
J, ure ,  is  now  only  ufed  in  London.  But  in  all  other  Places  of  Eng- 
iand  the  following  Table  of  Beer  or  Ale,  whether  it  be  ftrong  or 
fmall  is  to  be  obierved,  according  to  a  Statuteof  Excife,  made  in 
the  Year  1685?. 

Cub.  Inches 

282=1  Gallon 
2  3  97—8^==; I  Ferkbi' 

4704—17^2=1  FUd. 

9588=34=4=2=1  ‘Barrel 
14382=5  =(S=3=ri"i  Hoy Jh end. 


7.  Of  Dry  Meafure. 

Dry  Meafure  is  different  both  from  the  Wine  and  Ale-Meafure,  being 
as  it  were  a  Mean  betwixt  both,tho5  not  exactly  fo ;  which  upon 
Examination  1  find  to  be  in  Proportion  to  the  aforefaid  old  Stand¬ 
ard  Wine  Gallon,  as  Averdupcis  Weight  is  to  Troy  Weight ;  That  is,  as 
on?  Pound  Troy  is  to  one  Pound  Averdupoisyfo  are  the  Cubic  Inches 
contained  in  the  old  Wine  Gallon,  to  the  Cubic  Inches  contain¬ 
ed  in  the  Dry  or  Corn  Gallon. 

Viz,-  12  :  14M  • '  224  :  272 1-  which  is  very  near  to  2724,  the 
common  received  Content  of  a  Corn  Gallon,  altho*  now  it  is 
otherwife  fettled  by  an  Ad  of  Parliament  made  in  April  1697, 
the  Words  of  that  Ad  are  thefe  : 

Every  round  Bulhel  with  a.  plain  and  even  Bottom  being  made  eighteen 
Inches  an  l  a  half  wide  throughout ,  and  eight  Inches  deep.Jhould  be  ejleem’d 
a  legal  Winchefier  Bufhel,  according  to  the  Standard  in  his  Majefty’s  Ex¬ 
chequer. 

Now  a  Vefixl  being  thus  made  will  contain  1150,42  Cubic 
Inches,  consequently  the  Corn  Gallon  doth  contain  but  16$  f 
Cubical  Inches. 


Cub,  inches  C4  Bufhels  =  a  Comb. 

2.68,8=1  Gallon  Note.-*' i o  Combs  =  a  Wey,  and 

I  ?37>6=  2=1  Peck  £2  Weys  =  a  Laft  of  Corn. 

|  2150,4=  8=  4=1  ‘Bnfhel 

1  T7?,q?  2rr:64.=n=8=i  Quarter. 

I  ohferv'd  amongft  the  Lead-Mines  in  Derbyfhire ,  ( Anno  1691) 
that  the  Miners  bought  and  fold  their  Lead-Ore,  by  a  Meafure 
which  they  call’d  an  OreDilh  }  whofe  Dimenfions  I  carefully  took 
and  found  them 


Thus 


Length 

Breadth 

Depth 


■al-3. 

6. 

8-4 


Inches. 


Confe- 
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Conl'equently  it’s  Content  is  1073,52  Cubic  Inches,  which  is 
very  near  equal  to  4  Corn  Gallons,  according  to  the  abovemen- 
tioned  Settlement 

Nine  of  thofe  Diflies  they  call  a  Load  of  Ore ,  which  if  it  be 
pretty  good,  will  produce  about  3  hundred  Weight  of  Lead.. 

8.  Of  Time. 

It  is  not  an  eafy  Thing  to  give  a  true  Definition  of  Time >  for 
{according  to  the  Pbilofopbic  Poet ) 

c  Time  of  it  felf  is  nothing ,  but  from  Thought 
c  Receives  its  Rife ,  by  labouring  Fancy  wrought 
c  From  Things  confderd ,  whilf  we  think  on  feme 
c  j4s  prefent ,  feme  as  pafy  or  yet  to  come . 

*  No  Thought  can  think  on  Time,  that's  fill  confef , 
c  But  thinks  on  Things  in  Motion  or  at  Ref . 

And  fo  on,  Vide  Lucretiusy  Book  I. 

That  is,  Time  only  fliews  the  Duration  or  Mutation  of  Things, 
a  Year  being  the  Standard  or  Integer,  by  which  fuch  Continuance 
or  Change  is  computed.  And  a  Year  is  that  Space  of  Time  ill 
which  the  Sun  (apparently)  completes  its  Revolution  from  any 
one  Point  in  the  Ecliptic  (an  imaginary  Circle  in  the  Heavens) 
to  the  fame  Point  again,  which  according  to  Modern  Obfervations 
is  perform'd  in  3 65  Days,  5  Hours,  48  Minutes,  57  Seconds,  21 
Thirds,  (3*g»  But  a  Second  being  the  leaft  Part  of  Time  that  can 
be  truly  meafured  by  the  Motion  of  any  Mechanical  Engin,  as  a 
Clock,  &c.  (a  Third  being  lefjgthan  the  Twinkling  of  an  Eye)  I 
begin  the  following  Table  with  Seconds. 

Seconds.  ,f 

(.  r  • — 1  j  f  Minutes 
3<5oc=:  6o~I  0 

8(^4oc=;  1440=:  24—I  Days  °  t  n 

31s S49— 87^5:=: 36  5+?‘4-48+*7=;' I  Teir,  call'd  a  Solit 

(Tear. 

But  the  common  Year,  ufually  call'd  the  $ulan  Year,  doth  con- 
lift  of  3 6$  Days  and  6  Hours,  and  is  divided  into  twelve  unequal 
Months,  called  Calendar  Months,  whofe  Names  and  Number  of 
Days  are  the  Subjeft  of  every  Almanack- 


To 
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To  thefe  Tables  it  may  not  be  amifs  to  give  a  brief  Account  of 
Rich  Coins,  Weights  and  Meafures  as  are  frequently  mention'd 
in  the  Scriptures.  As  I  have  deduc'd  them  from  thofe  which  feem 
to  be  the  moft  correft,  inferted  in  the  Index  to  the  large  Bible, 
Printed  Anno  1702,  and  compared  with  thofe  uled  in  England,  by 
the  Lord  Bifhop  of  Peterborough. 


The  Hebrew  Weights,  compared  with 

Troy  iVeight . 

Oz-  Pw .  Grains . 

A  Gerah— 
10  Gerahs— a  Bekah=: 

2  Bekahs— a  Shekel^ 
loo  Shekels=a  Menah— 

0.0.  io^'j 
0  .  4  .  i3i 

0.9.3 

45  .  12  .  Iz 

Note ,  A  Shekel  is  laid  to  be  thei’r  Original  Weight. 


Their  Coin.  -5  E?^  c«*-  , 

l  l  s.  d. 


A  Silver  Menah= 
Talent  of  Silvers 
Talent  of  Gold— 
The  Gold  Dram— 


7  ?  I 

357  •  II 

5©7f  •  15 

I  .  o 


5*  Weight  6o  Shekels. 

Ioi-  W eight  is  3000  Shekels. 
7!  The  fame  Weight  men- 
4  tioned  in  Ez.  2.  19. 


The  Roman  Money  mentioned  in  the  New  Tefiament. 


A  Denarius,  or  Silver  Penny=7d.  3  Farthings. 

AlTes  of  Copper— o  .  3  Farthings. 
AfFarium— o  .  1  £  Farthing. 
Quadrans— o  .  i  of  a  Farthing. 

A  Mite— o  .  |  of  a  Farthing. 


Their  Long  Meajures  compar^J  with 


S  Erghjh  Meafure. 

C  "Par.  Beet,  inch  Parts 


A  Finger's  Breadth— 
4  Fingers=:a  Hand's  Bread  th= 
,  2  Hands— the  lea ff  Span— 

3  Hands  Breadth=:the  longeft  Span— 
2  Spansj=;the  longeft  Cubit— 
'  a  Cubits— a  Fa  thorn— 
6  Cubits— Ezekiel's  Reed- 
400  Cubits— a  Stadiums 
10  Stadiums^rra  Mile— 
3  jVliles*— a  Para  fang— 
Which  is  4  Englijl)  Miles  and 


0. 

0  . 

0,912 

0. 

0  . 

3^48 

0. 

0  . 

7-296 

0. 

0  . 

10.944 

0. 

I  . 

9  888 

z. 

I  . 

3>55* 

** 

V 

I  . 

II  328 

243. 

0  . 

7,2 

2432. 

,0  . 

0 

7296. 

0  . 

0 

2  5  (£. 

Their 
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Their  Meafures  of  Capacity,  compared  with  - 

5  En&lifk  Wine. 

Gal.  Pints  Inch. 

A  Cotyla  = 

0  .  oL  3.037 

A  Log  == 

0  .  oL  9,83 

♦  4  Logs=:a  Cab  = 

0.3.  10,458 

Io  Cotyla's—an  Omer  = 

0.6.  1,7 

3  Cabs=:a  Hin  = 

1  .  2.2 

2  Hins=a  Seah  =: 

2  .  4  •  y? 

3  Seahs==:an  Epha  = 

7  •  4-1 S, 

10  Epha's=a  Chomer  = 

7$  •  S  • 

S  E  C  T.  2.  jaDDitton  of  Weights,  &c. 


The  foregoing  Tables  being  fo  well  underBood,  as  that  you 
can  readily  tell  (without  paufing)  how  many  Units  of  any  one  De¬ 
nomination,  do  make  one  of  the  next  fuperior  Denomination 
(efpecially  in  thofe  Tables  as  are  mod  ufeful  for  your  Bufinefs) 
it  will  then  be  as  eafy  to  add,  or  fubtradl  them,  as  to  add,  or 
fubtradl:  whole  Numbers,  due  care  being  taken  in  placing  all 
Numbers  that  are  of  one  Denomination  exadlly  underneath  each 
other.  That  is  to  fay,  in  Money  place  Pounds  under  Pounds, 
Shillings  under  Shillings,  Pence  under  Pence,  &c.  UnderBand 
the  like  in  Weights  and  Meafures.  &c.  According  to  their  feve- 
ral  Denominations :  Then  in  Addition  obfervethis  Rule . 

.  R  U  L  e: 

Always  begin  with  thofe  Figures  of  the  loweB  or  leaB  Denomi¬ 
nation,  and  add  them  all  together  into  one  Sum.  then  confider 
how  many  of  the  next  fuperior  Denomination  are  contained  in 
that  Sum,  fo  many  Units  you  mull  carry  to  the  faid  next  fupe¬ 
rior  Denomination  to  be  added  together  with  thofe  Figures  that 
Band  there;  and  if  any  thing  remain  over  or  above  thofe  Units 
fo  carried,  that  Overplus  muB  be  fet  down  underneath  its  own 
Denomination  :  And  fo  proceed  on  from  one  Denomination  to 
another  until  all  be  finifhed. 

Example  in  Coin. 

Let  it  be >  required  to  add  35/.  141.  o 6 <L  and  2 7/.  on.  rod. 
and  54/.  jf 3  s-  04  d.  fold  lol.  17  s.  05 jd.  into  one  Sum. 

Thefe  parricular  Sums  being  placed,  as  before  directed,  will 
Band  as  in  the  Margin  following. 

Then  according*  to  the  Rule,  I  begin  with  the  Pence  (being 
here  the  lowefUor  leaB  Denomination)  and  adding  them  all  to¬ 
gether,  I  find  their  Sum  to  be  29  d.  that  is  2  j.  and  j  Pence ; 

(for 


Parr  I. 


4° 


/. 

s. 

d. 

3T 

.  14  . 

0  6 

27 

.  02  . 

IO 

?4 

•  13  * 

04 

Io 

.  17  • 

0  9 

28 

.  08  . 

0$ 

Sum  required 

is 

(for  24d.~2.s-  and  25? — 24=;  5  )  the  j  d- 1  iec 
down  underneath  its  own  Denomination,  and 
carry  the  2  s-  to  the  Place  of  Shillings,  adding 
them  and  all  the  Shillings  together,  I  find 
the  Sum  to  be  48  s.  viz,.  2  /.  8  s.  I  fet  down 
the  8  5.  underneath  its  own  Place  of  Shillings, 
and  carry  the  2/.  to  the  Place  of  Pounds, 
adding  them  and  all  the  Pounds  together,  I 
find  their  Sum  is  128/.  confequently  the  tota 

128/.  085.  OJ  d.  .  ,  .  ,  r  A 

Now,  for  as  much  as  it  often  happens  in  keeping  Books  or  Ac- 

compts,  (and  in  other  Bufinefs)  that  it  is  required  to  add  up.  large 
Sums  of  Money,  confifting  of  30,  40,  or  more  feveral  particular 
Sums,  nay,  perhaps  filling  up  the  whole  length  of  a  Sheet  of  Pa¬ 
per,  I  humbly  conceive  in  thofe  Cafes  the  bell  and  eafiefi:  Way 
will  be  to  part  them  into  Parcels,  not  exceeding  10  or  12 
particular  Sums  in  each  Parcel,  and  Sum  up  (on  a  by  Paper)  the  Par¬ 
ticulars  in  each  Parcel ;  that  done,  add  together  all  the  Sums.of  thole 
Parcels  into  one  Sum,  and  that  will  be  the  total  Sum  required. 

Alfo  to  avoid  the  making  of  Points,  or  other  Marks  amongfi: 
your  Figures,  it  will  be  convenient  to  get  the  following  Tables 
by  heart. 


The 

Pence-Table. 

d .  s. 

d.  s. 

1 2=  I. 

72—6". 

24=2. 

84=7- 

3^—3. 

96=8. 

48=4. 

108=9. 

6o=.<). 

120=10. 

The  Shillings  Table. 

s.  /. 

5.  /. 

20=1. 

120=5. 

40=2. 

140=7. 

60=3. 

160=8. 

80=4. 

180=9. 

loo=y. 

200=10. 

The  life  of  thefe  Tables  is  fo  obvious,  that  I  prefume  ’tis  need- 
lefs  to  explain  them. 

Examples  in  Addition  of  Weights. 

Averdupoi s  Weight. 


ifc 

Oz. 

Pro. 

Gr. 

Tun . 

C. 

% 

ft. 

.ft 

Oz . 

3 

.  09  . 

<  00  . 

io 

1 2  . 

1  > 

.  2  . 

44 

.  12 

S 

.  08  . 

L  I*  • 

21 

7  • 

Io 

•  3  • 

21 

•  1* 

Io  . 

.  Io  , 

•  12  . 

22 

0  . 

18 

.  1  . 

14 

.  II 

0 

.  II 

■  19  • 

*3 

I  . 

19 

•  3  • 

27 

•  l? 

SUm  2 1  , 

1  04  , 

.  09  . 

04 

Sum  23  . 

01 

.  *>  . 

01 

.  0 1 
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0 

Examples  in  Addition  of  long  Me  afire- 

Tards  Nrfi/s 

Miles.  Fur.  Poles  Tards 

Feet  Inch. 

37  •  a  .  3 

2  .  6  •  3  ^  •  4  • 

2  .  9 

17  •  3  •  1 

0  .  7  •  27  .  3  . 

I  .  Io 

I29  .1.2 

I  .  3  .  39  •  i  . 

2  .  II 

182  .3.2 

Sum  5*  .  2  .  19  .  ?  . 

0  .  0 

I  think  it  needlefs  to  fet  down  more  Examples  of  this  kind,  for 
if  thefe  efpecially  the  lad,  be  well  underdood,  they  will  be  fuf- 
ficient  to  fliew  how  any  other  may  be  performed. 


%  • 

Sed.  3.  Subtraction  of  Weights,  &c. 

Subtra&ion  is  but  the  Converfe  of  the  precedent  Work,  and 
may  be  performed  by  obferving  this  Rule. 

RULE. 

Begin  with  the  lowed  or  lead  Denomination,  as  before  in  Ad¬ 
dition,  and  take  or  fubtratl  the  Figure,  or  Figures,  in  that  Place 
of  the  Subtrahend,  from  the  Figure,  or  Figures,  that  (land  over 
them  of  the  fame  Denomination ;  fetting  down  the  Remainder  (as 
in  Page  12.)  But  if  that  cannot  be  done,  then  you  mud  increafe 
the  upper  Figure,  or  Figures,  with  one  of  the  next  fuperior  Deno¬ 
mination,  and  from  that  Sum  make  Subtradion  ;  and  fo  proceed  to 
the  next  fuperior  Denomination,  where  you  mud  pay  the  one 
borrowed,  by  adding  Unity  to  the  Subtrahend  in  that  Place,  &c. 
as  in  whole  Numbers. 

Example  in  Coin. 

I*  s.  d.  1.  s.  d. 

From  38 6  .  09  .  08  From  $69  .  10  .  06 

Take  173  .  04 . 06  Subt.  389.  1?  .  08 

r  1  **  '■'*  11  *  '  ""  '■ '— »< 

Remains  213  •  0$  .02  179  .14  .10 

The  fird  of  thefe  Examples  is  felf-evident.  In  the  fecond  Ex¬ 
ample,  beginning  at  the  PlaCe  of  Pence,  being  here  the  lead  De¬ 
nomination,  I  am  to  take  8  d.  from  6  d.  but  becaufe  that  cannot 
be  done.  I  mud,  according  to  the  Rule,  borrow  one  of  the  next 
Denomination,  viz-  1  s..and  add  it  to  the  6  d .  which  makes  it  «8  d. 
(for  1  j.=:i2  d.  and  .  12+6 18  d.)  then  I  fake  8  d.  from  that 
1  18  d.  and  there  remains  10  d.  to  be  fet  down  underneath  the  Place 
of  Pence  ;  that  done,  I  proceed  to  the  Place  of  Shillings,  where  I 
mud  now  pay  the  1  s.  faying  one  borrowed,  and  i?  makes  1 6  from 
lo  cannot  be,  but  \6  from  30  and  there  remains  14.  Tim  P  I 

G  borrow 
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borrow  one  of  the  next  Denomination,  viz.  I  /•  and  add  to  it 
the  io  s.  which  makes  it  30  s.  (  tor  I  /.=2o  s.  and  ha¬ 

ving  fet  down  the  remaining  14  underneath  its  own  Place  of 
Shillings,  I  proceed  to  the  Place  of  Pounds,  where  paying  the  it. 
borrowed,  it  will  be  1  borrowed  and  9  is  10  from  9  cannot  be,  but 
io  from  19  and  there  remains  9,  and  lo  on  as  in  whole  Numbers, 
until  all  be  finilhed  *,  and  the  Remainder  will  be  179  /.  14s.  10  d. 

This  Example  being  a  little  confidered  will  render  all  others  in 
this  Rule  eafie. 


Examples  in  Weight. 

Troy  Weight. 
tfe  oz.  pwt.  gr. 

From  9  .  10  .  16  .  18 
Take  3  .  09  .  18  .  22 


Averdupois  Weight . 
c.  qr.  ifc  oz .. 
17  .  2  .  .  Io 

14  •  3  .  18  .  12 


4  .  00  .  I7  .  20 


2  •  2  •  24  t  1 4 


Examples  in  long  Meafure . 


yards  qrs.  nails 
From  78  •  3  •  2, 
Take  29  .  3  .  3 


miles  fur.  pol.  yds.  feet  inches 
22  .  3  •  26  :  3  .  I  .  11 

18  .  6  .  29  .  4  .  2  .  7 


Reds  48  .  3  .  3 


3  .  4  •  3*  •  4  •  o  ;  Io 


Example  in  Time . 
days  0  '  " 

From  27  .  18  .  33  .  2 1 
Subtradl  16  .  21  .4 6  .  3  6 


Remains  10  .  20  .  48  .  45 

The  Proof  of  Addition  and  Subtra&ion  in  thefe  Numbers  of 
different  Denominations,  is  the  very  fame  with  that  of  whole 
Numbers  in  Page  13.  I  (hall  therefore  refer  you  to  that  Place,  and 
omit  repeating  it  here. 


Se£t  4.  Of  Reduction. 

By  Reduction,  Numbers  of  different  Denominations  are  brought 
in^o  one  Denomination. 

That  is,  it:  alters  or  changes  any  fuperior  Denomination  pro- 
pofed,  into  any  inferior  or  leffer  Denomination  required;  dill 

keeping 


Of  i&eOttction, 
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keeping  them  equivalent  in  Value.  And  by  that  means  they  be-» 
come  fitly  prepared  for  Multiplication  and  Divifion ;  which  other- 
wife  could  not  fo  conveniently  be  performed.  Therefore  theBu- 
finefs  of  Reduction  is  very  ufeful  in  the  Rule  of  Proportion,  com¬ 
monly  called  the  GoldenRule ,  or  Rule  of  Three,  efpecially  to  thofe  who 
do  not  underftand  either  Vulgar  or  Decimal  Fractions:  And  'tis 
thus  performed. 

'RULE.  .  m  V 

Confiderhow  many  Units  of  the  Denomination  required,  make 
one  of  that  Denomination  propofed  to  be  reduced,  which  is  eafi- 
ly  known  by  its  refpe&ive  Table,  and  with  that  Number  of  11- 
nits,  multiply  the  Denomination  propofed,  and  their  Product 
will  be  the  Number  required. 

Example  in  Coin. 

Let  it  be  required  to  reduce  or  change  3*7/.  into  Shillings,  and 
thofe  Shillings  into  Pence,  which  fhallftill  be  equal  in  Value  with 
the  3*7  l . 


3*7 

Multiply  with  20  the  Shillings  in  one  Pound 


Multiply  with 


714©; 

12 

1428 

7J4 


:the  Shillings  in  3*7/. 
the  Pence  in  one  Shilling 


8*680=:  the  Pence  in  3*7  /.  as  was  required. 

Or  3*7  t.  may  be  reduced  into  Pence,  at  one  Operation:  Thus, 
3*7  f*. 

Multiply  with  240  the  Pence  contained  in  one  Pound. 


1428 

7H 


8 *680=  the  Pence  in  3*7  /.  as  before. 

But  when  the  Numbers  propofed  to  be  reduc’d  are  of  feveral 
Denominations,  and  it  is  required  to  bring  them  all  to  the  loweft  \ 
you  muft  reduce  the  higheft  or  greatefl:  Denomination  to  the  next 
lefs,  Adding  the  Numbers  that  are  of  that  lefs  Denomination  to¬ 
gether,  then  reduce  their  Sum  to  the  next  lower  Denomination, 
Adding  together  all  the  Numbers  that  are  of  that  Denomination, 
and  fo  proceed  gradually  on  until  all  is  done. 

G  2  Ex* 


44 
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Example- 

Let  it  be  required  to  reduce  375  /.  17  s.  ie  d.  3  2*  into  one  De¬ 
nomination,  viz-  into  Farthings. 

f. 

375 1.  17  5-  10  d.  3  2. 

20 


7foo=:the  Shillings  in  375  l- 
+  17  s. 


7517—  the  Shillings  in  37?  /.  I7S. 

12 

\ 


1^034 

7fl7 


5?oio4=:the  Pence  in  377  /.  17  s. 
Io  d. 


5?on4=:the  Pence  in  37 5  /.  17  s.  Io  d. 

_ 4 _ 

36o856=the  Farthings  in  375  /.  17  s.  Io  d. 

+  3  ?• 

360855?  Farthings=375  L  17  s.  Io  d.  3  2-  as  was  required. 


The  Work  of  this  Example,  and  all  other  Operations  of  this 
kind,  may  be  fomewhat  fhortned  byobferving  the  following  Me¬ 
thod. 

375  l  17  j.  io  d.  3  7. 

20  Multiply  and  add  in  the  17  s. 


12  Multiply  and  add  in  the  10  L 


15034 

7518 


QOlI  4 

4  Multiply  and  add  in  the  3  qru 

i 

360855?  the  Farthings  as  before. 


Example  in  Troy  Weight. 

Suppofe  it  be  required  to  reduce  i9ib8  oz,*  iSpvtt,  2l£r.intothe 
leaft  Denomination,  viz,  into  Grains, 

Thus, 


1 
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45 


Thus,  29  ft  8  OZ'  18  pm.  ii  gr. 

Multiply  with  11  the  e*.  in,  1  ife  and  add  in  the  8  oz . 

- -  f 

66 

19 


356=: the  Ounces  in  19  ife  8  oz. 

Multiply  with  20  the  pms.  in  1  oz.  and  add  in  the  18  pm* 

7i38=;the  pms.  in  29  ife  8  oz*  18  pm. 

Multiply  with  24  the  Grains  in  1  pm.  and  add  in  the  n^r. 


28553 

14278 


17 1 3 33  the  Grains=:29ifc  8  oz.  18  pm.  11  gr. 

Thefe  two  Examples  at  large  being  well  underftood,  may  fuflice 
to  fliew  how  all  Operations  of  this  kind  are  performed ;  either  in 
Weights,  Meafures,  or  Time.  I  (hall  only  infert  a  few  Examples 
of  each  Sort  for  the  Learner’s  Pra&ice. 

1.  In  23  C.  3  qri.  21  ife  9  oz .  Averdupois  Weight;  How  many 
Ounces?  Anfwer .  42905  Ounces. 

2.  In  252  Englijb  Miles,  How  many  Yards,  Feet  and  Inches  ? 
Anfwer  4435,20  Yards=:i33o56o  Feet=i 5966720 Inches. 

3.  In  1692  common  Years,  How  many  Days,  Hours,  and  Mi¬ 
nutes  ?  Anfwer  618003  Days,  14832072  Hours,  889924320  Minutes. 

Note,  a  common  Years=;3^5  Days,  6  Hours,  fee  Page  37. 

4.  In  5786  Pounds,  17  Shillings,  9  Pence  Sterling  :  How  many 
Shillings,  Pence  and  Farthings  ? 

Anfwer,  1 1 5737  Shillings,  1388853  Pence,  or  555*412  Farthings. 
That  is,  578 6  1*  17  5.  9  d.=l I5737  s-  9  ^.=138885$  d.  &c. 

The  next  thing  will  be  to  fhew  how  to  bring  Numbers  from 
a  lefler  to  a  greater  Denomination,  which  by  mod  Authors  is  cal¬ 
led,  tho*  very  improperly. 

JRcbUtttOtt  Jfcetiding. 

This  Work  is  the  Converfe  of  the  laft,  and  is  performed  by 
Divifion.  Thus, 

RULE.. 

Confider  how  many  of  the  Denomination  propofed  make  one  of 
the  Denomination  required,  and  make  that  Number  your  Divifor, 
by  which  divide  the  Denomination  propofed;  and  the  Quotient 
will  be  the  Number  required. 


4  6 


Part  I. 


Example. 

Let  it  be  required  to  find  how  many  Shillings  and  Pounds  are 
contained  in  85680  Pence.  % 

The  Pence  in  i  $.  are  12)  85680  (7140  s.^85680  d. 

Again  the  Shillings  in  1  /.are  20)  7140  (357  /.  the  Anfwer  re¬ 
quired. 

Another  Example  in  Coin. 

How  many  Pence,  Shillings  and  Pounds,  are  contained  in 
264859  Farthings. 

12)  20) 

4)  264859  (  66214  d.  (5517  (275  ?• 


24 


62 


in 


08 


21 


117 


94 


(i7)5. 


.  ♦ 


ip 


(lo)d. 


Remains  (3)  5.  \Note>  The  Remainder  is  always  of  the  fame 

C  Denomination  with  the  Dividend. 

The  laft  Quotient  275  /.  together  with  the  feveral  Remainders, 
gives  the  Anlwer  required. 

Vi<,.  275  /.  17  s.  io  i.  3  <7.=:264859  Farthings. 

Example  in  Troy  IV tight. 

Suppofe  it  were  required  to  find  how  many  pmi.  oz J.  and  ft!, 
are  contained  in  171333  Grains. 

20)  u)  • 

>4)  I7»333y.  t7i?8  pw.  (356  (29  ft 
168  *  **  1 13  24 


33 

24 

■  '  ■■  9 

53 


138 


(18  )pm.* 


116 

I08 


(8)o^. 


213 

I92 


Remains  (zi)  gr. 

Anfwer,  29  ft  8  oz,.  18  pwt.  21  gr.  This  and  the  laft  Example  are 
the  Reverfe  or  Proof  of  thofe  in  "Page  43,  45. 

1.  In  42909  Ounces  Averdupois  Weight;  How  many  Pounds, 

■  Thus 
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;  ^  4>  . 

Thus  16)  4»?0f  (1681  lb  (95  $rs.  (13  C. 


10  9  lyi  iy 

130  151  ','(3) 

—  ■  -  140 

M  - 

( 9 )  (*0  23  C*  3  $rt.  21  ft  9  $z- 

2.  In  15966710  Inches  ;  How  many  Miles,  e^c. 

Anfwer,  151  Miles,  OV.  AsOccafion  requires. 

There  are  many  ufeful  Queftions  may  be  anfwered  by  Help  of 
Reduction  only :  As  the  Changing  of  one  Sort  of  Coin  for  ano¬ 
ther;  and  comparing  of  one  Sort  of  Meafure  with  another,  &c. 

For  Inftance;  Suppofe  one  had  347  Rix-Dollars,  at  4  j.  6  d *  per 
Dollar :  and  defired  to  know  how  many  Pounds  Sterling  they  make. 

347  #  * 

<T4=the  Pence  in  one  Dollar,  viz*  4  $.  6  4.=? 4  4. 

1388 

T73T  20) 

iQ  18738  d.  (1561s*  (78/. 

67  161 

73  (*>• 

_ 

(6)d. 

Anfacr,  78  /.  1  s.  6  d*  Sterling,  are=  347  Rix-Dollars. 

Queft.  2.  In  645  Flemijh  Ells;  How  many  Ells  Englijh  ? 

Note,  3  Quarters  of  a  Yard  Englijh  make  one  Ell  Flemijh)  and  or 
5  Quarters  of  a  Yard  is  an  Englijh  Ell. 

Therefore,  645 

3— the  qrs .  of  a  Yard  in  I  E\\  Flemijh* 
qrs.  in  1  Ell=:5)  I9J5  (387  Englijh  Ells  for  the  Anfwer. 

Qxeji.  3.  Suppofe  a  Bill  of  Exchange  were  accepted  at  London,  for 
the  Payment  of  400  /.  Sterling 7  for  the  Value  deliver’d  at  Amfter- 
datn  in  Flemijh  Money  at  1  /.  13  s*  6  d.  for  1  b  Sterling •  How  much 
Flemijh  Money  was  delivered  at  AmQerdum} 

Firft,  1  /.  13  s.  6  4.=; 402  d*  the  Value  of  one  Pound  Sterling  at  Am - 
l ierdam . 

Then  402  d.X4oo=;i^o8oo  4.=tf7o  /.  Flemijh ,  and  fo  much  was  de¬ 
liver’d  at  Amfierdam.  _ 

,  CHAP. 
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CHAP  IV. 


Of  aittlgat  5Ttaction0. 

Seft.  1.  of  Rotation. 

AFra&ion,  or  broken  Number,  is  that  which  reprefents  a 
Part  or  Parts  of  any  thing  propofed  (vide  Page  3.)  and  is 
exprefled  by  two  Numbers  placed  one  above  the  other  with  a  Line 
drawn  betwixt  them. 

Thus,  S  5  Numerator. 


4  Denominator. 

The  Denominator  or  Number  placed  underneath  the  Line,  de¬ 
notes  how  many  equal  Parts  the  Thing  is  fuppofed  to  be  divi¬ 
ded  into  (  being  only  the  Divifor  in  Divifion. )  And  the  Nume¬ 
rator  or  Number  placed  above  the  Line,  {hews  how  many  of  thofe 
Parts  are  contained  in  the  Fra&ion,  it  being  the  Remainder  af¬ 
ter  Divifion.  (See  Page  29.)  And  thefe  admit  of  three  Diftin- 
ttions: 

C Proper  or  Simple ,  9 

Viz.  •<  Improper ,  S  Fractions. 

C  Compound,  j 

A  proper,  ouro,  or  fimple  Fradtion,  is  that  which  is  lefs  than 

an  Unit.  That  is,  it  reprefents  the  immediate  Part  or  Parts 
of  any  thing  lefs  than  the  Whole,  and  therefore  its  Numerator 
is  always  lefs  than  the  Denominator. 

one  Fourth  Part .  .1  S£  *s  one  H{lf- 

one  Third  Pdrt.  •  £t  «  Two  Thirds,  &c. 

An  improper  Fraction  is  that  which  is  greater  than  an  Unit ; 
That  is,  it  reprefents  fome  Number  of  Parts  greater  than  the 
whole  thing;  and  its  Numerator  is  always  greater  than  the  De¬ 
nominator. 


As 


SI  is 

2l  is 


As  f  Or-f  Or«fj  &c. 

A  Compound  Fraction  is  a  Part  of  a  Part,  confining  of  fe- 
veral  Numerators  and  Denominators  conne&ed  together  with 
the  Word  [of]. 

As  j  of  |  of  I,  &c.  and  are  thus  read.  The  one  Third  of 
the  three  Fourths  of  the  two  Fifths  of  an  Unit. 

That  is.  when  a  Unit  (or  whole  Thing)  is  firfl:  divided  into 
any  Number,  of  equal  Parts,  and  each  of  thofe  Parts  are  fu fa- 

divided 
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"  . .  1111  f  m  ■  ■ 

fubdivided  into  other  Parts,  and  foon:  Then  thofe  laft  Parts  are 
called  compound  Fractions,  or  Fractions  of  Fractions. 

As  for  inftance,  fuppofe  a  Pound  Sterling ,  or  205.  be  the  Unit  or 
Whole ;  then  is  8  s.  the  f  of  it,  and  6  s.  the  %  of  thofe  two  Fifths, 
and  2  s.  is  the  |  of  thofe  three  Fourths.  Viz-  2  s.  of  i  of  y  of 
one  Pound  Sterling. 

All  compound  Fractions  are  reduced  to  (ingle  ones,  Thus, 

RULE . . 

Multiply  the  Numerators  into  one  another  for  a  Nu¬ 
merator,  and  all  the  Denominators  into  one  another  for 
the  Denominator. 

Thus  the  f  of  %  of  f  will  become  Or  T£. 

For  1x3X2=^  the  Numerator,  and  3X4X5=60  the  Denominator, 
but  or  Tr5  of  a  Pound  Sterling  is  2  $.  As  above, 


Se6t.  2.  To  0ltet  or  Cljan^t  different  jfracf  (OH#  into  one 
Denomination  retaining  the  fame  Value. 

In  order  to  gain  a  clear  Underftanding  of  this  SeCtion,  it  will 
be  convenient  to  premife  this  Propofition,  viz •  ‘‘  If  a  Number 
“  multiplying  two  Numbers  produce  other  Numbers,  the  Numbers 
tc  produced  of  them  (hall  be  in  the  fame  Proportion  that  the 
a  Numbers  multiplied  are,  17  Euclid  7. 

That  is  to  fay,  If  both  the  Numerator  and  Denominator  of  any 
FraCtion  be  equally  multiplied  into  any  Number,  their  Products 
will  retain  the  fame  Value  with  that  Fraction. 

As  in  thefe,  f  Or  Or 

That  is,  |  and  f.  Or  f  and  J.  Or  j  and  are  of  the  fame 
Value  in  relpeCt  to  the  Whole  or  Unit. 

From  hence  it  will  be  eafy  to  conceive  how  two,  or  more  Fra¬ 
ctions  that  are  of  different  Denominations,  may  be  alter'd  or 
chang'd  into  others  that  fhall  have  one  common  Denominator, 
and  (till  retain  the  fame  Value. 

Example .  Let  it  be  required  to  change  f-  and  f  into  two  other 
Fractions  thatfhall  have  one  common  Denominator,  and  yet  re¬ 
tain  the  fame  Value. 

According  to  the  foregoing  Propofition,  if  f  be  equally  mul¬ 
tiplied  with  7,  it  will  become  viz.  Again  if  f  be 

equally  multiplied  with  3,  it  will  become  viz •  And 

by  this  means  I  have  obtained  two  new  Fractions  andyT  that 
are  of  one  Denomination,  and  the  fame  Value  with  the  two  firft 
propofed,  viz.  -^y  and 

!  '  -  '  H 


And 
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And  from  hence  doth  arife  the  General  Rule  for  bringing  all 
Fra&ions  into  one  Denomination. 

RULE. 

Multiply  all  the  Denominators?'^  each  other  for  a  new 
l and  common')  Denominator*  Nnd  each  uinerator  into 
all  the  Denominators  but  its  own,  for  New  Numerators. 

Example.  Let  the  propofed  Frailions  be,,  3-.  f-  %•  and  7. 

Then  by  the  Rule* 

A  new  Denominator 
will  be  thus  found. 


tne  i\uie. 

And  the  new  Numerators  will  be 
thus  found. 


3 

i? 

4 

60 

7 

410 


1 . 

2  . 

3- 

6  . 

5 

3 

3 

3 

5 

6 

9 

18 

4 

4 

S 

5 

20 

14 

45 

90 

7 

7 

7 

4 

I40  • 

168  . 

3*f  • 

360. 

Hence  410  is  the  common  Denominator.  And  140  .  168. 

M  s  .  ^6o  are  the  new  Numerators,  which  being  placed  Fra&ion- 
wife  are  •  the  new  Fractions  required. 

That  is,  44§=i-  •  Hfc=£.'and  i&=sf. 


Sea.  3.  To  bring  mix'd  $tuttbctg  into  ^fraction*,  and  the. 

contrary . 


Mix’d  Numbers  are  brought  into  improper  Frattions  by  the 


following 


RULE. 


Multiply  fib*  Integers  or  whole  Numbers,  with  the 
Denominator  of  the  given  Fra&ion,  and  to  their  Qrodutf 
add  the  Numerator,  the  Sum  will  be  the  Numerator  of 
the  Fra&ion  required • 

Example.  9 #  by  the  Rule  will  become  4f.  For  ?X?=;4|-. 

And,  4r  +|— 4|  the  improper  Fra&ion  required. 

Again,  nil  will  become  2ff  For  ^xif—1#. 

^n(j  1  And  fo  tor  any  other  as  Occafion  requires* 

To  find  the  true  Value  of  any  improper  Fra&ion  given  is 
nnlv  the  Converfe  of  this  Rule.  For  if  as  before  is 

D  ID  7  i.  •  1 

evident  ; 
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evident :  Then  it  follows  that  if  49  he  divided  by  ?,  the  Quotient 
will  give  And  if  20 6  be  divided  by  15  it  will  give  I3tt> 
confequently  it  follows,  That  #  #  . 

If  the  Numerator  of  any  improper  Fraftion.be  divided  by  its 
Denominator,  the  Quotient  will  difcover  the  true  Value  ot  that 
Fraftion. 

Example  J. 

V=*?«  And  V==?y.  And  Or  #  # 

When  whole  Numbers  are  to  be  exprefs'd  Fraftion-wiie,  it  is 
but  giving  them  an  Unit  for  a  Denominator.  Thus  45  is4  V-  ?JS 
f  and  25  is  2f-,  &c. 


Se£t  4,  To  Slbbvebiatc  or  IRetittce  fractions  into  their  low- 

eft  or  haft  Denomination. 

This  is  done,  not  out  of  any  Necetfity,  but  for  the  more  con¬ 
venient  Managing  of  fuch  Fraftions  as  are  either  propofed  in  large 
Terms;  or  fwell  into  fuch,  either  by  Addition  or  otherwise:  Be- 
(ides,  3tis  mod  like  an  Artid  to  exprefs  or  fet  down  all  Fraftions  m 
the  lowed  Terms  poflfible;  And  to  perform  that,  it  will  be  necei- 
(ary  to  confider  of  thefe  following  Propofitions. 

Numbers  are  either  ^itltc  or  Cotttpofefl* 

r.  A  PRIME  Number  is  that  which  can  only  be  meafured  by 
an  Unit.  Euclid  7.  Vefi.  11. 

That  is,  3.  5.  7.  11.  13.  17.  <&c.  are  faid  to  be  Prime  Numbers, 
becaufe  it  is  not  poflible  to  divide  them  into  equal  Parts  by  any 
other  Number  but  Unity  or  1. 

2.  Numbers  Prime  the  one  to  the  other,  are  fuch  as  only  an 
Unit  doth  meafure,  being  their  common  Meafure.  Euclid  7.  Vefi . 
12. 

For  indance,  7  and  13  are  Prime  Numbers  to  each  other,  be¬ 
caufe  they  cannot  be  divided  by  any  Number  but  an  Unit.  And 
5  and  14  are  alfo  Prime  Numbers  to  each  other,  for  althoJ  3  will 
meafure  or  divide  9  without  leaving  a  Remainder,  yet  3  will  not 
meafure  14  without  leaving  a  Remainder  :  Again,  altho’  2  will 
meafure  14  without  any  Remainder,  yet  2  will  not  meafure  5?  with¬ 
out  leaving  a  Remainder,  &c. 

3.  A  COMPOSED  Number  is  that  which  fome  certain  Num¬ 
ber  meafureth.  Euclid  7.  Vefi .  13. 

For  indance,  15:  is  a  compofed  Number  of  3  and  5,  for 
5X3=15:,  confequently  3  or  5  will  judly  meafure  15.  Alfo  20 

H  2  is 
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is  compofed  of  5  and  4,  viz,.  5X4-^  therefore  5  and  4  will  each 
juftly  meafure  20j# 

4!  Numbers  compofed  the  <*ne  to  the  other,  are  they  which 
fome  Number  being  a  common  Meafure  $0  them  both  doth  mea¬ 
fure.  Euclid  7*  14- 

That  is.  If  two  or  more  Numbers  can  be  divided  by  one  and 
the  fameDivifor  j  then  are  thofe  Numbers  faidto  be  compofed  one 
to  another. 

For  infiance,  14  and  21  are  Numbers  compofed  the  one  to  the 
other,  becaule  they  can  both  be  meafured  or  divided  by  7.  For 
7X2^14,  and  7x3=11,  therefore  7  is  a  common  Meafure  to  14 
and  2i.  So  that  if  were  propofed  to  be  abbreviated,  it  will  be¬ 


come  f. 

Thus  $  7)I±=2_,  . 

C  7) 

And  how  thofe  greateft  common  Meafures  may  be  found,  comes 
from  Euclid  7.  fro.  1.  2.  3.  and  is  thus: 


RULE. ;  t, 

Divide  the  greater  Number  by  the  leffer^  and  that  Di- 
vifer  fyy  the  Remainder  (if  there  be  any  )  andfo  on  conti - 
nptdhiy  until  there  be  no  Remainder  left :  Then  will  this 
laf  Divifor  be  the  gr  eat  ef  Common  Meafure  (  and  if  it  hap¬ 
pen  to  be  1,  then  are  thofe  Numbers  (prime  Numbers,  and 
are  already  in  their  loweft  Terms ,  but  if  otherwife)  Divide 
the  Numbers  by  that  laf  Divifor,  and  their  Quotient 
will  be  their  leaf  Terms  required. 

Example. 

Let  it  be  required  to  find  the  greateft  common  Meafure  of  72 

and  108,  viz,.  Of  T^|. 

72)  108  (l 

72- 


3<0  72  (2 
72 


Here  becaufe  there's  no  Remainder  ^ 
C  3 6  is  the  greateft  common  Meafure. 


(°) 


-.2 

--3 


Therefore,  |  jg  ,^2 
Again,  to  find  the  greateft  common  Meafure  of  744  and  Spp. 


Hence  y^f  is  abbreviated 
to  |  the  loweft  Terms. 


Thus, 
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_ nirr  -**•*  «^<MPsr  ■*■*•*«■"  j|  rnmrnmmmimmmmmmmmtrxf*—1*. 

Thus,  744)  877  (1  ;V  £**  V  r  > 

744  '  ,Wj->  •  -  ***  :  ^ 

_  /  >  **  V  *1 

15  0  744  (4  C-  -  ~N 

620  I 


124)  JfS  (l 

1 24 


31)  124  (4 
1 24 


Here  31  is  found  to  be  the  greated  common  Meafure  |>y  which 
744  and  899  may  be  abbreviated  to  24  and  29  their  lowed  Terms. 

Thus,  !i)  iff  (=if> 

Note,  If  the  propofed  Numbers  be  even,  they  may  he  brought 
lower  by  a  continued  Halving  of  them,  fo  long  as  they  can  be 
halved,  viz»  divided  by  2.  4 It 

Example l 

3Tis  required  to  reduce  -§•£  to  its  lead  Tefms. 

Fird,  z)  if  Again  \  )  fi  (=4f* 

This  done,  you  may  eafily  perceive  that  7  will  be  the  common 
Meafure  to  14  and  21,  viz.  y)  if  (=},  &c, 

If  the  Numbers  propofed  to  be  reduced  have  each  a  Cypher  or 
Cyphers  annexed  to  them,  they  will  be  abbreviated  by  cutting 
pff  a  like  Number  of  Cyphers  from  both. 

Thus,  will  be  fi,  And  will  be  f,  &c. 

That  is,  ylri'—y'S'— nnd  ft'§— -f*  alfo  4ff§s==l:^:='s^::==‘rw* 

Scd.  5.  a  tuition  0/ .fractions. 

What  hath  been  done  by  the  Rules  in  this  Chapter;  is  chiefly 
to  prepare  and  fit  Fractions  of  different  Denominations  for  Ad¬ 
dition  or  Subtraction,  as  Occafion  requires,  viz .  If  they  are  com¬ 
pound  Fractions,  they  mud  be  reduced  to  fimple  or  pure  Fractions, 
per  Rule,  Sett.  I. 

If  they  are  of  different  Denominations,  they  mud  be  altered  or 
changtd,  per  Rule,  SeH.  2. 

That  is,  all  Fractions  mud  be  brought  into  one  Denomination 
before  they  can  either  be  added,  or  fubtraCled,  and  that  being 
done,  Addition  is  thus  performed. 

RULE. 

Add  together  all  the  Numerators,  and  their  Sum  will 
be  a  New  Numerator,  under  which  fubfcribe  the  com¬ 
mon  Denomination.  Ex- 
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Examples  in  Simple  jfractiong. 

Let  it  be  propofed  to  add  and  %  together.  Firft 
and  |:=^.  per  Sett-  2. 

Then  the  Sum  required,  which  according  to 

Settion  3*  is  viz,.  f§==Il§‘ 

Examples  in  CompOttnD  jft8(tl0R0. 

Let  it  be  required  to  add  f  and  f-  of  %  into  one  Sum.  Firft  f 
of  %  becomes  T|  or  i  per  Sett.  1.  And  (per  Sett.  2.  )  \  and  k  is  t! 
and  viz-  and  but  t£+tI==t!  the  Sum  required, 

viz.  f+f  of  ••  ‘ 

'  Examples  in  SIlHjt’D  jftttmbetjJ. 

JTis  required  to  add  $}  to  7%.  thefe  per  Sett .  3.  will  be  1 J  and  3£ 
But  lj  and  3|  will  become  f|  and  per  Sett .  2. 

Then  and  the  Sum  required. 

Or  you  may  bring  only  the  Fra&ions  to  one  Denomination, 

Thus,  5f  and  7$  will  become  5T|  and  7T|* 

Then  That  is,  13?$.  As  before. 


Rule 


Se<ft.  6.  Subtraction  of  jfraction^. 

Subtract  one  Numerator  from  the  other  ( accor~ 
\ding  as  the  Queftion  requires )  and  their  Tdiffer- 
\ence  willfe  a  new  Numerator,  under  which  fub-; 
■fcribe  the  common  Denominator  as  in  Addition. 


Example  1. 

Let  it  be  required  to  take  %  out  of  Firft  £  and  §-.  per  Sett .  2. 
will  become  %-j  and  §>j.  then  that  is,  f-—* As 

was  required. 


Example  2. 

"Tis  required  to  fubtraft  f  of  f  from  fl*  Firft  |  of 
per  Sett .  1.  Again  ££  and  will  become  and  |H  per  Sett.  2. 
Then  Hi— !H==£y& 

\ 

Example  3. 

Pr°m  *1  fubtraft  Firft,  and  per  Rule 

Sett.j.  Again,  and  per  Rule  Sett.  2.  Then 

■liy — f i$|.  Or  otherwise  thus ;  Firft, , 

then, 
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then  bring  f  and  into  one  Denomination,  viz,.  and 

,1P - ,1.5  4 

3?f — 3tw 

Then  As  before. 

Example  4. 

Let  it  be  required  to  fubtraft  f-  of  f  of  f  from  7. 

Firft,  \  of  f  of  f=if§.  And  7— 6\%%. 

Then  — \  of  J  of  f.  As  was  requi¬ 

red. 

If  thefe  few  Examples  be  well  underftood,  the  whole  Bufinefs  of 
adding,  and  fubtratting  Vulgar  Fractions  will  be  eafy;  which  is 
really  much  more  difficult  to  perform  than  either  Multiplication 
or  Divifion,  as  will  appear  in  the  next  Settion. 


Se<a.  7.  Of  Multiplication  of  jfractionis. 


In  order  to  perform  either  Multiplication  or  Divifion,  you  mull 
prepare  the  Terms  to  be  multiplied  (  or  divided  )  thus  ;  Reduce 
compound  Fractions  to  fimple  ones,  per  Sett.  1.  Bring  Mixt  Num¬ 
bers  into  Improper  Fra&ions,  and  exprefs  Whole  Numbers  Frac- 
tionwife,  per  Sett.  ‘3.  Alfo  it  will  be  convenient  to  Abbreviate 
them  to  their  fmalleft  Terms  when  it  can  be  done.  Then  Multi¬ 
plication  may  be  thus  performed. 


Rule. 


Multiply  the  Numerators  one  into  another 
\for  a  New  Numerator;  and  the  Denominators 
) one  into  another y  for  a  New  Denominator.  Jls 
•in  thefe 

Examples . 


I.  The  Product  of  ~  into  That  is, 

a.  And  the  Produtt  of  l£.  into  0r7|. 

3.  Again,  the  Product  of  Yf  into  f  of  f==;7ff.  Or  Yf* 

For  \  of  f=}§.  Then 

4.  Let  it  be  required  to  multiply  6  with  sb  Thefe  prepared 
for  the  Work  will  Hand  thus,  f  x  lb 

viz,.  6=y and  3f=Jy.  Then  fxI|-=Ifz-  or  aof-. 

•  Or  otherwife  thus,  6  x  3=18;  And  yX^=1T=if* 

Then  i84-2f-=2o£.  As  before. 

$.  Let  it  be  required  to  multiplv  7$  with  5$-. 

Firft  7f=*f  and  s}-3b  Then  d£x3 #=a|f*=4o|f 

Now  the  Reafon  of  this  Rule  for  multiplying  of  Fractions,  and 
<;onfequently  of  thefe  Operations,  and  all  other  performed  by  it; 
will  be  evident  from  this  following.  Viz. 


$6 _ _ Part  i. 

Viz,.  If  |  be  multiplied  with  l}  according  to  the  Rule,  their 
Product  will  be  4|.  But  4|=8. 

Now  i=z.  and  Jf=4  per  Sett.  3.  But  4X2=8.  Ergo,  &c. 


Sedt.  8.  SDibttion  of  jfraction?* 

The  FRACTIONS  being  firft  prepared  as  before  diredled, 
Divifion  may  be  thus  performed  : 

^  Multiply  the  Numerator  of  the  Dividend  in- 
I  to  the  Denominator  of  the  Dividing  Fraction 
Rule,  ^  for  a  New  Numerator:  And  Multiply  the  other 
Numerator  and  Denominator  together  for  a 
\New  Denominator. 

Examples. 

1-  Let  A  be  divided  by  f-  viz-  f)  jf  (  T #r=f  the  Quotient. 

That  is,  according  to  the  Rule  £X7=42  the  new  Numerator* 
and  35'X  3=2105',  the  new  Denominator,  &c.  as  above. 

2.  Let  it  be  requir’d  to  divide  by  T|.  viz-  TDlKfff—t?* 

For  12X20=2240  the  new  Numerator,  and  27X5=2135'  the  nefw 

Denominator,  &c.  as  before. 

3.  Suppofe  it  were  required  to  divide  Tf  by  f-  of  f. 

Firft,  4  of  f=if  Then  i£)T£W§=^. 

4.  Let  2o|  be  divided  by  3 -viz-  Ifz  by  ‘I*. 

For  2of=:1-P,  and  3f=I4,  Then  tf)  (=6  the  Quotient. 

5  Let  it  be  required  to  divide  4o|f  by  54. 

Firft,  4o4f=:2f4^  and  5§=:3f.  Then3f)  6 
But  the  true  Quotient  required. 

6.  Suppofe  it  were  required  to  divide  13  by  f. 

Firft:,  I3=:i4.  Then  f)  l\ (^^=184-,  the  Quotient. 

7.  Again,  let  it  be  required  to  divide  4  by  6- 
Viz -  t)  f  (?i  for  the  Quotient  required. 

N.  B.  From  hence  you  may  obferve,  that  when  any  Whole  Num¬ 
ber  is  divided  by  a  Fra&ion  lefs  than  Unity  or  1,  the  Quotient 
will  be  greater  than  the  Number  propos’d  to  be  divided  :  But 
if  any  Fra&ion  be  divided  by  a  Whole  Number,  greater  than  1. 
Then  the  Quotient  will  be  lefs  than  the  Dividend*  As  in  the 
two  laft  Examples. 


As 
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As  to  the  Reafon  (or  Proof)  of  this  Rule  for  dividing  Fracti¬ 
ons:  'Tis  only  the  Converfe  to  that  of  Multiplication,  and  will 
be  very  evident  from  this  following. 

Let  be  divided  by  Which  according  to  the  Rule  is  thus, 
4-  The  true  Quotient.  Now  4!^8.  And  £=2.  per 
Sett.  3.  Confequently  divided  by  is  hut  the  fame  with  8  di¬ 
vided  by  1  viz,.  2.)  8(4.  The  Quotient  as  before. 

I  could  have  in ferted  Geometrical  Demonftrations,  for  both  the 
Rules  of  Multiplication  andDivilion  of  Fractions ;  but  fuppofing  the 
Learner  purely  unacquainted  with  thofe  kind  of  Demonftrations, 
I  thought  thefe  might  be  more  intelligible  to  him,  elpecially  in 
this  Place. 


CHAP.  y. 


0/ decimal  if  eastern'* 


WHEN \  or  by  whom  this  excellent  Invention  ^/’De¬ 
cimal  Arithmetick,  was  firft  introduced  is  un¬ 
certain^  but  doubtlefs  its  Improvement s7  and  the  tPerje&i- 
on  ’tis  now  in ,  is  owing  to  later  Tears . 


Se6h  1.  Of  Rotation. 

In  Decimal  Fractions,  the  Integer  or  Whole  Thing  (  whether 
it  be  Coin,  Weight,  Meafure,  or  Time,  &c.)  is  luppos  d  to  be  di¬ 
vided  into  ten  equal  Parts ;  and  every  one  of  thole  ten  Parts  are 
fuppofed  to  be  fubdivided  into  other  ten  equal  Parts,  &c.  ad  infi¬ 
nitum.  % 

The  Integer  being  thus  divided  (by  Imagination)  into  10, 100, 
loco,  10000,  &c.  equal  Parts,  becomes  the  Denominator  to  the 
Decimal  Fraction. 

Time  _ 1 _ 7  _ .13 _ 74.5  t/.rV 

X  I1U3)  iooo*  ioooa*  1  oooffo  •  K-^'J4 

Now  thefe  Denominators  are  feldom  or  never  fet  down  but 
only  the  Numerators;  and  thofe  are  either  diftinguifhed,  or  fepa- 
rated  from  Whole  Numbers  by  a  Point  or  a  Comma. 

Thus,  f,4  is  5y#-  and  o,7  isT^.  3?, 05  is  3jToI>  &c. 

But  before  we  proceed  further  in  Notation,  it  will  be  conveni¬ 
ent  for  the  Learner  to  conlider  of  the  following  Table  (taken  out 
of  the  learned  Mr.  Ougbtred^Clavti  Mathematical )  which  fhews  the  ve¬ 
ry  Foundation  of  Decimal  Fractions. 

I  Whole 
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Whole  Numbers  |  Decimal  ^Parts 


543210,  123456 


.  Co 

to  <0  «o  to  Co 


5: 

^  ^ 

Vi  (*> 


CTi  J 


^  t  O 


*<)  ^ 

^  55 

s  ^ 

v~3  *-» 

5*‘ 

52 


5  *8!?*  8  *? 

o  ,s*'^  -  **-' 


I J  $}>^& 

H  3  kj  § 

?-  *•  S.  1^  • 


o 

'■* 


§  I 

&-S, 

•  <0 


By  this  Tulle  it  is  evident  that  as  in  whole  Numbers  or  Inte¬ 
gers,  every  Degree  from  the  Units  Place  .  increafes  towards  the 
Left-hand  by  a  ten-fold  Proportion:  So  in  Decimal  Parts  every 
Degree  decreafes  towards  the  Right-hand  by  the  fame  Propor¬ 
tion.  viz-  by  Ten4;. 

Therefore  thefe  Decimal  Parts  or  Fra&ions  are  really  more  Ho- 
mogeneal  or  agreeing  with  Whole  Numbers  than  Vulgar  Fra&ions ; 
for  indeed  all  plain  Numbers  are  in  eflfeft  but  Decimal  Parts  one 
to  another. 

That  is,  fuppofe  any  Series  of  equal  Numbers,  as  444,  &c.  The 
firft  4  towards  the  Left  is  ten  times  the  Value  of  the  4  in  the  Mid¬ 
dle,  and  that  4  in  the  Middle  is  ten  times  the  Value  of  the  laft  4 
to  the  Right  of  it,  and  but  the  tenth  Part  of  that  4  on  the  Left, 
ere. 

Therefore  all  or  any  of  them  may  be  taken  either  as  Integers, 
or  Parts  of  an  Integer  :  If  Integers,  then  they  muft  be  fetdown 
without  any  Comma  or  feparating  Point  betwixt  them  thus,  444. 
But  if  Integers,  and  one  Part  or  Fraftion,  put  a  Comma  betwixt 
them  thus.  44 A  which  fignifies  44  whole  Numbers,  and  4  Tenths 
of  an  Unit:  Again,  if  two  Places  of  Parts  be  required,  feparate 
them  with  a  Clomma  thus,  4,  44  viz,.  4  Units,  and  44  Hundred 
Parts  of  an  Unit,  OFc.  * 

From  hence  (duly  compared  with  the  Table)  it  Will  be  eafy  to 
conceive  that  Decimal  Parts  take  their  Denomination  from  the 
Place  of  their  laft  Fig-u-re. 

.  C  ,f=T&  ? 

That  is,  <  >  Parts  of  an  Unit,  <?c. 

(L  j 


Cyphers 
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Cyphers  annex'd  to  Decimal  Parts  alter  not  their  Value.  As, 
,5-0,  and  ,500,  or  ,*000,  &c.  are  each  but  5;  Tenths  of  an  Unit. 
For  T^§=:T§.  And  Ti§§~Ti-  Or  tv§§§~ rs-  Per  Sect.  4.  of  the 
laft  Chapter. 

But  Cyphers  prefix'd  to  Decimal  Parts  decreafe  their  Value,  by 
removing  them  further  from  the  Comma. 


Thus, 


,5=s  5  Tenth  Parts. 

,oy=:  $  Parts  of  a  Hundred. 
,00?=:  1  Parts  of  a  Thoufand. 
jOoo^=:  $  Parts  of  Ten  Thoufands, 


Confequently  the  true  Value  of  all  Decimal  Parts  are  known  by 
their  Diftance  from  the  Units  Place  ;  the  which  being  once  right¬ 
ly  underftood,  the  reft  will  be  eafy. 


Sed.  2.  aDOitton  and  Subtraction  of  E>ecimals3. 

In  fetting  down  the  propofed  Numbers  to  be  added,  or  fub- 
tra&ed,  great  Care  muft  betaken  in  placing  every  Figure direftiy 
underneath  thofe  of  the  fame  Value,  whether  they  .be  mix’d 
Numbers,  or  pure  Decimal  Parts,  and  to  perform  that,  you  muft 
have  a  due  Regard  to  the  Comma's,  or  feparating  Points,  which 
ought  always  to  ftand  in  a  direft  Line  one  under  another;  And 
to  the  Right-hand  of  them  carefully  place  the  Decimal  Parts,  ac¬ 
cording  to  their  refpe&ive  Values  or  Diftances  from  Unit.  Then 

Add ,  or  fubtraB  them  as  if  they  were  all 
Rule  ^ Whole  Numbers}  And  from  their  Sum  or  Dif- 
jference ,  cut  off  fo  many  Decimal  Parts  as  are  the 
v.  mof  in  any  of  the  given  Numbers. 

Examples  in  SJDMttOn. 

Let  it  be  required  to  find  the  Sum  of  thefe  following  Numbers, 
viz-  34,5+65,3+1 28,7+25+87,8+7,9,  which  being  truly  placed, 
will  ftand  r 

G 


Thus, 


//> 


I  s 


Their  Sum  required,  419,1 


Part  I. 


Example  z. 

Let  it  be  required  to  find  the  Sum  of  25,854+34,578+9,076+ 
13,907. 

25,854 

34)578 
5?,  076 
13907 


83,415  The  Sum  required. 

When  the  Decimal  Parts  propos’d  to  be  added  (orfubtra&ed  ) 
have  not  the  fame  Number  of  Places,  you  may  for  Convenience 
of  Operation  fupply  or  fill  up  the  void  Places,  by  annexing  Cy¬ 
phers.  As  in  thefe  Examples. 


Example  3. 

Example  4. 

Example  5. 

45,0700 

574,678  953 

0,975642 

50.7580 

95,79643° 

37 45257 

123,0057 

78,054600 

,000598 

,800700 

74,7020 

54.789000 

24,8000 

8,900000 

,640530 

31M357 

812,218983 

3,162727 

Examples  in  Subtraction. 

Let  it  be  required  to  find  the  Difference 

between  45  575  and  74,184 

Example  I. 

Example  2. 

Example  3. 

That  is,  From  74,284 

From  437,5 

From  75,0034 

Take  45-375 

Take  89,657 

Take  57,875 

Remains  28,909 

Remains  347,843 

Remains  17,1284 

Example  4. 

Let  it  be  required  to  find  the  Difference  between  562  and  93,5784. 

Example  4.  Example  5. 

That  is,  From  562,  From  345,7578 

Take  93.5784  Take  157, 

the  Difference.  468,4216  the  Difference  188,7578 

Note,  The  two  lafl:  Examples  are  fuppofed  to  be  fupply’d  with 
Cyphers,  which  if  a&ually  done  would  Hand  thus, 

562.0000  345,7578 

>  ?3>5784  157,0000 


Remains  468,4216  As  before,- 188,7578 


Example 
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Example  6. 
From  0,547853 
,Take  0,435175:8 


Example  7. 
From  1,000000 
Take  0,557543 


0,108135  0,002457 

The  Proof  of  Addition,  and  Subtraction  in  Decimals  is  the  fame 
with  hat  of  Whole  Numbers,  Page  13,  Gfc. 


Sect.  3.  sgulttpUcattott  of  JDfcImalg. 

Y/hether  the  FaCtors  or  Numbers  to  be  multiplied  are  pure  De¬ 
cimals,  or  mix'd.  Multiply  them  as  if  they  were  all  Whole  Num¬ 
bers,  and  for  the  true  Value  of  their  Product  obferve  this  Rule. 


Rule. 


Cut  off,  (yvL.feparate  with  a  Comma)  fo  ma * 
ny  P laces  of  Decimal  Parts  in  the  Product,  as 
there  are  in  both  the  Factors  accounted  together 
As  in  thefe. 


Example  1. 

Example  2. 

3,024 

32,12 

2,23 

24T 

5072 

5636 

6048 

12848 

6048 

6424 

6,74352  780,516 

The  Reafon  why  luch  a  Number  of  Decimal  Parts  mufl  be  cut 
off  in  the  Product,  may  be  eafily  deduced  from  thefe  Examples, 
Thus, 

In  Example  1.  "Tis  evident,  that  3  the  whole  Number  in  the 
Multiplicand,  being  multiplied  with  2,  the  whole  Number  in  the 
Multiplier;  can  produce  but  6  (  viz..  3X2 =6)  So  that  of  Necelfity 
all  the  other  Figures  in  the  Product  mult  be  Decimal  Parts;  accor¬ 
ding  as  the  Rule  direCts. 

Or,  the  Rule  is  evident  from  the  Multiplication  of  Whole  Num¬ 
bers  only:  Thus,  fuppofe  3000  were  to  be  multiplied  with  200, 
their  ProduCt  will  be  600000 ;  That  is,  there  will  be  fo  many  Ci¬ 
phers  in  the  ProduCt,  as  are  in  both  the  FaCiors.  (  Vide  Page  18.  ) 
Now  if  inftead  of  thofe  Cyphers  in  the  FaCtors,  we  fuppofe  the 
like  Number  of  Decimal  Parts;  then  it  follows,  that  there  ought 
to  be  the  fame  Number  of  Decimal  Parts  in  the  ProduCt,  as  there 
were  Cyphers  in  the  FaCtors. 

Again,  the  Rule  may  be  otherwife  made  evident  from  Vulgar 
Fractions,  thus:  Let  32,12  be  multiplied  with  .144?,  and  their  Pro- 

du& 
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dud  will  be  780,5:1 6  as  in  Example  2.  above.  Now  32,12  =  32^#. 
and  24,3=24t§-  which  being  brought  into  Improper  Fradions 
( per  Sett .  3.  Page  5:0.)  will  become  32T£§=3f££.  and  24T|=:if|. 

Then  pw  Seel-  j.  Page  55'. 

But  7t§6£*:=:78°t&M’  viz- 780,516  as  before. 

Any  of  thefe  three  Ways  do,  I  prefume,  fufficiently  prove  the 
Truth  of  the  abovefaid  Rule ,  Sec. 


Example  3. 

78,546 
43  6 


471176 

*35638 

314184 


3424^,05:6 


Example  4. 

574? 

>0675 


2872J 
4°2l  5 
34470 


387,787? 


N.  B.  It  fometimes  falls  out  in  multiplying  Parts  with  Parts, 
that  there  will  not  be  fo  many  Figures  in  the  Produd ,  as 
there  ought  to  be  Places  of  Decimal  Parts  by  the  Rule :  In  that  Cafe 
you  muft  fupply  their  Defed  by  prefixing  Cyphers  to  the  Produd; 
as  in  thefe  Examples. 


Example  5. 

Example  6. , 

■ 

30347 

3*435 

,0236 

11825: 

2083, 

70  95 

1041 

9460 

694 

473° 

,  000818572 

,05758775 

When  any  propofed  Number  of  Decimals  is  to  be  multiplied 
with  io.  loo.  1000.  10000,  &c.  JTis  only  removing  the  fepa- 
rating  Point  in  the  Multiplicand,  fo  many  Places  towards  the 
Right-hand,  as  there  are  Cyphers  in  the  Multiplier. 

Thus,  ,5:78  x  lossy, 78.  And,  ,578  X  100=25:7,8 
Again,  ,5:78  X  1000=578.  Or,  ,578X10000=5780 


Thefe 


Chap;  5 .  Of  decimal  jfrattiottg,  63 

Thefe  Things  being  confider'd,  it  will  be  ea fy  to  multiply  De¬ 
cimals,  and  determine  their  true  Products.  As  in  thefe  following 
Examples. 

♦ 

57,0 *6  Multiplied  into  0,5:78  will  produce  32,978368 
7,6*43  into  *,4246  will  produce  41,5:21*1*78 
0,56879  X  0,0*674  =0,03227.31446 
0,03246  X  0,02364  s=5 0,0007673*44 
87649  X  0,03687  =:  3231,61863 
94,3*786  X  6,57865?  t=t  620,7*11100034 
3,141*92  X  *2,7438  s=j  165,699*001296 

Now  it  oftentimes  happens,  that  it  will  be  needlefs  to  exprefs 
all  the  Figures  of  the  Product  at  large  (  efpecially  when  the 
Factors  have  each  of  them  many  Places  of  Decimal  Parts,  as  in 
the  two  laft  Examples )  only  fo  many  of  them  as  may  fuffice  for 
the  intended  Defign  ;  and  yet  the  Product  may  be  as  true  to  fo 
many  Figures  as  are  retained,  as  if  the  FaCtors  had  been  multi¬ 
plied  at  large.  And  fuch  compendious  Contractions  are  not  on¬ 
ly  of  Curiolity,  but  may  alfo  be  found  of  great  Eafe  and  life  to 
the  ingenious  Practitioner;  efpecially  in  Refolving  AdfeCted  li¬ 
quations,  or  in  calculating  of  Trigonometrical  Problems  by  the 
Natural  Sines  and  Tangents,  &c.  All  which  may  be  thus  perform'd. 

Viz,*  Set  the  Units  Place  of  the  Multiplier  direCtly  underneath 
that  Figure  of  the  Multiplicand,  whofe  Place  you  intend  to  keep 
in  the  Product;  And  place  all  the  other  Figures  of  the  Multiplier 
in  a  quite  contrary  Order  to  the  ufual  Way.  Then  in  Multiply¬ 
ing  always  begin  at  that  Figure  of  the  Multiplicand  which  (lands  - 
over  the  Figure  wherewith  you  are  then  a  Multiplying,  fetting 
down  the  firft  Figure  of  each  particular  ProduCt,  direCtly  under¬ 
neath  one  another  ;  yet  herein  you  mult  have  a  due  Regard  to  the 
Increafe  which  would  arife  out  of  the  two  next  Figures  to  the 
Right-hand  of  that  Figure  in  the  Multiplicand  which  you  then 
begin  with. 

Example. 

Let  it  be  required  to  multiply  3,141*92  with  *2,7438  and 
let  there  be  only  four  Places  of  Decimal  Parts  retained  in  the 
Produft. 

If  the  propofed  Numbers  were  fb  be  multiplied  at  large,  they 
mull  Hand  in  a  direCt  Order  as  ufual. 


Thus 


64 


Ztitfytmtith 


Part  I, 


Thus, 


3,1415 '9i  'VAnd  would,  produce  ten  Places  of 
52.57438  i  Parts,  as  in  the  laft  Example. 


Thus  I’141”1 

8347^5 


But  being  Jtis  required  to  have  only  four  Places  of  thofe  Parts 
in  the  Produd;  fet  them  down  as  above  direded  and  they  will 
fland 

The  Multiplicand  placed  as  before. 

The  Multiplier  in  a  reverie  Order. 

The  Produd  with  5,  Regard  had  to  5:  times 
The  Produd  with  2,  increafed  withVx*. 
Produd  with  7,  increafed  with  5X7+9X7*  * 
Produd  with  4,  increafed  with  IX4~WX4* 
Produd  with  3,  increafed  with  4X3. 

Produd  with  8,  increafed  with  4X8-|-iX8. 

1 65,6995  The  true  Produd  as  was  required. 

The  Reafon  of  this  Contradion  is  very  obvious  from  the  whole 
Operation  wrought  at  large. 

Thus  3,141 5572. 


1570796 

62832 

21991 

1257 

54 

25 


52,7438 


25 

132736 

9  4 

24776 

1256 

6368 

21991 

1 44 

62831 

84 

1570796 

0 

165,6995 

001296 

From  hence  3tis  evident  that  all  the  Figures 
in  the  Square  to  the  Right-hand,  are  wholly 
omitted  in  the  former  Contradion  ;  And 
that  the  laft  fingle  Produd  here,  is  the  firft 
there;  confequently  the  Reafon  of  placing 
the  Multiplier  in  a  reverfe  Order,  muft  needs 
appear  very  plain. 


2. 


Example 

Suppofe  it  were  required  to  multiply  257,356  with  76,48  and 
to  have  only  the  entire  Produd  of  Integers. 


257,35^ 

84,67 


The  fame  at 


large.  •£ 


76  aR 


OO 

O 

►H 

20 

58848 

1544 

102 

9424 

I03 

1544 

136 

20 

I80I4 

52 

19682 


19682^5  8688 


The  chiefeft  pare  and  Difficulty  that  attends  thefe  Contradions, 
is  the  true  letting  down  of  the  Units  Place  in  the  Multiplier  un¬ 
derneath  the  proper  Figure  o^the  Multiplicand,  according  to  the 
defign3d  Produd. 

Hi, 
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Viz*  In  Example  I.  It  was  required  to  have  four  Places  of  Deci¬ 
mal  Parcs  in  the  Product;  therefore  the  Units  Place  of  the  Multi¬ 
plier  was  fet  under  the  fourth  Place  of  Decimals  in  the  Multipli¬ 
cand:  And  in  Example  2,  becaule  it  was  requir'd  to  have  anencire 
Produ&of  Integers  only  ;  therefore  the  Units  Place  of  the  Mul¬ 
tiplier  was  fet  under  the  Units  Place  of  the  Multiplicand.  This,  I 
fay,  being  once  rightly  underflood,  will  render  the  Method  eafy 
in  Pra&ice. 


Scdt  4.  SDibiCfon  of  SDectmaljJ.  v  ^  . 

Vivifion  is  accounted  the  mod  difficult  Part  of  Decimal  Arithme- 
tick;  In  order  therefore  to  make  it  plain  and  eafy,  it  will  be  con¬ 
venient  to  refume  what  has  been  faid  in  Page  2?. 

The  Quotient  Figure  is  always  of  the fameYiAuz 
\iz.  3  or  Degree  with  that  Figure  of  ^Dividend,  under 
cwhich  the  Units  Tlace  of  its  dProdafi  Jlands . 

As  for  Inflance,  Let  294  be  divided  by  4. 

C  This  is  not  7  but  70,  becaufe  the  Units 
4)  294  (7  < Place  of  4X7  ftands  under  the  Tens  Place 

28  r  of  the  Dividend. 


14  (3  But  this  is  only  3. 

12 


Remains  (2)  Hence  73I  is  the  Quotient. 

Now  if  to  the  Remainder  2  there  be  annexed  a  Cypher,  thus, 
1,0  and  then  divided  on,  it  mult  needs  follow  that  the  Units  Place 
of  the  Prodmft  arifing  from  the  Divifor  into  the  Quotient,  will 
ftand  under  the  annexed  Cypher ;  Confequently  the  Quotient  Fi¬ 
gure  will  be  of  the  fame  Value  or  Degree  with  the  Place  of  that 
Cypher  :  But  that’s  the  next  below  the  Units  Place,  therefore  the 
Quotient  Figure  is  of  the  next  Degree  or  Place  below  Unity  ; 
that  is,  in  the  firft  Place  of  Decimal  Parts. 

Thus  4)  2,o  G S 

So  that  4)  294,0  (73^  is  tha  true  Quotient  required. 

This  being  well  underflood;  pivifion  .of  Decimals  may  (in 
all  the  various  Cafes)  be  eafily  perform’d.  However,  that  it 
may  be  render’d  plain  and  eafy,  even  to  the  nuaneft  Capacity, 
if  poffible ;  let  Divifion  be  again  defin’d,  as  in  Page  21. 

Y  •  K  Viz, 
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Viz.  If  that  Number  which  divides  another,  be  Multiplied  with 
the  Number  which  is  produced,  their  Product  will  be  the  Number 
divided. 

This  Definition  alone  (if  compar'd  with  the  Rule,  Page  6 1) 
will  afford  a  general  Rule  for  difcovering  the  true  Value  of  the 
Quotient  Figure  in  Divifion  of  Decimals. 

The  ^Places  of  Decimal  Parts  in  the  Divifor  and 
(Quotient,  being  counted  together ,  muft  always  be 
i equal  in  Number  with  thofe  in  the  Dividend. 
Tin  d  from  this  general  Rule  arife  four  Cafes .  *  ' 

Cafe  i.  When  the  Places  of  Parts  in  the  Divifor  and  Dividend 
are  equal,  the  Quotient  will  be  whole  Numbers. 

As  in  thefe  Examples. 

8,45)  *97,77  ( 37*  0,0078)  ,4368  (7$. 

*73  7  39°  * 


2&ttle 


41  *7 

42.  *7 


4$8 

468 


(o)  .  .  (o) 

Cafe  2.  When  the  Places  of  Parts  in  the  Dividend,  exceed  thofe 
in  the  Divifor;  cut  off  the  Excefs  for  Decimal  Parts  in  the  Quo¬ 
tient.  As  in  thefe  Examples. 

^4:3)  780,71$  (3*,1*  4 3Q  34246*07$  (78,746 


725? 


7M 

48$ 


2  9 1 
243 


486 
48  6 


>534)  ,3°438  (,77 
2670 


(°) 


3738 

3738 


(o) 


3oji 

37jtf 

3488 

2380 

2180 

2007 

1744 

261$ 

261$ 

IT 


Crf/e  3-  When  there  are  not  fo  many  Places  of  Parts  in  the  Divi¬ 
dend,  as  are  in  the  Divifor;  annex  Cyphers  to  the  Dividend  to 
make  them  equal.  Then  will  the  Quotient  be  whole  Numbers, 
as  in  Cafe  1. 


Examples* 
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Examples. 

Let  it  be  required  to  divide  192,1  by  7,684,  And  441?  by  ,7875 
7,684)  1 92,  loo  (25.  57875)  441,0000(560. 


15368 


39  3  75 


38  420 
38  420 


47  MO 
47  250 


(o)  .  .  *  .  .  (°°) 

Cafe  4.  If  after  Divifion  is  finifhed,  there  are  not  fo  many  Figures 
in  the  Quotient,  as  there  ought  to  be  Places  of  Parts  by  the  gene¬ 
ral  Rule,  fupply  their  Defect  by  prefixing  Cyphers  to  it. 

Examples. 


Let  it  be  required  to  divide  7,25406  by  957. 
957)  7,25406  (,00758  the  true  Quotient  required. 

6  699 


5550 

4785 


7656 

7656 


Again  ,575)  ,0007475  (,0013 

57S 


1725 

1725 


(°)  (°) 

Note,  When  Decimal  Numbers  are  to  be  Divided  by  10.  loo. 
1 000.  10000.  That  is,  when  the  tfivifor  is  an  Unit  with  Cy¬ 
phers  ;  Divifion  is  perform'd  by  removing  or  placing  the  fepara- 
ting  Point  in  the  Dividend,  fo  many  Places  towards  the  Left-hand, 
as  there  are  Cyphers  in  the  Divifor. 

Examples. 

Io)  5784  (578,4  100)  5784  (57,84 

looo)  5784  (5,784  loooo)  5784  (,5784 

Note,  Thefe  Operations  are  the  direB  Converfe  to  tkqfe 

in  Pa.  62. 


I  prefume  it's  needlefs  to  give  more  Examples  at  large,  only  in- 
fert  a  few  Dividends,  and  Divifors,  with  their  Quotients;  where¬ 
in  are  contained  all  the  Varieties  that  can  happen  in  Divifion  of 
Decimals. 


574>  493°^  (859* 
574)  493,066  (,859 
574)  49,3066  (,0859 
5^74)  4 93°/^  (859. 


5,74)  49,3°^  (8,59 
5,74)  493°^oo  (85900. 

,0574)  493>°^°  (8590. 

'0  5  74)  ,4 6$o66  (8,59 


There 
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There  is  alfo  a  compendious  Way  of  contracting  Divifion  ; 
like  unto  that  of  Multiplication,  Page  64-  by  which  much  Labour 
may  be  fayed;  efpecially  when  the  Divifor  hath  many  Places  of 
Decimal  Parts  in  it:  And  it's  thus  performed. 

Having  determined  how  many  Places  of  whole  Numbers  there 
will  be  in  the  Quotient,  if  any  at  all;  or  if  none,  of  what  Value 
or  Place  the  firfl  Figure  in  the  Quotient  will  be:  Then  omit,  or 
prick  off  one  Figure  of  the  Divifor  at  each  Operation;  viz,,  for  e- 
very  Figure  you  place  in  the  Quotient,  prick  off  one  in  the  Divifor ; 
having  a  due  Regard  to  the  Increafe  yvhich  wou'd  arife  from  the 
Figure  fo  omitted. 

Example. 

*  Let  it  be  required  to  divide  70,23  by  7,9863. 


The  Work  contracted. 

The  fame  at  Large. 

7,9863)  70,2300 

(8,7938 

7,9863)  70.2300  (8,793 

*  *  *  *  63  8901 

6 3 8904 

6  3396 

6  3396 

0 

7  590 4 

5  7904 

I 

7492 

7491 

90 

7187 

7187 

67 

3^ 

304 

230 

239 

*37 

589 

66 

• 

64 

6410 

64 

63 

8904 

(a) 

0 

7506 

The  Work  contracted  I  prefume  is  fo  obvious  (if  compared  with 
the  fame  at  large)  that  it's  needlefs  to  give  any  farther  Explanati¬ 
on  of  it. 

Sect.  5.  ¥0  Reduce  flUulgat  jf faction??  into  SDectmal?, 

and  the  contrary. 

Any  Vulgar  Fraction  being  given  it  may  be  reduced,  or  rather 
changed  into  Decimal  Parts  equivalent  to  it.  Thus, 

.Annex  Cyphers  to  the  Numerator,  and  then 
divide  it  by  the  Denominator,  t he  Quotient  will 
IRule.  d  be  the  Decimal  Parts  equivalent  to  the  given 
1H  ration  *  or  at  leaf  fo  near  it  as  may  bethought 
jiecejJ'ary  to  approach .  Example . 
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Example. 

aTis  required  to  change  or  reduce  into  Decimals. 

4)  3>°o  (,75  The  Decimal  Parts  required. 

That  is,  f  =  i^-§=:,75. 

Again  Thus  2)  1,0  (,y  And  4)  1, 00  (,2j 

Suppofe  it  were  required  to  change  f  into  Decimals. 

7)  4,0000000000  (,5714285714  &c.=  f 
Note,  When  the  laft  Figure  of  the  Divifor  (That  is,  the  Deno¬ 
minator  of  the  propofed  Fraction)  happens  to  be  one  of  thefe 
Figures;  viz.  1.3.7.  or  9  .  (as  in  the  laft  Example)  then  the 
Decimal  Parts  can  never  be  precifely  equal  to  the  given  Fracti¬ 
on ;  yet  by  continuing  the  Divifion  on.  you  may  bring  them  to 
be  very  near  the  Truth.  As  in  this  Example;  Suppofe  it  required 
to  change  into  Decimal  Parts. 

13)  1,0000  (,07692307692307  &c.  ad  infinitum- 

91  ’  * 


90 

78 

1 

1 20 

117 


30 
2  6 


40 

39 


I 

& 

Thefe  being  underftood,  it  will  be  eafy  to  find  the  Decimal 
Parts  equivalent  to  any  known  Part,  or  Parts  of  Coin,  Weights, 
Meafures,  oj  Time,  &c.  If  you  firft  reduce  the  given  Parts  of 
Coin,  &c.  into  a  Vulgar  Fraction,  whole  Denominator  is  the. 
Number  of  thofe  known  Parts  contained  in  the  Integer,  and  the 
given  Parts  its  Numerator. 

Examples  in  Coin,  &c. 

I.  Let  it  be  required  to  find  the  Decimals  of  16  s.  6  d. 
Firft  1 6  of  one  Pound,  and  6  d.  —  Ys  of  1  /. 

But  i;g  +  Then  40)  33,000  (,825  the  Decimal  Parts 

required:  That  is,  ,825  =:i  6  s.  6  cl. 

Again,  Suppofe  it  were  required  to  find  rhe  Decimals  equal  to 
3  1 3  4  d. 


That  is,  0,07692307692307  ==  yt  Ute. 

And  from  hence  it  may  be  further 
obferved  ;  That  in  thefe  imperfeCl 
Quotients,  the  Figures  do  return  a- 
gain  and  circulate  in  the  fame  order 
as  before :  As  you  may  eafily  perceive 
they  begin  to  do  in  the  feventhPlace 
of  both  thefe  laft  Examples. 


;c. 


As  at  firft. 


Here 
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Here  3/.  is  3  Integers,  and  135.  —  ^  of  1 /.  and  4  d. 

But  Then  2,40)  1 60,000  (o, 666666,  &*G. 

Hence  3 l.  13  5.  4  d.=  3,666666,  &c.  As  was  required. 

2.  What  are  the  Decimals  equal  to  7I  Inches,  one  Foot  being 
made  the  Integer. 

Firft,  7  Inches  are  Ti  of  1  Foot,  and  %  of  1  Inch  are  7f. 
But  Then  48)  31,000  (,64583,  &c.  =  7^  Inches. 

3.  Let  it  be  required  to  change  8  5*  19  Pwt.  8  Grains  into  Deci¬ 
mals;  oneftTVoy  being  the  Integer. 

Thefe  being  reduced  into  their  leaft  Terms,  and  added  together 
will  become  fffjof  1  ft. 

Then  5760)  4304,000  (,74722,  &c.  The  Decimals  required; 

And  thus  may  any  propofed  Parts  of  Coin,  Weights,  Meafures, 
&*c.  be  reduced  or  changed  into  Decimal  Parts;  which  perhaps 
may  at  firft  feem  fomewhat  tedious  in  Practice,  but  being  a  littie 
acquainted  with  them  it  will  be  found  very  eafy  ;  and  the  inge¬ 
nious  Pra&itioner  will  (with  a  little  Confederation)  foon  find  how 
to  reduce  them  almoft  mentally;  or  with  the  help  of  a  very  few 
Figures;  without  the  life  of  fuch  large  Tables  aS'are  ufually  in¬ 
ferred  in  Books  of  Decimal  Arithmetick,  or  at  mod  they  may  be 
contra&ed  into  fuch  as  thefe  following;  which  if  duly  applied  to 
thofe  Tables  in  Chap.  3.  will  be  found  very  ufeful. 

Decimal  Tables . 


In  Englifh  Coin. 

n  ri  c .  ~~  T  r. 

Averdupois  Weight . 

0,0625  •••  •  =  I  Ounce . 

...... 

0,00416667  “  I  d. 

0,00 104167  —  1  Farthing- 
i,  /.  being  the  Integer. 

0,00390625:  —  I  Drachm . 

1,  ft  being  the  Integer. 

Troy  Weight . 

0,05" . =  Pa?t. 

0,0020833  3  —  1  Grain. 

1,5-  being  the  integer. 

Averdupois  Great  Weight . 
025: . —  *  c. 

0,008928 5' 7  —  I  ft. 

0,00055803  =  I  Ounce. 

1.  C.  being  the  Integer. 

Apothecaries  Weights . 

Time . 

0, 1 2  5 .... .  —  1  Drachm. 

0,04166667=  f  Hour. 

0,04166667  =  x  9 

0,00069444  =•'  I  Minute. 

0,00208333  —  1  Grain. 

c.oocoi  1  59=1  Second. 

i,  being  the  Integer. 

I,  Day  or  24  Hours  being  made 

the  Integer. 

The  life  of  thefe  Tables  will  be  evident  by  the  following. 


Example*. 
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Example. 

Let  it  be  required  to  find  the  Decimal  Parts  equivalent  to 
1 7  s.  9  d.  i  Farthings. 

Firft,  0,05=1  s.  Therefore  *7X,o5=,85 _ =17  s. 

And  ,004166=1  d.  Therefore  ,004166X9=, 037494=9  d. 

And  ,00104167=1  Forth.  Alfo  2X500104167  (=,002083=4 d. 

Confequently  their  Sum,  viz.  0,889^77=:  17  s.  94  £ 

Now  to  find  the  Value  of  Decimals,  in  known  Parts  of  Coin, 
or  Weights,  &c.  is  only  the  Converfe  of  the  former  Work.  And 
is  thus  performed. 

Multiply  the  given  Decimals  with  the  Denominator  of  the  Vul¬ 
gar  Fraction  required  :  That  is,  Multiply  the  Decimals  with  fuch 
a  Number  of  Units  as  are  contained  in  the  next  lower  Denomi¬ 
nation  of  that  Kind  or  Species  which  your  Decimal  is  of :  And 
the  Produft  will  be  the  Number  required. 

Example. 

I.  What  is  the  Value  of  0,825  Decimals  of  1  Pound  Sterling.  That 
is,  how  many  Shillings,  Pence,  ^.=,825.  Firft,  the  next  lower 
Denomination  is  20,  becaufe  20  s.  make  one  Pound. 

Therefore  0,825 

20 

Shillings  16,500  And  Parts  of  I  Shilling. 

♦  ia 

Pence  6,000  Anfwer  0,825=161.  6  d. 

Again,  What  are  the  known  Parts  of  Englijh  Coin  equal  to 
3)666666  Decimals. '  ' 

Here  the  3  Integers  are  3  Pounds,  Then  , 666666 

_ 20 

Shillings  13,33  3320 

12 


Anfwer  3,666666=3/.  13  s.  4 d.  becaufe  the  666640 

Fraction  is  fo  large  one  Penny  more  is  added.  33332-0 


Pence  3,999840 

.  What  is  the  Value  of  0,74722  Parts  of  1  %.Troy. 


Firft,  ,74722 

Then,  ,96664 

Again, 

,33180 

12 

20 

t 

2.4 

I  49444 

Pwts.  19,33280 

'  t 

1 331* 

7  47?-* 

• 

6656 

8,96664 

%.  Pvat.  Gr. 

Grains 

7,98720 

Thefe  colle&ed 

are  8.  19.  8. 

very  near. 

And 


/ 
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And  thus  any  propofed  Number  of  Decimals  may  be  turn'd  or 
chang'd  into  the  known  Parts  of  what  they  reprefen t.  viz,.  Whe¬ 
ther  they  be  Parts  of  Coin,  Weights,  Measures,  or  Time,  &c. 

I  have  omitted  inferring  more  Examples  of  this  kind,  becaufe  I 
take  the  Excellency,  and  indeed  the  chief  life  of  Decimal  Fracti¬ 
ons  to  confift  more  in  Geometrical  Computations,  than  in  the 
Common  or  Practical  Parts  of  Arithmetick  (  as  will  appear  further 
on)  although  even  in  thofe  they  are  very  ufeful  upon  feveral 
Accounts  >  efpecially  in  the  Computations  of  Intereft  and  An¬ 
nuities,  &c.  (But  of  that  more  in  its  proper  Place.)  I  (hall 
therefore  conclude  this  Chapter  with  a  Remark  or  two  upon  the 
Nature  and  Properties  of  Fractions  in  general. 

If  any  given  Number  (  whether  it  be  Whole  or  Mix'd  )  be  mul¬ 
tiplied  with  a  Fraction  either  Vulgar  or  Decimal,  the  ProduCt  will 
be  lets  than  the  Multiplicand,  in  Such  a  Proportion,  as  the  Multi¬ 
plying  Fraction  is  lels  than  an  Unit  orr.. 

That  is,  As  the  Denominator  of  the  Fraction  is  to  its  Numerator, 
fo  will  the  liven  Number  be  to  the  ProduCt. 

Therefore,  whenever  any  Number  is  to  be  multiplied  with  a 
Fraction,  whofe  Numerator  is  an  Unit.  Divide  that  Number  by 
the  Denominator  of  the  Fraction,  and  the  Quotient  will  be  the 
ProduCt  required.  Thusuxi— 3.  And  1 2 -^4.^3.  Again,  i2X£=6. 
And  1  i--ri=6,  &c. 

From  hence  it  follows,  that  if  any  Number  be  divided  by  a 
FraCtioa,  the  Quotient  will  be  greater  than  the  Dividend  ;  by  fuch 
a  Proportion  as  Unity  is  greater  than  the  Dividing  Fraction. 

Thus  1 2 -7- £=^48,  viz •  l :  1  : :  12  :  4 But  the  Truth  of 
thefe  will  be  belt  underftood  after  the  next  Chapter. 


CHAP.  VI. 

Of  CoutinucD  and  how  to  (Oblige  or  Vary 

the  Order  of  Things. 

Se6l.  1.  Concerning  Arithmetical  Qrogreffion,  ufually 
called  Arithmetical  Proportion  Continued. 

WHEN  any  Rank  or  Series  of  Numbers  do  either  Increafe 
or  Decreafe  by  an  Equal  Interval  or  Common  Difference ; 
thofe  Numbers  are  laid  to  be  in  Arithmetical  ProgreJJion. 

As 
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3 

5 

6 
S 


4  .  y  .  6  .  7  .  T  Here  the  Interval  or 

4  .  3  .  2  .  i  ;  5*  2  Common  Difference  is  I. 
8  .io.  1 2  .  I4.&V.?  S'  Here  the  Common 
7  .  9  .  II  .  13.  £  Difference  is  2. 


And  fo  of  any  other  Series,  whofe  Common  Difference  is 


3.4.5  .  &c. 


Lemma  1* 


c<  If  any  three  Numbers  be  in  Arithmetical  ProgrefEon ;  the 
*£  Sum  of  the  two  Extremes  (viz-  the  firft  and  laft)  will  be  equal 
“  to  the  Double  of  the  Mean  or  middle  Number. 

As  in  thefe  2.4.6.  Or  3.6.5?.  Or  3. 7.1 1. 

Viz-  24-6=44*,4»  Or  34-9=64"*6.  And  3^}^I  1=7— j— 7.  OV. 

Lemma  2. 

“  If  any  four  Numbers  are  in  Arithmetical  ProgrefEon,  the  Sum 
?  of  the  two  Extremes  will  be  equal  to  the  Sum  of  the  two  Means* 


As  in  thefe.  2 . 4 . 6  .  8.  Or  3  .  6  -  9  -  it. 
Viz-  24^8=4-1^6.  And  34-12=64-9.  &c- 


Corollary  1* 

‘  Prom  thefe  two  Lemma’s  Jtis  eafy  to  conceive;  that  if  never 
c  fo  many  Numbers  be  in  Arithmetical  ProgrefEon,  the  Sum  of  the 
*  two  Extremes  will  be  equal  to  the  Sum  of  any  two  Means,  that 
t  are  equally  diftant  from  thofe  Extremes. 

As  in  thefe,  2 . 4 . 6  .  8  .  Io  .  12  .  14  .  16. 

Then  24-16=4+ 14=64- 1 2=84-10. 


Or  if  the  Number  of  Terms  be  odd  as  thefe* 
2  .  4  •  6  .  8  .  io  .  12  .  14  .  16  .  18  .  &c. 

Then  2+i8=4+i6=64-I4=8+I2=Iq4-I°» 


Lemma  3. 

cs  Every  Series  of  Numbers  in  Arithmetical  ProgrefEon  is 
<f  compofed  of  the  Interval  or  Common  Difference,  fo  often  re- 
“  peated  as  there  are  Terms  in  the  ProgrefEon  except  the  Firft. 

As  in  thefe,  1.  3.  5.  7.  7.  n.  13.  15.  17.  &c. 

Here  the  Interval  or  common  Difference  being  two,  it  will  be 
1+2=3-  34-2=?.  54^2=7.  74-2=9.  9+2= 1 1.  11  +  2=13, 

*3+i;=:15'*  1 5+1^17,  &c. 

Corollary  2. 

*  Hence  Stis  evident,  that  the  Difference  betwixt  the  two  Ex- 
€  tremes  (  viz-  I  and  17)  is  compofed  of  the  common  Difference 
f  multiplied  into  the  Number  of  all  the  Terms  excepting  the  firft. 

As  in  the  aforelaid  ProgrefEon,  1.  3!  ?.  7.  9.  11.  13.  15.  17. 

L  The 


7± 
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The  Number  of  Terms  without  the  Firft  is  8  ^Mnltirdv 

The  Common  Difference  is  i  i  ^  ^ 

The  Difference  betwixt  the  two  Extremes  1 6 

(proportion  I. 

In  any  Series  of  Numbers  in  Arithmetical  cProgreJJloni 
the  two  Extremes ,  and  the  Number  of  Terms  being  gi¬ 
ven  ;  thence  to  find  the  Sum  of  all  the  Series . 

C  Multiply  the  Sum  of  the  two  Extremes  into  the  Number  of 
Theorem.  <all  the  Terms  >  and  divide  the  Product  by  z.  The  Quotient  will 
£be  the  Sum  of  all  that  Series .  Per  Corel.  I. 

Example  I. 

"Tis  required  to  find  the  Number  of  all  the  Strokes  a  Clock 
ftrikesin  one  whole  Revolution  of  the  Index,  viz,-  in  twelve  Hours. 

Here  1 4-1 1=2 13  the  Sum  of  the  two  Extremes. 

And  iz  the  Number  of  all  the  Terms. 


2  6 

*3 


Then  z)  1^6  (78.  The  Number  of  Strokes  required.' 

Example  2„ 

Suppofe  one  Hundred  Eggs  were  placed  in  a  right  Line  a  Yard 
diftant  from  one  another  ;  and  the  firft  Egg  were  a  Yard  from  a 
Basket;  whether  may  a  Man  gather  up  thofe  100  Eggs  ftngly  one 
after  another,  {till  returning  with  every  Egg  to  the  Basket  and 
put  it  in,  before  another  Man  can  run  four  Miles.  That  is,  which 
will  run  the  greater  Number  of  Yards. 

In  thisQueftion  200-1-22=202  Is  the  Sum  of  the  two  Extremes. 

And  •  loo  Is  the  Number  of  all  the  Terms. 


»ri  \  / T  -  _  S’  The  Number  of  Yards  he 

Then  *)  20100  (10100  <Jruns  thK  takes  upthe  Eggs> 

Now  4  Miles=704o  Yards  S  The*  Yards  he  runs  that  takes  up 
But  ioioo — 7040=3060  £  the  EggSMn, ore  than  the  other. 

c Proportion  2. 

In  any  Series  of  Numbers  in  Arithmetical (Progrefftov , 
the  two  Extremes  and  Number  of  Terms  being  given  y 
thence  to  find  the  Common  Difference  of  all  the  T inns 
in  that  Series. 

C  The  Difference  betwixt  the  two  Extremes,  being  divided  by  the 
Theorem.^ Number  of  Terms  lefs  an  l nit  or  I.  The  Quotient  will  be  the 
Common  Different  of  the  Series .  Per  Coioi.  2. 

Example* 
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Example  u 

One  had  twelve  Children  that  differed  alike  in  all  their  Ages; 
the  youngeft  was  nine  Years  old,  the  eldeft  was  thirty  fix  and  a 
half;  what  was  the  Difference  of  their  Ages,  and  the  Age  of  each? 

Here  3 6,5 — 9^17, S  The  Difference  of  the  two  Extremes. 

And  11 — 1=11.  The  Number  of  Terms  lefs  an  Unit. 

Then  11)  27,5  (2,5.  The  common  Difference  required. 

Confequently  ^-(-2, 5= 11,5  The  Age  of  the  youngeft  but  one. 

And  11,5-1-2, 5=14  The  Age  of  the  youngeft  but  two.  And  i'e 
on  for  the  reft.  Per  Cord .  2. 

Example  2. 

A  Debt  is  to  be  difcharged  at  Eleven  feveral  Payments  to  be 
made  in  Arithmetical  Progreflion.  The  firft  Payment  to  be  twelve 
Pounds  ten  Shillings,  and  the  laft  to  be  fixty  three  Pounds.  What’s 
the  whole  Debt,  and  what  muft  each  Payment  be  ? 

Per  Theorem  1.  Find  the  whole  Debt  thus: 

:==75j5  The  Sum  of  the  Extremes. 

11  The  Number  of  Terms, 
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2)  830,5  (4 1 5=+! S'  /.  5  5*  The  whole  Debt. 

Then  per  Theorem  2.  Find  the  common  Difference  of  each  Pay¬ 
ment. 

Thus63 — 12,5=50,5  The.  Difference  of  the  Extremes. 

And  11^1=10  The  Number  of  Terms  lefs  1. 

Then  10)  50,5  (5,05=5  /.  1 5.  The  common  Difference. 

/.  s.  1.  s.  /.  s. 

Confequently  12.  10-1-5.1=17.11  The  fecond  Payment, 

/  j.  /.  5.  i.  s. 

And  17 , 11-^5  . 1  =;  22  . 12  Tfte  third  Payment,  &c. 

Example  3. 

A  Man  is  to  travel  from  London  to  a  certain  Place  in  ten  Days, 
and  to  go  but  two  Miles  the  firft  Day,  encreafing  every  Day's 
Journey  by  an  equal  Excefs ;  fo  that  the  laft  Day’s  Journey  may 
he  twenty  nine  Miles;  what  will  each  Day’s  Journey  be,  and  ho v? 
many  Miles  is  the  Pl^cehe  goes  to  diftant  from  LonJm? 

Li  '  '  fM 
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Firft  25?— 2=27  The  Difference  of  the  Extremes, 

And  10—  i=p  The  Number  of  Terms  lefs  1. 

Then  p)  17  (3.  The  common  Difference. 

Confequently  24-3=5.  The  fecond  Day's  Journey. 

And  s+s=S.  The  third  Day's  Journey,  £rV. 

Again  2^4-2=31  The  Sum  of  the  Extremes. 

10  The  Number  of  Terms*  _ _ 

2)  310  (155  The  Diflance  required. 

There  are  eighteen  Theorems  more  relating  toQueflions  in  Arith¬ 
metical  Pi ogreffion;  but  becaufethey  would  require  a  great  many 
Words  to  fhew  the  Reafon  of  them  :  I  therefore  refer  the  Reader 
to  the  fecond  Part,  viz That  of  Algebra,  where  he  may  find  their 
Analytical  Inveftigation. 


Se£h  2 ,  Concerning  (Bcomcttical  ^’OpojttOtt  Continued  J 
fometimes  called  Geometrical  Qrogrejfion. 

When  a  Rank  or  Series  of  Numbers  do  either  increafe  by  one 
common  Multiplicator,  or  decreale  by  one  common  Divifor;  thofe 
Numbers  are  faid  to  be  in  Geometrical  Proportion  continu'd. 

.  -  4  •  8  .  16  .  32.  &c.  here  2  is  the  common  Multiplier, 

AS  «  32  .  16  •  8  .  4  •  &c.  here  2  is  the  common  Divifor. 

Si, .  6  .  18  .  54  •  16a  •  &c.  here  3  is  the  common  Multiplier, 
ur  £ l6z  •  54  *  18  .  6  .  2  .  here  3  is  the  common  Divifor. 

Note ,  the  common  Multiplier  (or  Divifor)  is  called  the  Ratio; 
and  it  (hews  the  Habitude  or  Relation  the  Numbers  have  to  one 
another,  viz-  whether  they  are  double,  triple,  quadruple,  &c. 
Which  Euclid  thus  defines. 

Ratio  (  or  Rate  )  is  the  mutual  Habitude  or  Refpett  of  two  Magnitudes 
(  ccnjequently  two  Numbers )  of  the  fame  hjnd  each  to  otber9  according  to  Quanr 
tity.  Eu.  5.  Def.  3. 

Proportion  (rather  Proportionality  or  Analogy. )  is  a  Similitude  of  Ratio's^ 
Eu.  5.  Def.  4. 

So  that  there  cannot  be  lefs  than  three  Terms  to  form  a  Pro¬ 
portionality  or  Similitude  of  Ratio3 s;  and  if  but  three  Terms,  the 
fecond  rnu{|  fupply  the  Place  of  two.  As  in  thefe  2  .4.8.  That 
is.  2  :  4  : ;  4  :  8  .  ( of  : :  fee  Page  5.) 

Here  4  the  middle  Term  fupplies  the  Place  of  two  Terms,' 
te  wit9  of  the  fecond  and  third  ;  8  hearing  the  fame  Reafon, 
•  .  Likenefs 
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likenefs  or  Proportion  to  4.  As  4  doth  to  2.  Viz.*  As  2  :  is  to 
4  1  I  So  is  4  :  to  8. 


Lemma  1. 


If  three  Numbers  are  proportional ,  Ee  Bangle  or  Qro - 

of  the  two  Extremes',  viz.  of  the  firjl  and  laji  Termsy 
will  be  equal  to  the  Square  of  the  Mean  or  Middle  Term* 
(  20  End.  7. ) 

As  in  thefe  2:4:14:8  Here  8X2=16  the  Produd  of  the  Ex¬ 
tremes. 

And  4X4=16  the  Square  of  the  Mean:  Ergo  8X2=4X4. 


Cbro/.  1. 

c  c  Hence  it  follows,  that  if  the  Product  of  any  two  Numbers  be 
equal  to  the  Square  of  a  third  Number  j  thofe  three  Numbers 
*  will  be  in  Proportion. 


Lemma  2. 

ff  four  Numbers  are  proportional,  the  QroduB  of  the 
two  Extremes ,  will  be  equal  to  the  tyro  da  ft  of  the  two 
Means .  (  ip  Euclid  7.  ) 

As  in  thefe,  2  :  4  : :  8  :  16.  Here  16X1=32. 

Arid  8X4=32.  Confequently  16X2=8X4* 

Cor oL  2. 

c  Prom  hence  it  follows,  that  if  the  Produd  of  any  two  Num- 
€  bers,  be  equal  to  the  Prod ud  of  any  other  two  Numbers,  thofe 
*  four  Numbers  are  Proportionals. 

And  from  thefe  two  Lemma’s,  it  will  be  eafy  to  conceive,  that 
if  never  fo  many  Numbers  are  in  continued  Proportion  ;  the  Pro- 
dud  of  the  two  Extremes,  will  be  equal  to  the  Produd  of  any 
two  Means,  that  are  equally  diftant  from  the  Extremes. 

As  in  thefe  2.4.8.  16  .  32  .  64  .  &x. 

Here  64X2=32X4=16X8.  &:c.  And  if  the  Number  of  Terms  be 
odd. 

As  in  thefe  2  \  4  .  8  .  16  .  32  .  64  .  I28  .  &C. 

Then  128  X  2=64X4=32X8=i6X  16. 


Note ,  The  Charader  made  ufe  of  to  fignify  continued  Propor¬ 
tionals  is  ~r 

In 
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In  every  Series  of  +-  (  viz.  of  continued  Proportionals)  that 
Number  which  is  compared  to  another,  is  called  the  Antecedent 
of  the  Ratio',  and  that  Number  to  which  it  is  compared,  is  called 
its  Confequent.  ^ 

As  in  thefe,  2  ;  4  : :  4  :  8.  Here  2  is  the  Antecedent,  and  4 
is  the  Confequent ;  and  4  the  middle  Term  is  an  Antecedent  to 
6  its  Confequent  :  Whence  it  follows,  that  in  every  Series  of  *rr» 
all  the  middle  Terms  between  the  firffc  and  laft  are  both  Antece¬ 
dents  and  Confequents. 

As  in  thefe,  2  .  4  •  8  .  16  .  32  .  64.  &c.  Here  4  .  8  .  16 
32  are  both  Confequents  and  Antecedents. 

For  2:4:14:  8  :  :  8  :  16  :  :  16  :  32  : :  32  :  64  &c. 

So  that  all  the  Terms  except  the  laft  are  Antecedents.  And  all 
the  Terms  except  the  firft  are  Confequents. 

Lemma  3. 

If  never  fo  many  Numbers  are  proportion  at ,  it  will  be  : 
As  any  one  of  the  Antecedents  is  to  its  Confequent :  So 
will  the  Sum  oj  the  Antecedents  be }  To  the  Sum  of  all  the 
Confequents .  (12  Euclid  5.  ) 

That  is.  in  the  foregoing  Series. 

2:4::  2.+4+8+I6+32,  •  4+8  +  *6+32+64. 

For  *tis  evident,  that  4+8+16+32+64  the  Sum  of  all  the  Con¬ 
fequents,  is  double  to  2+4+8+16+32  the  Sum  of  all  the  Ante¬ 
cedents;  As  4  is  to  2,  according  to  the  Ratio,  and  would  have  been 
triple,  or  quadruple,  &c.  had  the  Ratio  been  3  or  4,  &c. 

Note ,  In  every  Series  of  -H-  increafing  the  Ratio  is  found  by  di vU 
ding  any  of  the  Confequents  by  its  Antecedent. 

As  in  thefe,  2  :  6  :  :  6  :  18 : :  18 :  *4  : :  54  ;  i6z 
Here  2)  6  (3  the  Ratio.  Qr  6)  18  (3  &c. 

From  the  fecond  and  third  Lemma's  may  be  raifed  two  general 
theorems  or  Rules .  for  finding  the  Sum  of  any  Series  in  without 
a  continued  Addition  of  all  the  Terms. 

Let  the  Scries  2  .  4  .  8  .  16.  31  .  64  .  128  .be  given  to  find 
its  Sum. 

Suppofe  ^,~the  Sum  of  all  the  Terms. 

Then  — i2§r=;the  Sum'  of  .all  the  Antecedents. 

And  — 2=^;the  Sum  of  all  the  Confequents. 

lilt  2  :  4  :  :  z — 128  :  ^ — 2  .  per  Lemma  3* 

Ergo  4  — 5 12=2^ — 4  .  per  Lemma  2. 
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Confequently  4 z — 2^=512— 4. 

.Theorem.^ 


Theorem  1. 


5-11—4 

*=  4— .2,  In  Words  at  Length  thus.' 

From  the  ProduB  of  the  fecond  and  laji  Terms,  fubtraB 
the  Square  of  the  firft  Term  ;  that  Remainder  being  divided 
by  the  fecondTerm  left  the  firft  j  will  give  the  Sum  of  all  the 
Series. 


Or  if  the  firft  Term,  the  common  Ratio,  and  the  laft  Term  be  on¬ 
ly  given.  Then 

Q  Multiply  the  laft  firm  into  the  Ratio,  and  from  their 
Theorem  **.  fubtratt  the  firft  Term  ;  divide  that  Remainder 

jby  the  Ratio  left  Unity  or  I,  and  it  will  give  the  Sum  of 
OH  the  Series. 

Lor  — 4.  As  above. 

Confequently  izr—z^i^6 — 1  viz*  the  laft  divided  by  2. 

Then  ~  Theorem  2. 

2—1 

"Example .  Let  2  .  6  .  18  . 54  .  162  l  4 86  ^  be  the  given  Series,1 
Here  2  is  the  firft  Term,  3  is  the  Ratio,  and  48 6  the  laft  Term. 


But  456X3=1458.  And  1458— 2=i4f£.  # 
Then  3 — 1=2)  1456  (728  the  Sum  required. 
That  is  728=2“f-^4^^“i"54‘4^I^2”t"4^^‘ 


tn  either  of  thefe  Tljeorems  it  is  required  to  have  the  laft  Term 
known  (  the  which  in  a  long  Series  of  -ff-  will  be  very  tedious  to 
come  at  by  a  continued  Multiplication,  &c.  It  will  therefore  be 
convenient  to  (hew  how  to  obtain  either  the  laft  Term  or  any  o- 
ther  Term,  whofe  Place  is  afligned ;  without  producing  all  the 
Terms. 

In  order  to  that,  it  will  be  neceflary  to  premife  the  Coherence 
or  Similitude  that  is  betwixt  Numbers  in  Arithmetical  Progrefllon, 
and  thofe  in  Geometrical  Proportion. 

If  in  any  Series  of  Numbers  in  —  when  the  firft  Term  is  not 
an  Unit  or  r,  there  be  afligned  a  Series  of  Numbers  in  Arithme¬ 
tical  Progreflion,  beginning  with  an  Unit  or  I,  and  whofe  com¬ 
mon  Difference  is  1.  Called  Indices  or  Exponents. 


ffhus,  £; 


3-4-5 


Indices. 


4  .  8  .if  *32.64  .liS  &*(• 


*  * 


Then 


I 
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Then  will  the  Addition  or  Subtraction  of  any  two  of  thofe 
Indices  (  or  Numbers  in  Arithmetical  Progreftion)  direCtly  corre- 
fpond  with  the  Product,  or  Quotient  of  their  refpe&ive  Terms, 
in  the  Series  of  44*. 


That  is,  |As  3++=7 


So  8x16=128  the  feventh  Term  in 


•  •  ' 
r* 


Again"  ^+4— Io. 

6  3  £So  64X16=1024.  The  tenth  Term  in  44* 


Or, 


—2=4  Z 
h~*4=l6S 


(fci 


J As  7 -r- 3—4.  ?  Gr  SAs6- 
So  12844*8=16.  £  ’  ZS064' 

.But  if  the  Series  of  44-  begin  with  an  Unit,  the  Indices  muft  be} 
gm  with  a  Cypher. 

As  in  thefe,  S°  •  1  •  *  •  3  *  4  .  ?  ?  &V. 

c  1  .  2  .  4  .  8  . 16 . 32  .  64. 

Now  by  the  Help  of  thefe  Indices,  and  a  few  of  the  firft  Terms 
in  any  Series  of  44-.  It  is  plain  that  any  Term  whofe  Place  or 
Diftance  from  the  firft  Term  is  affigned,  may  be  fpeedily  obtain¬ 
ed  without  producing  the  whole  Series. 

Example  i. 

A  Man  bought  a  Horfe,  and  was  to  give  a  Farthing  for  the 
firft  Nail,  two  for  the  fecond,  four  for  the  third,  &c.  In  44- The 
Number  of  Nails  was  to  be  7  in  every  Shoe,  viz*  28  Nails  in  all, 
,What  muft  he  have  paid  for  the  Horfe  ? 


2 

4 


Firft  5°  *  1  * 

t  ^  •  2>  . 

Then,  |  *+?=' 
C  32X32=] 


3 

8 


4 

16 


r- 

32. 


o 

I024 


AGain>  fimLns  Laft’y> 


Indices. 

Farthings  in  44* 

IO-|-IO=20 

I024X  1024=1048576 

20  -)-*  7  —  27 
1048576  Xu8=i342l7728 


And 


Which  is  here  to  be  accounted  the  28  and  laft  Term.  Becaufe 
the  firft  Term  in  the  Series  is  1.  Which  doth  neither  multiply 
nor  divide. 

Now  this  134217728  being  the  Number  of  Farthings  to  be 
‘paid-for  the  laft  Nail,  by  it  the  common  Ratio  which  is  2,  and 
the  firft  Term  which  is  it  may  be  found  the  Sum  of  all  the  Series. 
Per  Theorem  2. 


1343 
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^  v  1684374*6  From  this  Product  fubtraft  1. 

268437476— '1=268437477.  Then  2 — 1  =  1  the  Divifor. 
Confequently  268437477  IS  the  Sum  of  all  the  Series  or  Price 
of  the  Horfe  in  Farthings;  which  being  brought  into  Pounds,  6"V. 
(See  Page  4 6.  )  will  be  279610  /.  7  s.  3  d-  3  jrj. 


Example  2. 


A  cunning  Servant  agreed  with  a  Matter  (unskill’d  in  Numbers) 
to  ferve  him  eleven  Years  without  any  other  Reward  for  his 
Service  but  the  Produce  of  one  Wheat  Corn  for  the  firtt  Year ;  And 
that  Product  to  be  fow’d  the  fecond  Year;  and  fo  on  from  Year 
to  Year  until  the  End  of  the  Time.  Allowing  the  Increafe  to  be 
but  in  a  ten-fold  Proportion. 


*Tis  required  to  find  the  Sum  of  the  whole  Produce. 
:  i1 


[00 


4  .  y  .  Indices  or  Years. 

Ioooo  .  iooooo  Wheat  Corns  in  44* 


«  3  * 

.  Iooo 

Then  5  4^1  “  ^ 

£  So  ioooo  x  loo  =1000000.  the  6th  Year’s  Produce. 

And  <5  6  +  7=  n 

£  ioooooo  X  Iooooo  =100000000000.  The  eleventh  or  latt 

Year’s  Produce. 


Then,  (either  by  Theorem  1  or  2  )  the  Sum  of  all  the  Series  will 
be,  minim  10  Corns.  No w  it  may  be  computed  from  Page  3 1 
and  34,  that  7680  Wheat  Corns  round  and  dry  out  of  the  Middle 
of  the  Ear,  will  fill  a  Statute  Pint.  If  fo  ;  - 
Then  7680)  iiimmiio  (144*7791  Pints,  but  64  Pints  are 
contained  in  a  Bufliel. 

Therefore  64)  14467792  (2260761!  Bulhels.  Suppofe  it  to  be 
fold  for  3  Shillings  the  Bufliel; 

Then  | 


Shillings'  678168!=;  33908  /.  8  7/4!  d.  A  Very  good  Recom- 
pence  for  11  Years  Service. 

There  are  feveral  pretty  Queflions  refolved  by  Numbers  in  A- 
rithmetical  Progrefiion;  and  by  thofe  in  *fr  which  the  ingenious 
Learner  will  eaiily  perceive  hereafter  ;  viz.  When  we  come  to  the 
Solution  of  Quettions,  relating  to  Intereft  and  Annuities,  &c. 

.  M  There 


82  Part  I. 

There  is  alfo  a  third  Kind  of  Proportion,  called  Muscat ;  which 
being  but  of  little  or  no  common  life,  1  {hall  therefore  give  but 
a  fhort  Account  of  it. 

Mufical  Proportion  or  Habitude  is,  when  of  three  Numbers  the 
firft  hath  the  fame  Proportion  to  the  third;  As  the  Difference  be¬ 
tween  the  firft  and  fecond  hath  to  the  Difference  between  the  fe- 
cond  and  third. 

As  in  thele,  6  .8  .  n.  viz>  6  :  n  : :  8—5  :  1 2- — 8 

If  there  are  four  Numbers  in  Mufical  Proportion,  the  firft  will 
have  the  fame  Proportion  to  the  fourth;  As  the  Difference  be¬ 
tween  the  firft  and  fecond  hath  to  the  Difference  between  the 
third  and  fourth. 

As  in  thefe  8  .  14  :  ai  •  84. 

Here  8  :  84  :  :  14—8=5  :  84— *1=53. 

That  is,  8  :  84  : :  5  :  53. 

The  Method  of  finding  out  Numbers  in  Mufical  Proportion  is 
beft  expr^ffed  by  Letters ;  as  (hall  be  {hewed  in  the  Algebraic 
Part. 


Sedt.  3.  How  to  Change  or  the  Order  of  Things,  &c. 

This  being  a  Thing  not  treated  of  in  any  common  Books  of 
Arithmetick  (that  I  have  had  the  Opportunity  of  perufing )  made 
me  think  it  would  be  acceptable  to  the  young  Learner  to  know 
bow  oft  Stis  poffible  to  vary  or  change  the  Order  or  Pofition  of 
any  propofed  Number  of  Things. 

As  how  many  feveral  Changes  may  be  rung  upon  any  propo¬ 
fed  Number  of  Bells;  or  how  many  feveral  Variations  may  be 
made  of  any  determined  Number  of  Letters;  or  any  other  things 
expoled  to  be  varied. 

r  The  Method  of  finding  out  the  Number  of  Changes,  is  by  a 
continual  Multiplication  of  all  the  Terms  in  a  Series  of  Arithme¬ 
tical  Progreflionals;  whole  firft  Term,  and  common  Difference  is 
Unity  or  1.  And  laft  Term  the  Number  of  Things  propofed  to 
be  varied,  viz.  1X2  X  3X4X*  X  6  XfT  &c.  As  will  appear  from* 
if  what  follows. 

1.  If  the  Things  propofed  to  be  varied  are  only  two,  they 
admit  of  a  double  Pofition,  as  to  Order  of  Place;  And  no  more 

Thus,  *5  \  ’  »  \  =2=1X2. 

c  *  •  *  3  > 

a.  And  if  three,  things  are  propofed  to  be  varied,  they 

be 
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r  1  r '  -  -  '  '  »  1  nil  FOB  *niH,  .  UI1  ^  » 

be  changed  fix  feveral  Ways ;  as  to  their  Order  of  Places  j  and  no 
more. 

For  beginning  with  1  there  will  be  <  1  *  1  •  3 

e  I  •  3  •  * 

Next  beginning  with  2  there  will  be 'y  2  *  1  *  5 

£2.3.1 

Again,  beginning  with  jit  will  be  ^  3  •  *  •  * 

Which  in  all  make  6  or  3  times  2.  viz,.  IX2X3  =6 


3.  Suppofe  four  things  are  propofed  to  be  varied ; 

Then  they  will  admit  ol  24  feveral  Changes,  as  to  their  Order 
of  different  Places. 


/'  I  .  2  .  3  .  4 

\i  .2  *4*3 

For  beginning  the  Order  with  1  it  will  be  J 1  .3.2.4 

y  I  .  3  .  4  .  a 

Here  is  fix  different  Changes.  /  1  .  4  .  2  .  3 

^  I  •  4  •  3  .  * 

And  for  the  fame  Reafon  there  will  be  6  different  Changes 
when  2  begirds  the  Order,  and  as  many  when  3  and  4  begins  the 
Order  j  which  in  all  is  24=1X2X3X4.  And  by  this  Method  of  Pro¬ 
ceeding,  it  may  be  made  evident,  that  5  Things  admit  of  120  fe¬ 
veral  Variations  or  Changes;  and  6  Things  of  720,6^.  As  in  this 
following  T<ible, 


|  The  Number 
of  Things 
propofed  to 
be  varied* 

The  Manner  how 
tbeir feveral  Va¬ 
riations  are  pro¬ 
duced^ 

The  different  Changes 
orVariations  every  one 
of  the  propofed  Num¬ 
bers  can  admit  of 

1 

ixr 

2 

1x2 

—  2 

3 

2X3 

=6 

4 

6X4 

=  24 

5 

14*? 

=  120 

6 

I20X6 

=720 

7 

720X7 

=  5  040 

0 

u 

5040X8 

=  4.0320 

9 

40320X9 

=  362880 

lo 

362880XI0 

=3628800 

1 1 

3628800XII 

=399l680O 

12 

399I680OX  T  2 

*=47  9001600 

M  % 


Thefe 
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Thefe  may  be  thus  continued  on  to  any  afiigned  Number.  Sup- 
pole  to  24  the  Number  of  Letters  in  the  Alphabet,  whfelpwill  ad¬ 
mit  of  62044S40173323943936Q000  feveral  Variations. 

From  thefe  Computations  may  be  ftarted  feveral  pj 
indeed  very  flrange  Qiieftions. 

Examples. 


Six  Gentlemen  that  were  travelling  met  together  by  chance 
a  certain  Inn  upon  the  Road,  where  they  were  fo  pleafed  wi'tfiU 
their  Hofh  and  each  others  Company,  that  in  a  Frolickthey  made' 
a  Contraft  to  flay  at  that  Place,  fo  long  as  they,  together  with  ^ 
their  Hoff,  could  fit  every  Day  in  a  different  Order  or  Pofition  at 
pinner;  which  by  the  foregoing  Computations  will  be  found.near 
14  .Year?.  For  they  being  made  7  with  their  Hoff  will  admit  of 
5040  different  Pofitions;  but  5040  ..being  divided  by  365^  the 
Number  of  Days  in  one  Year,  will  give  13  Years  and  291  Days. 

A  very  pretty  Frolick  indeed. 

I  have  been  told,  (That  before  the  great  Fire  of  London,  which 
happen'd  Anno  1 666)  there  was  it  Bells  in  St.  Miry  le  Boros  Church  in 
Cbeipfide ,  London.  Suppofe  it  were  required  to  tell  how  many  feve¬ 
ral  Changes  might  have  been  rung  upon  thofe  12  Beils:  and  at  a 
moderate  Computation  how  long  all  thofe  Changes  would  have 
been  ringing  but  once  over. 


Birff,  1X2  x  3  X  4X5  X6X  7X  8  x  9X  IoXi  1  X  12=479001600  the 
Number  of  Changes. 

Then  fuppofing  there  might  be  rung  10  Changes  in  one  Mi¬ 
nute  :  viz.  12X10—120  Strokes  in  a  Minute,  which  is  2  Strokes 
in  a  Second  of  Time;  now  according  to  that  rate  there  mull  be 
allowed  47000160  Minutes  to  ring  them  once  over  in  ail  their 
different  Changes;  viz.  io)  479001600  (47900160. 

In  one  Year  there  is  365’  Days,  5  Hours  and 49  Minutes;  which 
being  reduced  into  Minutes,  is  *25949. 

Then  515949)  47900I60  (91  years,  and  26  Days. 

So  long  would  thofe  12  Bells  have  been  continually  ringing 
without  any  Intermiffion,  before  all  their  different  Changes 
could  have  been  truly  rung  but  once  over.  'Tis  ftrange,  and 
fee  ms  alinoll  incredible,  that  a  few  Things  fhouid  produce  fuch 
Varieties.  .  1  ’ 


But 
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Bur  that:  which  Teems  yet  more  ftrange  and  furprifing,  yea,  e- 
ven  irnpoffible  to  thofe  who  are  not  a  little  vers’d  in  the  Power 
of  Numbers,  is,  that  if  two  Bells  more  had  been  added  to  the  a- 
forefaid  12,  they  would  have  advanc’d  the  Number  of  Changes 
(  and  confequently  the  Time)  beyond  common  Belief.  For  14 
Bells  would  require  (at  the  Tame  rate  of  Ringing  as  before)  about 
1 6573  Years  to  ring  all  their  different  Changes  but  once  over. 

And  if  it  were  poflible  to  ring  24  Bells  in  Changes,  and  at  the 
fame  Rate  of  10  Changes  in  a  Minute,  which  is  4  Strokes  in  one 
Second  *,  they  would  require  more  than  11 7000000000000000  Years 
to  ring  them  but  once  over  in  all  their  different  Changes;  as 
may  eafily  be  computed  from  the  precedent  Table. 


CHAP  VII. 

Of  p^opojtion  SDtgjtmtf ;  commonly  calledthe  (BolDen  lltttTe* 

PRoportion  Disjunct,  or  the  dSottiEil  Utile,  is  either 
DireSl  or  Reciprocal ,  called  Inverfe.  And  thofe 
are  both  Simple  and  Compound . 

SECT.  I. 

i  Direft  Proportion  is,  when  of  four  Numbers,  the  firft  beareth 
the  fame  Ratio  or  Proportion  to  the  Second;  as  the  third  doth 
to  the  fourth. 

As  in  thefe  2  :  8  :  :  6  T  24* 

Confequently,  the  greater  the  fecond  Term  is,  in  refpeft  to 
the  firft ;  the  greater  will  the  fourth  Term  be,  in  refpeft  to  the 
third.  ^ 

That" is,  as  8  the  fecond  Term,  is  4  times  greater  than  2  the 
firft  Term:  So  is  24  the  fourth  Term,  4  times  greater  than  6  the 
third  Term. 

Whence  it  follows,  that  if  four  Numbers  are  in  dire<5t  Propor¬ 
tion,  the  Product  of  the  two  Extremes,  will  always  be  equal  to 
the  Prodb<5f  of^the  two  Means,  as  well  in  Disjunct  as  in  continu¬ 
ed  Proportion ;  according  to  Lemma  2.  Page  77. 

For  As  2  :  2X4  : :  6  :  6X\.  or  As  5  :  3X?  ::  6  :  ex?.' 

But  iX(^X4  =  :X4X^.  Or  3X  6  X  $  =  3X  y  X  6. 

That  is,  the  Product  of  the  Extremes  is  equal  to  that  of  the 
Means. 

Againj 
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Again,  the  lefs  the  fecond  Term  is,  in  refped  to  the  firfl  5  the 
lefs  will  the  fourth  Term*  be,  in  refped:  to  the  third. 

As  in  thefe  18  :  6  ::  iz  :  4« 

That  is,  18  :  18  -h  3  : :  n  :  n  -h  3. 

But  l8Xl2  -r*3  :=:  18  -r*  3  X  it.  Viz.  18X4  =  6  X  Ii. 

Confequently  z  .  8  .  6  .  24.  And  18  .  6  .  12  .  4  .  are  true 
Proportionals,  per  Corot,  z.  Page  77. 

From  thefe  Confiderations.  comes  the  Invention  of  finding  a 
fourth  Number  in  Proportion  to  any  three  given  Numbers. 
Whence  Yis  called,  the  Rule  of  Three. 

For  if  the  fecond  Number  multiplied  into  the  third,  be  equal 
to  the  firfl  multiplied  into  the  fourth,  it  is  eafy  to  conceive,  that 
if  the  Product  of  the  fecond  and  third  be  divided  by  the  firfi,  the 
Quotient  muff  needs  be  the  fourth  Number.  For  if  that  Num¬ 
ber  which  divides  another,  be  multiplied  into  the  Quotient  pro¬ 
duced  by  that  Divifion;  their  Product  will  be  equal  to  the  Num¬ 
ber  divided.  See  Page  zi. 

As  in  thefe  1  :  8  : :  6  :  24.  Here  8x^=i8=24Xir 

But  if  24X2=48.  then  will  48  -^2=24.  Or  48-7-24=2. 

Note ,  Any  fotff ^Numbers  in  direct  Proportion  may  be  varied 
feveral  Ways.  As  in  thefe. 

Viz •  If  2  :  8  : :  6  :  24.  Theft  2  :  6  : :  8  :  24. 

And  6  :  24  : :  2  :  8.  Or  24  :  6  : :  8  ;  2 .  &c. 

Thefe  Variations  being  well  underfiood,  will  be  of  no  fmall 
Ufe  in  the  true  Stating  of  any  Quefiion  in  this  Rule  of  Three. 

When  three  Numbers  are  given,"  and  it  is  required  to  find  a 
fourth  Proportional;  the  greatefi  Difficulty  (if  there  be  any)  will 
be  in  the  right  ftating  the  Quefiion,  or  abfira&ing  the  Numbers 
out  of  the  Words  in  the  Quefiion,  and  placing  them  down  in  their 
proper  Order. 

Now  this  will  be  very  eafy  if  it  be  truly  confidered,  that  always 
two  of  the  three  given  Terms,  are  onlv  fuppofed,  and  afiign  or 
limit  the  Ratio  or  Proportion*  The  third  moves  the  Queflion  { 
and  the  fourth  gives  the  Anfwer. 

As  for  Infiance;  If  3  Yards  of  Cloth  cofi  9  Shillings:  What 
will  6  Yards  cofi  at  the  fame  Rate  or  Proportion  ? 

Here  3  Yards,  and  9  Shillings,  are  two  fuppofed.Numbers  that 
imply  the  Rate;  as  appears  by  the  Word  [if],  viz.  if  3  Yards  cofi 
9  Shillings  ( then  comes  the  Quefiion  )  What  will  6  Yards  cofi  ? 

N.  B .  The  Term  which  moves  the  Quefiion  hath  go 
neral\y  fome  of  thefe  W  ords  before  it;  viz ,  OTljat  tOlli? 

manp?  far  i  Igoto  Un or,  jj?oto  mud;  f 

Then 
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Then  (carefully  obferve  this;  viz-)  The  firfl  Term  in  the  Sup- 
pofition  mail  always  be  of  the  fame  Kind  and  Denomination 
with  that  Term  which  moves  the  Queftion.  And  the  Term  fought 
will  always  be  of  the  fame  Kind  and  Denomination  with  the  fe¬ 
cond  Term  in  the  Suppofition. 

Thnc  5  rdu  SbiL  Shil. 

*  Z  3  :  9  ::  6  \  - —  Then 

All  Queftions  in  direct  Proportion  may  be  anfwered  by  three 
feveral  Theorems. 

'Multiply  the  fccond  and  third  Terms  toge - 

Theorem  i.«2  and  divide  their  tyro  duel  by  the 

firjl  Term  ;  the  Quotient  will  be  the  An- 
fwer  required . 

Yds.  SbiL  Yds.  Shil. 

Thus  3  :  9::  6  :  18.  The  Anfvoer. 

6 

- - -  .  .  ,  SBecaufe  the  fecond 

3)  54  (18  Shillings .  c  Term  was  Shillings. 


Theorem  2. 


• Divide  the  fecond  Term  by  the  firjl \  then 
Multiply  the  Quotient  into  the  thirdTerm^ 
and  the  tyrodubl  will  be  the  Anfwer  re¬ 
quir'd. 

Yds.  SbiL  Ids.  Shil. 

3  :  9  :  :  6  :  18. 

Thus  3  )  9  (  =  3.  Then  3x5=18,  as  before. 

r  Divide  the  third  Term  by  the  firjl y  then 
Theorem  3 .  .)  multiply  that  Quoti  ent  into  the  fecond  Termy 
c  and  their  tyrodutf  will  be  the  Anfwer . 

Yds .  Shil.  Yds.  Shil. 

3  :  9  ::  6  :  18. 

Thus  3)  5.  (=2.  And  2X2=1 8.  as  before. 

Here  you  fee  that  all  the  three  Theorems  are  equally  true;  but  the 
hrft  is  more  general,  and  ulually  prattifed,  Yet  the  two  laft  may 
be  readily  performed  when  either  the  fecond  or  third  Term  can  be 
divided  by  the  firft;  and  will  be  found  of  fingular  Ufe  in  thefoi/eS 
of  FeUowJbip,  &c.  as  will  appear  further  on. 
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;8tttbmetitfe.  Part  j. 


Queft.  2.  If  8  ife  of  Tobacco  coft  14  Shillings;  What  will  half  a 
hundred  Weight  (  viz-  56  &  )  coft  at  the  fame  Rate  ? 

Thus  8  ife :  14  s.  : :  $6  lb :  4  /•  18  s.  The 

14 

„  -* 

224 

5* 


8)  784  (=98  s.s=4  /.  18  y- 

Or  thus  8)  76  (=7.  Then  14X7=98  s.  as  before.' 

Queft.  3.  If  14  Shillings  will  buy  8  ife  of  Tobacco;  How  much 
will  4  l. 18  s.  buy  after  the  fame  Rate  ? 

'  “Stated  thus,  14  s.  8  ife  :  :  4  /•  18  *.=98  s.:  - - - 

Then  58x8=784.  And  14)  784  (  76  ife.  The  Atfwer. 

Queft-  4.  If  half  a  hundred  Weight  of  Tobacco  be  worth  4  h, 
|8  s.  How  much  may  I  buy  for  14  Shillings  at  that  Rate? 

Stated  thus*  4  /.  18  5=98  s.  :  76  ife  : :  14  s. :  - - 

Then  76X14=784.  And  98)  784  (8  ife.  The  Anfwer* 

*  • 

Queft.  7:  Suppofe  4  /.  18  s.  will  buy  56  ife  of  Tobacco  ;  What 
'will  8  ife  of  the  fame  Tobacco  coft? 

This  Queftion  is  thus  ftated,  76  ife  :  4  /.  18  *.=98  j. : :  8  ife.  • - «' 

Then  98x8=784.  And  7 6 )  784  ( 14  s.  The  Anfwer . 

Note ,  The  three  laft  Queftions  are  only  the  fecond  varied,  be¬ 
ing  propofed  purely  to  give  an  lnftance  how  any  Queftion  in  this 
Rule  of  Three  may  be  varied,  according  to  Page  8 6. 

Queft.  6-  What  will  %  of  a  Yard  of  Velvet  coft,  when  the 
Price  of  21  Yards  and  a  half  is  worth  11  l.  10  s.  6  d.  This  Qug- 
ftion  truly  ftated  will  Hand 

Thus,  2 1  1  Tis. :  22  /.  10  s.  6  d.  :  :  To  the  Anfwer . 

Which  may  be  found  three  feveral  Ways;  viz-  by  Reduttion} 
by  Vulgar  Fractions ;  and  by  Decimals. 

I.  By  Redu&ion.  Bring  the  firft  and  third  Terms  into  one  De¬ 
nomination;  viz .  into  Quarters,  and  reduce  the  fecond  Term  in¬ 
to  its  leaft  Denomination,  per  Sett.  4.  Page  42. 

Thus  21  £=8 6  Quarters.  And  22  l.  10  $.  6  <1=7406  Pence. 

Then  86  :  7406  : :  3  :  155.  81?  d-  For  5406X3=162 18. 

And 


» 
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And  8 6)  162 18  (=:i88|^  d-  Then  i88-f§  Pence  =  15  5.  8  d-z$% 
Farthings  3  the  Anfveer  required. 

a.  The  fame  Queftion  fiated  in  Vulgar  Fra&ioris  will  /land 
Thus  21^=^  :  •  •  %  •  (See  Sett.  3. Page  50.  ) 

Then  Wx|=\W-  And  \3)  \V%3  (—Iff!  P*ge  Jh  5  6; 

Thefe  $.$-§$  Parts  of  a  Pound  are  brought  into  Shillings  by 
multiplying  the  Numerator  with  20,  and  dividing  the  Product 
by  its  Denominator,  &c. 

Thus  5406X20=108120.  And  6880)  108120  (15  t. 

And  there  remains  4920.  Again  4920X12=? 9040. 

Then  6880)  59040  (8  d-  and  -|£,  &c.  as  before. 

3.  The  fame  wrought  by  Decimal  Fractions  will  be  thus; 

2 1  £=2 1,5  22  /.  10  s.  6  d.  =  22,525  and  |r  =o-7 5 
Therefore  21,5  :  22,525  : :  0,75  :  to  the  Anfwer- 
Then  22,5*5X0,75=16,89375 
And  21,5)  16,89375  (,7857/.=! 5  s.  2d.  z  far.  f§j£. 

Quefi.  7.  If  2  C.  3  7^5.  21  ft  of  Sugar  Coil  6  /.  I  $.  8  cf  what  ’will 
12  C.  i  coft  at  the  fame  Rate  ? 

That  is,  2  C.  3  7rj.  21ft:  6  /.  is.  2d-  :  :  12  C.  2  ^r.To  what  ? 

A 

4 


II  grs. 
28 


88 

22 


Viz,.  3084-21=329  ft  :  1460  d.  : :  1400  ft: - 

Then  1460  x  1400  =2044000;  And  329)  2044000  (62124  d-  = 
25  /.  17  s.  8 %d.  the  Anfvoer  required. 

The  fame  Queftion  dated  in  Decimals-,  will  (land 
Thus  2,9375  : :  6,083.3  : :  12,5  :  To  the  Anfwer. 

Then  6,0833x12,5  =  76,04125  which  being  divided  by  1,9375 
will  give  25  88663  &c.  the  Anfwer  in  Decimals,  which  brought 
into  Coin,  will  be  25  l  17,8 %  d.  as  before. 

Note,  When  the  firft  Term  is  an  Unit  or  1,  the  Queftion  is  an- 
fwered  by  Multiplication  only. 

Example.  Suppofe  I  give  5  Shillings  4  Pence  for  one  Ounce  of 
Silver,  what  muft:  I  pay  for  32 £  Ounces  at  the  fame  Rare. 

That  is  1  J  :  5  f.  4  d.  :  :  32^5  •  To 
Which  is  beftftated  thus  1  :  64  d. : :  32  5  : 

N': 


2  Q 


I  2  I  J. 
I  2 


150 

I  2  I 


50  ([rs. 
28 


1 400  ft 


Then 
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Then  $z^X64=izo8o  d.=: 8  /.  13  5.  4 d.  the  Anfwer  required.  For 
I  neither  multiplies  nor  divides.  _  b  ^ 

When  the  fecond,  or  third  Term  is  an  Unit  or  1  then  tire 
Queftion  is  anfwered  by  Divifion  only.  As  in  this  Example. 

If  a  Silver  Tankard,  weighing  21  Ounces,-  coft  j  /.  1?  j.  What’s 
that  an  Ounce  ? 

Thus  21  oz,:  j  l.  1^  s.=:i  19 5;  :  :  I  :  ?  s.  8  d.  To  the  Anfwer. 

That  is  21)  11?  (=:j  s.  hx-S  s-  8  d. 

The  Proof  of  all  Queftions  in  the  Rule  of  Three  Direct,  may  be 
eafily  conceiv'd  from  what  hath  been  already  laid;  viz.  That  the 
Produd  of  the  firft  and  fourth  Terms,  muft  always  be  equal  to 
the  Product  of  the  fecond  and  third  Terms. 

Or  otherwife,  by  varying  the  Queftion,  as  in  the  fecond,  third, 
fourth  and  fifth  Queftions. 

I  (hall  conclude  this  Section  with  inferting  a  few  Queftions  and 
their  Anfwers ;  leaving  their  Work  for  the  Learner's  Pradice. 


at 


Ouefi .  1.  What  will  the  Carriage  of  17  C.  3  qrs.  11  ifc  come  toj 
die  Rate  of  7  s.  the  Hundred. 

Anfwer,  6  l.  4  J.  ii£  d. 


Queli.- 2.  If  6  l.  4  s.  1 1-4:  d.  be  paid  for  the  Carriage  of  17  C.  3  %rt» 
II  tb  3  What  was  paid  for  the  Carriage  of  1  ifc  ? 

Anfwer,  3  Farthings . 

Queft.3.  A  Grocer  bought  3  C.  1  qr.  14  ifc  Weight  of  Cloves,  at 
the  Rate  of  2  j.  4  d.  per  ifc,  and  fold  them  for  52  /.  14J.  Whether 
did  he  gain  or  lofe  by  the  Bargain,  and  how  much? 

Anfwer,  he  gained  8  /.  12  j. 

Queft.  4-  A  Draper  bought  of  a  Merchant  Eight  Packs  of  Cloth; 
every  Pack  had  four  Parcels  in  it;  and  each  Parcel  contained  ten 
Pieces;  every  Piece  was  twenty  fix  Yards ;  he  gave  after  the  Rate 
of  four  Pounds  fixteen  Shillings  for  6  Yards,  What  came  the 
eight  Packs  to,  and  what  was  it  worth  per  Turd  ? 

Anfw.  They  came  to  66 $6  l.  And  is  worth  1 6  s.  per  Tard. 

Queft.  5.  A  Merchant  bought  436  Yards  of  Broad  Cloth  for 
8  s.  6  d.  per  Tard.  And  fold  it  again  for  10  j.  4  d.  per  Tard.  What 
did  he  gain  by  4 16  Yards? 

Anfwer ,  he  gain’d  39  1. 19  s.  4  d. 
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2»#  tf.  A  Golifmith  bought  a  Wedge  of  Gold,  which  weighed 
I0i>  loz*  Spry-  for  514 /.  4  j.  What  did  he  pay  per  Ounce} 

Anfw.  3  /.  per  Ounce. 

Queft.  7'.  What  will  48  oz*  1 7  pwt.  zo  Grains  of  Silver  Plate  come 
to,  at  the  Rate  of  5  5.  6  d.  per  Ounce  ? 

Anfw.  13 1.  8  s.  lo  -|  d. 

Queft.  8.  If  in  four  Weeks  one  fpend  13  y.  4<f.  How  long  will 
53  /.  6  s.  laft  at  that  Rate?  / 

47  Days,  2  Hours,  24. 

Q«<?/h  9.  What  will  the  eighth  Parc  of  a  Ship  be  worth;  when 
the  half  is  valued  at  10 1  j /.  10  s? 

Anfw.  253  /.  17  s.  ^  d.  # 

2«e/L  lo.  The  Sun  is  faid  to  perform  one  entire  Revolution, 
(orthree  hundred  and  fixty  Degrees)  in  the  Space  of  three  hundred 
fixty  five  Days,  five  Hours,  forty  eight  Minutes,  and  fifty  feven 
Seconds  of  Time,  called  a  Tropical  or  Solar  Year.  How  much  doth 
it  move  in  one  Day  ?  / 

Anfw.  19  .  8  .  19  &c. 

Queft.  ir.  If  |  of  a  Yard  of  Velvet  coft  f  of  a  Pound  Sterlings 
what  will  t£  of  a  Yard  coft  of  the  fame  Velvet,  at  that  Rate. 

Anfw.  ; — -  I  J.  4  d. 

Queft.  iz.  Suppofe  zl.  and  f  of  \  of  a  Pound  Sterling  will  buy  3 
Yards  and  f  of  f*bf  a  Yard  of  Cloth;  How  much  will  %  of  a 
Yard  coft  at  that  Rate  ? 

Anfw.  4'f'^  ?■  of  a  Pound  > — -•  9  s«  4^  d. 


Se&.  a.  Of  Kcci^ocal  Piop option  ;  tifually  called  the 

Rule  of  Three  Inverfe. 

Reciprocal  Proportion  is,  when  of  four  Numbers  the  Third  (viz* 
that  which  moves  the  Queftion)  beareth  the  fame  Ratio  to  the  Firftj 
as  the  Second  does  to  the  Fourth. 

Therefore,  the  lefs  the  third  Term  is,  in  refpeft  to 
the  Fir  ft  ;  The  greater  will  the  fourth  Term  be,  in 
refpefl  to  the  Second. 

Example  i« 

If  fixteen  Men  can  do  a  Piece  of  Work  in  fix  Days;  Hoiv  many 
Days  muft  eight  Men  require  to  do  the  fame  Work,  at  defame 
Rate  of  Working. 

Here  "tis  plain  that/  eight  Men  muft  needs  have  more 
Time  than  16  Men  to  do  the  fame  Work.  Copfequently  the 
„  N  1  greater 
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greater  the  third  Term  is,  in  refpeft  to  the  Firfl,  the  leifer  will  the 
fourth  Term  be,  in  relpeft  to  the  Second. 

Example  2.  It'  8  Men  can  do  a  Piece  of  Work  in  12  Days;  how 
many  Days  will  16  Men  require  to  do  the  fame  Work.  Here  it  is 
plain  the  fourth  Term  muft  be  lefs  than  the  Second,  becaufe  16 
Men  undoubtedly  can  do  the  fame  Work  in  lei's  Time  than  8  Men 
can. 

From  tbefe  Confide  rations,  compared  witbthofe  in  Page  8f.  twill  beeafyto 
perceive  whether  the  Terms  of  any  propofed  Queflion  are  in  Diredl  or  Reci¬ 
procal  Proportion. 

Tof'-when  according  to  the  true  Meaning  or  Defign  of  any  Quell  ion  in  Propor- 
tion.  MORE  requires  MORE,  or  LESS  requires  LESS,  the 
Terms  are  in  Direct  Proportion,  as  in  the  laft  Sedtion. 

But  if  MORE  requires  LESS,  or  LESS  requires  M O RE  (as  a- 
hove)  then  the  Terms  will  be  in  Reciprocal  Proportion. 

The  Manner  of  placing  down  the  propofed  Terms  is  the  fame  in 
both  Rules,  via.  The  firfl:  Term  in  the  Suppofition  mult  be  of  the 
fame  Kind  and  Denomination  with  the  third  Term  which  moves 
the  Queflion;  and  the  Term  fought  mult  be  of  the  fame  Kind  and 
Denomination  with  the  l'econd  Term  ill  the  Suppofition.  As  in 
the  two  laft  Examples. 


Thus,  in  I- 

C Example  2. 


Men 
16  : 


Days  Men 
6  ::  8  : 
8  :  1 2  ::  16  : 

The  Queflion  being  truly  flated,  obferve  Ms  Theorem, 


Days 


c  Multiply  the  firfi  and  fecond  Terms  together y 
Theorem.  <  and  divide  their  TroduSl  by  the  third  Term} 
o the  Quotient  will  be  the  Tin  finer  required . 

Thus  in  the  fecond  Example  12X8  =  96. 

Then  16)  96  (=0  Lays  the  Anfwer  required.  •  - 

That  is,  16  Men  may  do  the  lame  Work  in  6  Days  as  8  Men  can 
do  in  1 2  Days. 

Now  the  Reafon  of  this  Operation,  (and  confequently  of  the 
Theorem)  is  grounded  upon  this  Confideration  ;  vi<,.  If  8  Men  re¬ 
quire  12  Days  to  do  the  Work,  Jtis  plain  that  one  Man  would  re¬ 
quire  8  times  12  Days  —  96  Days  to  do  the  fame  Work,  but  if  one 
Man  can  do  it  in  $6  Days,  molt  certain  1 6  Men  can  do  it  in  one  i£th 
Part  of  that  Time.  Therefore  96  divided  by  16  will  give  the  An¬ 
fwer  required,  vU.  16)  96  ( 6  As  before,  0T. 

Qyfft-f-  Suppofe  ^00  Soldiers  were  befieged  in  a  Town,  and 
their  Victuals  were  computed  to  lerve  them  two  Months  (or  5 6 
Days)  How  many  of  thefe  Soldiers  mull  Tpart  the  Garrifon,  that 
the  lame  Victuals  may  lerve  the  remaining  Sold  lets  5  Months. 

The 
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The  Queftion  truly  ftated,  will  Hand 

tap.  7  Month  Soldier  Month  Soldier . 

1  nus,  >  2.  8oo-;:^  :  - . 


y)  1600  (320  So  many  Soldiers  may  flay  in  the 

Garrifon. 

Confequently^  800 —  320:=  480  Soldiers  that  mufl  go  out  of 
the  Garrifon,  which  is  the  Anfwer  required. 

Queftion  4.  A.  Borrowed  of  his  Priend  B.  /.  for  fix  Months 
promifing  ro  do  him  the  like  Kindnefs  upon  Demand:  Sometime 
after  B.  defires  A.  to  lend  him  400/.  the  Queftion  is  how  long  B . 
may  keep  the  400/.  to  be  fully  fatisfied  for  his  former  Kindnefs  to  Al 

Anfwer,  3  Months  2 1  Days. 

Thus,  250  l.  :  6  Months  :  :  400 1.  :  - - — 

6  ■  - 


400)  1 500  (3  Months. 


12 


3 

28  Days  in  one  Month. 


1  4)  84  (2 1  Days. 

Queftion  y.  If  a  Penny  White  loaf  ought  to  weigh  eight  Ounces 
Troy  Weight,  when  Wheat  is  fold  for  fix  Shillings  fix  Pence  th® 
Bufhel,  what  muft  it  weigh  when  Wheat  is  fold  for  four  Shillings 
the  Bufliel. 

Anfwer ,  1 3 

Thus  6 s.  6  i.  =  78  d. :  8  Oz ,. :  :  4  s.  =:  48  d.*  To  the  Anfwer. 

8 


48)  624  (13  §  the  Anfwer  required. 
48 


144 

144 


(o) 

The  Proof  of  this  Inverfe  Rule  is  eafily  deduced  from  its  Opera* 
tionsj  viz.  The  Produft  of  the  firft  and  fecoml  Terms,  aiull  be 
equal  to  the  Product  of  the  third  and  fourth  Terms,. 
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Note ,  Any  QueRion  that  falls  under  this  Inverfe  Rule  or  Reci¬ 

procal  Proportion,  may  be  fo  Rated  as  to  have  its  Terms  in  Di- 
red  Proportion  y  by  only  changing  the  Places  of  the  firlb  and  third 
Terms  in  the  QueRion.  Thus, 

Queftion  6.  If  a  Field  will  feed  eighteen  Horfes  for  feven  Weeks, 
how  long  will  it  feed  Forty  two  Horfes  at  the  fame  Rate  of  feeding. 
FirR,  1 8  Horfes  :  7  Weeks  : :  41  Horfes  :  3  Weeks. 

Here  the  Terms  are  Rated  Inverfely,  as  before. 

Otherwife  thus,  42  Horfes  :  7  Weeks  : :  18  Horfes ;  3  Weeks. 
Then  18  x  7  12 6.  And  116  41  5=5  3  Weeks.  The  Anfwer 

required. 


Se&.  3,  Of  Compotiuti  Proportion;  commonly  called  the 

gDonble  Hule  of 

f  *  V  ♦ 

Compound  Proportion  (as  3tis  here  meant)  is,  when  there  are  five 
Numbers  given  to  find  out  a  fixth  Proportional ;  and  this  is  ge¬ 
nerally  performed  by  a  double  Pofition  ;  that  is,  by  Rating  and 
working  the  QueRion  at  two  Operations,  either  in  Dired,  or  Re¬ 
ciprocal  Proportion,  according  as  the  QueRion  requires. 

And  therefore  it's  called  the  Double  Golden  Rule ;  or  Double  Rule 
©t  Three. 

The  Double  Rule  Dir  eft  is,  when  the  fixth  Term,  or 
Number  fought,  is  found  by  two  Operations,  both  of 
them  in  Direct  Proportion. 

Example  I.  If  a  hundred  Pounds  gain  fix  Pounds  IntereR  in 
twelve  Months ;  how  much  will  three  hundred  Pounds  gain  in 
nine  Months  j  at  the  fame  rate  ? 


FirR  100/,  300/.  :  18 1. 

6 


loo)  1800  (18  l. 

Months  Months 
Then,  iz  :  18/.  : :  9  ;  13  /. 

9 


The  IntereR  of  300/, 
for  twelve  Months, 


Io  j. 


Iz)  I6z  (13/,  105.  The  Anfoer  required. 

I  fuppofe  the  Learner  will  eafily  conceive  the  Realon  of  thefe 
two  Operations.  For,  FirR  it's  plain  by  dired  Proportion,  that 
if  loo/,  gain  6 1.  in  twelve  Months,  300 /.  will  gain  |8  /.  in  the 
fame  Time,  and  at  the  fame  Rate, 

And 


Of  proportion,  &c. 
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And  by  the  fame  Rule  3tis  plain,  that  if  12  Months  will  pro¬ 
duce  or  give  18  /.  Interefl  for  300  /.  then  5?  Months  mull  needs 
give  13^  for  the  fame  Sum,  viz •  300  /. 

The  Double  Rule  of  Three  Inverfe  is,  when  the  fixth 
Term  or  Number  fought  is  found  at  two  Operations, 
(as  before).  But  one  of  them  requires  an  Anfwer  in 
Reciprocal  Proportion. 

Queflion  2.  If  6  Bufhels  of  Oats  will  ferve  4  Horfes  8  Days,  how 
many  Days  will  21  Bufliels  ferve  16  Horfes  at  the  fame  Rate  of 
Feeding  > 

This  Queflion  being  parted  into  two  Pofitions,  the  firfl  will  be 
thus : 

If  6  Bufliels  of  Oats  will  ferve  4  Horfes  8  Days,  how  many  Days 
will  2 1  Bufliels  ferve  them  ? 

Here  3tis  plain  that  21  Bufliels  will  ferve  them  longer  than  4. 
Bufliels  5  therefore  the  firfl  Pofition  falls  in  Direft  Proportion. 

Th  nr  5  Bujh.  T)ays.  Bulb-  Days. 

9  C  6  :  8  ::  21  :  28 

8 

6)  i<58  (28  Days; 

.  That  is,  if  6  Bufliels  will  ferve  4  Horfes  8  Days,  21  Bufliels  will 
ferve  them  28  Days. 


The  next  Pofition  mufl  be  to  find  how  long  the  faid  21  Bufliels 
will  ferve  16  Horfes  at  the  fame  Rate  of  Feeding :  3Tis  plain, 
that  21  Bufliels  cannot  ferve  Horfes  fo  many  Days  as  they  will 
ferve  4  Horfes  j  therefore  this  fecond  Pofition  falls  in  Reciprocal 
Proportion. 


Thnc  S  Horfes.  Days.  Horfes .  Days . 

’  £  4  :  28  :  :  15  :  7  the  Anfwer  required.’ 

After  the  like  Manner  any  Queflion  in  the  Double  Rule  of  Three 
may  be  anfwered  by  two  fingle  Pofitions,  if  Care  be  taken  in  da¬ 
ting  them  right,  viz.  Whether  their  Operations  mufl  be  perfor¬ 
med  by  the  Single  Rule  Direct,  or  Inverfe. 

But  all  Qiieflions  in  this  Double  Rule ,  where  five  Numbers  are 
propofed  to  find  a  fixth,  may  more  ealily  and  readily  be  anfwered 
by  one  General  Theorem ,  which  comprifed  both  the  Dirett  and  Inverfe 
Rules :  without  confidering  either  of  them,  being  deduced  from 
the  fingle  Operations  before-going. 

But  firfl  you  mufl  carefully  note,  that  in  all  Queflions  of  thi$ 
feature,  three  of  the  five  propofed  Terras  are  always  conditional 

and 
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As 


and  fuppofed ;  and  that  the  other  two  move  the  Queftion. 
for  Inftance  in  Example  i. 

Viz.  If  loo  /.  will  gain  6  /.  in  12  Months :  Thefe  three  Terms 
are  only  fuppofed  or  conditional.  Then  comes  the  Queftion; 
What  will  300  /.  gain  in  5?  Months?  Now,  in  order  to  raife  the 
General  Theorem,  let  us  fuppofe,  inftead  of  Numbers,  thefe  Let¬ 
ters. 


P=:ioo.  The  Principal. 
ffe.Let  <  12.  The  Time. 

G=:  6.  The  Gain. 

00.  The  Principal. 
And  <  r  ==  9.  The  Time. 

13, s'  The  Gain. 

Gp.  


Then  P  :  G 


:p: 


HI 


In  the  Suppofition 
of  any  propofed 
Queftion. 

The  Three  Terms 
wherein  the  Que¬ 
ftion  lies. 

The  Produdt  of  the  two  Means 
divided  by  the  firft  Extreme. 


That  is,  100 :  6  : :  300  x  6 


loo 


Then  T  : 
Viz,*  Irl 


2£. 

p* 

18: 


Which  is  the 
firft  Part  of  the 
Queftion. 

Which  is  the 
fecond  Part  of 
the  Queftion. 


»»  T& 


:  9  :  im 

H That  is,  the  Produdtof  the  Extremes 
is  equal  to  that  of  the  Means. 

Confequently,  TgP=:Gpt-  Is  the  Theorem . 

This  Tfieorem  affords  two  Rules  by  which  all  Queftions  in  this 
Double  Rule  of  Three,  or  rather  of  five  Numbers,  may  be  refolved; 
due  Regard  being  had  to  the  true  placing  down  of  the  propofed 
Terms,  which  muft  be  thus: 

Always  place  the  three  Conditional  Terms  in  this 
Order  ;  Let  that  Number  which  is  the  principal  Caufe 
of  (Bain,  ilcfiS,  or  flctloit,  &c.  (viz.  <P.  )  be  put  in  the 
firft:  Place  5  That  Number  which  denotes  the  Space  of 
®tme  or  2)tftance  of  Place,  &c.  ( viz .  T.)  be  put  in  the 
fecond  Place.  And  that  Number  which  is  the  (Katft, 
=Lof£,  or  action,  &c.  (  viz,,  G.  )  be  put  in  the  third  Place. 
Now  according  to  thefe  Directions  the  Conditional 
Terms  of  the  laft  Queftions  will  ftand  thus  *  CP.  T.  G . 

That  done,  place  the  other  two  Terms  which  move 
the  Queftion,  underneath  thofe  of  the  fame  Name. 

AhuSi  1  f.t.  Then 
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Then  if  the  Blank  or  Term  fought,  fall  under  the  third  Place, 
as  in  this  Queftion,  , 

•  • 

It  will  be  ^^—==:g.  Which  gives  this  Rule* 

*  'j  •;»  .  p  ,  1  <  •  \ 

Multiply  the  three  loft  Terms  together  for  a 
Rule  1  3  Dividend',  and  the  two  firft  together  for  a 
Divifor ,  the  Quotient  arifing from  them  will 
he  the  fixth  Term. 

'  •  r  % 

That  is,  in  our  propofed  Example  r. 

Thus  6X300X9=16200  The  Dividend. 

And  100X12=1200  The  Divifor. 

Then  I200)  16200  (13^  The  Anfwer.  As  before: 

But  if  the  Blank  or  Term  fought  fall  under  the  firft  Place, 
then 

It  will  be  =? 

Or  if  the  Blank  fall  under  the  fecond  Place, A 
It  will  be.5-~ir^-=t  Either  of  thefe  give  this  Rule.' 


;lzp 

f  Gp 

Multiply^  the  firft,  fecond  and  laft  Terms  toge- 
Rule  2  3  ther for  a  Dividend :  dud  the  other  two 

together  for  a  Divifor  *  the  Quotient  arifing 
from  them  will  he  the  fixth  Term . 

And  becaufe  our  Example  2.  falls  under  the  Confideration  both 
of  Dirett  and  Reciprocal  Proportion,  let- it  be  here  propos'd  again. 

Viz*  If  6  Bulhels  of  Oats  will  ferve  4  Horfes  8  Days ;  how  ma¬ 
ny  Days  will  21  Bulhels  ferve  16  Horfes,  &c. 

If  the  Terms  of  this  Queftion  be  placed  down  as  before  direct¬ 
ed  they  will  ftand 

C Horfes  Day\. v  Bujhels.  / 

Thus  <  4*8.6  Terms  in  the  Snppofition.’ 

C  16  2 1 

Here  the  Blank  falls  under  the  fecond  Place,  therefore  it  muft: 
be  found  by  the  fecond  Rule. 

Thus  4X8X21=672  the  Dividend. 

And  16X6=96  the  Divifor. 

Then  96)  671  (7  the  Anfwer  as  before. 

O  '  Quejf. 
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Qnejl.  3.  What  Principal  or  Stock  will  gain  20  /.in 8 Months  at 
6  per  Cent .  per  Annum. 

Brin.  Time.  Gain 

ioo.ia  .  6  Terms  in  the  Suppoiitioit. 

.  8  .  20 

In  this  Queflion  the  Blank  falls  under  the  firft  Place,  therefor# 
it  mu  ft  be  found  by  the  fecond  Rule. 

Thus  100X12x20=24000  the  Dividend. 

And*  8X6=48  the  Divifor. 

Then  48)  24000  (500/.  the  Anfwer  required. 


The  Proof  of  all  QuefHons  in  this  Double  Rule  of  Five  Num¬ 
bers,  is  bed  perform’d  by  varying  the  Queflion  ;  viz.  by  Hating  it 
in  another  Order,  as  in  the  laft  Example :  Thus, 

If  100/.  gain  6  l.  in  12  Months,  what  will  500  /.  gain  in  8 
Months  > 

The  Anfwer  to  this  QueHion  mull  be  20  /.  if  the  Work  of  the 

lall  Example  be  true. 


Stated  thus 


Print.  Time. 
loo  .  12 

500  .  8 


G/m. 

6  i-  then  per  Rule  i< 


500X8X6=24000.  And  100X12=1206 

Then  1 200)  24000  (20.  the  Anfwer,  &c 


Queft.  4.  If  Two  Men  can  do  11  Rods  of  Ditching  in  6  Days^ 
How  many  Rods  may  he  done  by  8  Men  in  24  Days,  at  the  fame 
Rate  of  Working. 

Anfnv.  1 92  Rods. 


r  2 we/f.  5.  If  the  Carriage  of  5  C.  3  qr.  Weight,  jfo  Miles;  cofl 
3  /.  7  5.  4  d.  What  mull  be  paid  for  the  Carriage  of  7  C.  2  qr.  if 
lb  Weight,  64  Miles ;  at  the  fame  Rate. 

Anfw.  I  /.  1 8  I.  7  £  d. 


QlL'ft-  f-  If  8  Men  deferve  2  /.  Wages  for  5  Days  Work,  How 
much  will  32  Men  deferve  for  24  Days;  at  the  fame  Rate. 

An  w.  38  /.  $  j. 


Qllfft-  7*  Suppofe  a  Hundred  Pounds  would  defray  the  Etf- 
pences  of  five  Men  for  twenty  two  Weeks  and  fix  Days.  How 
iong  would  twelve  Men  be  in  [pending  of  one  hundred  and  fifty 
lounds,  and  at  die  fame  Rate. 

/  Anfw.  14  W  eeks  and  2  Days. 

C  I  I  A  Pi. 
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CHAP.  VIII. 

Of  Trading  in  Company ;  ufually  called  the  IRuTe  of  jf  ft* 

lottifljtp;  Jlfo  leartetinj,  W<£jccljangingc|/X«»f,&c. 

THE  of  Fetlowjhip,  is  that  by  which  the  Accompts  of 
feveral  Partners  trading  in  a  Company,  are  fo  adjulted  or 
made  up,  that  every  Partner  may  have  his  juft  Part  of  the  Gain, 
or  fuftam  his  juft  Part  of  the  Lofs;  according  to  his  Proportion 
or  Share  of  Money  he  hath  in  the  Joint-Stock:  Now  this  falls 
under  two  Conliderations,  called  the  Single  and  .Double  Rules  of 
Feltowjhip. 

Set St,  x>  The  Single  111  tile  of  jFellOtt)fi)ip  ;  viz.  That 

without  Time. 

By  the  Single  Rule  of  Fellowfhip ,  are  adjufted  the  Accompts  of  thofe 
Partners  that  put  all  their  feveral  and  perhaps  different  Sums  of 
Money,  into  a  common  Stock  at  one  and  the  fame  Time  ;  and 
therefore  ’tis  ufually  call’d  the  Rule  of  Fellowjhip  without  Time  : 
Now  all  Queftjons  of  this  Nature  are  aniwered  by  fo  many 
feveral  Operations  in  the  Rule  of  Three  Direct,  as  there  are  Partners 
in  the  Stock. 

4  For  ;  as  the  total  Sum  of  Money  in  the  Stock  is  in  Proportion 
‘to  the  whole  Gain  or  Lofs  ;  fo  is  every  Man’s  particular  Part  of 
5  that  Stock;  to  his  particular  Share  of  that  Gain,  or  Lofs. 

Uuejl.  i.  There  are  three  Partners,  luppofe  A,  B ,  and  C,  make  a 
Joint-Stock  of  96  /.  in  this  Manner. 

A ,  puts  in  2.4  l.  B,  puts  in  32  l.  and  Cs  puts  in  40  /.with  this 
$6  /.  they  trade  and  gain  12  /.  ’Tis  required  to  find  each  Man’s 
true  Part  of  that  Gain. 

The  firft  Operation  for  A' s  Part  of  the  Gain  will  ftand 
Thus  96  t  :  12  /  :  :  24  /  :  3  t.=:As  Gain. 

Secondly,  96  l  ;  12  /  :  :  32  /*:  4  l.  ~£\s  Partof  the  Gain. 

Again,  96  l  :  12  /  :  :  40  /  :  j  /.  j=s  Cs  Part  of  the  Gain. 

Proof  3/.  +  4  /.  T  <r  /.  ~iz/.  the  whole  Gain. 

That  is,  if  the  Sum  of  each  Man’s  particular  Gain,  amount 
to  the  whole  Gain,  the  VVorkis  true;  if  not,  fome  Error  is  com¬ 
mitted  which  mu  ft  be  found  out. 

Note ,  Thefe  Operations  will  he  very  much  abbreviated,  if 
you  work  them  by  Theorem  2.  Page  87.  For  here  96  is  a  common 
Antecedent,  and  ix  is  th$  common  Conlequent  in  ^11  the  thre? 
Proportions, 

Q  2  ‘  There-. 
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Therefore  94  :  12  :  :  1  :  0,115  *s  a  common  Mukiplicator. 

Then  24  X  0,125  — 3 /.for  A*s  Part  7  • 

And  32  x  0,125  =4  for  B’sPart  >.  As  before. 

Again  40  X  0,125  =:  5  /.  for  C’s  Parc  3 

Now  this  Method  is  more  readily  perform’d  than  the  other, efpe- 
cially  when  the  Partners  are  many  j  becaule  one  (ingle  Divilion 
ferves  for  all  the  Work. 

Qwft.  2.  Three  Merchants,  A,  B,  and  C,  freight  a  Ship  with  248 
Tun  of  Wine:  thus,  >4  loaded  98  Tun,  B  84  Tun,  and  C  64.  Tun. 
By  Extremity  of  Weather  the  Seamen  were  forc’d  to  call  or  throw 
93-Tun  of  it  over  board.  How  much  of  this  Lofs  mud  each  Mer¬ 
chant  fuflain  > 

Eirft  248  :  573  : :  1  :  0,375  the  common  Multiplier. 

Then  98  X  0:375  =:  34,75  for  A’s  Lofs. 

And  84  X  0,375  =3  32,25  for  B’s  Lofs. 

Again  64  X  0.375  =24,  for  C7’s  Lofs. 

Proof  93,00  c=5  the  whole  Lofs. 


Now  if  the  Quedion  were  to  find  how  much  of  the  remaining 

.Wine  that  was  faved,  belongs  to  A ,  to  B ,  and  to  <7. 

%  ■ 

Then  98 — 34,7  5=41. 25  belongs  to  A. 

And  84— 32,25=53,75  belongs  to  B. 

And  44* — 24,  =40  belongs  to  C. 

That  is.  A  ought  to  have  4i  Tun  and  43  Gallons.  B  ought  to 
have  5.3  Tun  and  189  Gallons.  And  C  ought  to  have  40  Tun  of 

what  was  left. 

* 

Queft.  3.  Suppofe  fix  Men,  viz-  A ,  B,  C}  Z>,  E,  and  F,  make  a 
Joint-Srock  of  2558  /. 


Thus 


l 

A  puts  in  654 

B~~ - 543 

C . —480 

V — — - — 25-4 

E - 345 

F - 16  o 


J.  Decimals. 
1 0  =  454.5' 

15  =  543.75 
00  =:  480, 
lo  =2  254,5 
05  2=  345,25 

GO  2=  24 O, 


The  whole  Stock  2558  .  oc 
dion. 


55 8;oo,  according  to  theQue- 

With 
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With  this  Stock  of  2558  /.  they  trade  eighteen  Months,  and 

gain  831  /.  7  j.  ’Tis  required  to  find  every  Man's  Parc  or  Share 
of  that  Gain. 

Note,  Altho'  the  Time  of  Trading,  viz,.  Eighteen  Months  be 
mentioned  in  the  QuefHon ;  'yet  Jtis  no  Way  concerned  in  an- 
fwering  of  it;  as  you  may  obferve  by  the  following  Work. 

Firft,  2778  /.  :  831,37  4  :  :  I  l  :  0,327  Decimal  Parts. 
Confequently,  1  /.  :  0,327  :  :  *74, 7  :  212,7127.  That  is, 

A’s  Stock  674,7  Xo, 327=212, 7127  for  A, 

B’s  Stock  743575X0,325=17^,71877  for  B. 

Cys  Stock  480,  xo,32j=i 56,000  for  C. 

V's  Stock  27457x0,327=582,7127  forP. 

„  E’s  Stock  367,27X0,327=118,70627  for  E. 

Fs  Stock  260,  Xo,32  7=  84,7  for*£ 

/.  parti  /.  s.  d. 
rcA  Gains  212,7127  =212.  14.  03 
|  B' - —17^71877=176  .  14  •  04  i 

C — - 176,0000  =176  .  00  .  00 

P—  ■  82,7127  =  82  .  14  .  03 

j  E— - 118,70627=118  .  14  .  01  i 

^F - -  8^)7  =  84  .  Io  .  00 

Proof.  Sum  831,37  =831  .  07  .  00 

I  have  omitted  refolving  this  Queftion  according  to  the  ufual 
Method  (as  before  d  i  retied  )  or  finding  every  Man’s  particular 
Parc  of  the  Gain  by  the  Golden  Rule,  as  in  the  firil  Work  of  Ex¬ 
ample  1.  leaving  that  for  the  Learner’s  Pra&ice. 


Se6t  2.  The  SDoilble  IRttXr  of  jf ellotofljip  5  or  that  with  Time. 

This  is  ufually  called  the  Double  Rule  of  FeUowjbip •  becaufe  every 
particular  Man’s  Money  is  to  be  confidered  with  relation  to  the 
Time  of  its  Continuance  in  the  Joint  Stock. 

Quejiion  1.  A  and  B  join  in  Partnerfhip  upon  thefe  Terms,  viz ;• 
A  agrees  to  lay  down  100  /.  and  to  employ  it  in  Trade  3  Months: 
Then  B  is  to  lay  down  his  100  /.  and  with  the  whole  Stock  of 
200  /.  they  are  to  trade  3  Months  more.  Now  at  the  End  of  that 
Time,  they  find  their  whole  Gain  to  be  21  /.  ’Tis  required  to 
know  what  each  Man’s  Part  of  the  Gain  ought  to  be,  according  to 
his  Stock,  and  the  Time  of  imploying  it. 


That  is. 


Here 


-*  /  V  Jk  A:  r" 


Part  I. 


» 

1-02 


Here  it  is  but  reafonable  to  conclude,  that  A .  ought  to  gain 
more  than  B.  notwithftanding  their  Stocks  ot  Money  are  equal  \ 
becaufe  A.  imploy’d  his  Money  a  longer  Time  than  B. 

Now  for  iolving  of  this  Queftion,  let  us  fuppofe  A’s  too  /•  em* 
ployed  the  firfl:  3  Months  to  gain  2T  =  a  Sum  as  yet  unknown  ; 
then  it  muft  gain  2 Z>  in  6  Months;  ami  to  find  what  B  mull  gain 
it  will  be. 


/.  .  Months 

too  .  6  ,  ra!n?  Per  Rute  1 *  Pa&e  97' 

loo  .  3  .  To  jB  s  GainA  1 

loo  X  3  X  iZ_ 


Ergo 


loo  X  6 


B’i  Gam. 


!  v'ut  A*s  Gain  added  to  B’s  Gain  muft  =3  21  /.  the  whole  Gain 
the  Queftion, 

\  c  '100x3x2^ 

Therefore  2  ZA - — - - =21  /. 

1  100X6 


That  is,  100X6X  2Z+100X  3 X  iZ=2i  X  loo X  6, 
.Which  contracted  is,  900  X  iZ^zi  X  600. 


Confequently  2 which  gives  the  following  Analogy, 

900 

Viz-  900  :  21  : :  600  : 2 Z^i 4  A  for  A  s  Gain. 

And  900  :  2 1  :  :  100  x  3  =  300 :  7 1 .  for  B  s  Gain. 


Now  this  Way  of  Arguing  hath  not  only  refolved  the  prefent 
Queftion ;  but  it  alfo  affords  (and  demonftrates)  a  general  Rule 
for  refolving  all  Queftions  of  this  Nature,  be  the  Partners  never 
Jo  many. 


r Multiply  every  'particular  Mans  Stocky  with, 
the  ''Tints  it  is  employed }  then  it  will  hey 
“  w  the  Sum  of  all  thofe  Vrodutfs  ;  If  to  the 

mUU*  <  whole  Gain  (or  Lofs ).  «So  one  of  thofe 

TroduBs  3  proportional  Tart  of  ihxflt 

v  whole  Gain  (or  Lofs ) 

Queflion  z  Three  Merchants  <4-  B.  and  C-  enter  into  Partnerfhip 
thus;  A.  puts  into  rhe  Stock  £<$  l-  lor  8  Months ; B.  puts  in  78  l.  for 
12  Months  and  c  puts  in  8 a  A  for  6  Monties.  With  theie  they  trat- 
fick.  and  gain  /  1 2 1-  JTis  required  to  find  each^  Man  s  Share  or 

the  Gaip,  proportionable  to  his  Stock  and  Time  pf  employing  it. 

I.  A  $, 
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1.  As  Stock  65  l.  x  8  Months,  the  Time  it  was  employed  =  520 

2.  B‘s  Stock  78  /.  x  1 2  Months,  the  Time  it  was  employed  =  93 $ 

3.  C’s  Stock  84  /.  x  6  Months,  the  Time  it  was  employed  =  704 

The  Sum  of  thofe  Produftis,  i960 

Then,  according  to  the  Rule,  the  feveral  Proportions  will  (land 
thus, 

i960  :  1 66,6  : :  5*20  :  44,2  =  44  /.  4  $.  0  d.  for  A. 
i960  :  166,6  ::  936  :  79  56—79  I.ns.iid.  for  B, 
i960  :  1 66,6  :  504  :  42,84=42  /.  \6s.9kd.  for  c. 


The  whole  Gain=i66  /.  12  s.od. 

Or  you  may  work  as  in  fome  of  the  former  Examples,  viz.  by 
finding  the  proportional  Part  of  the  Gain  due  to  one  Pound,  CiT'cv 

Thus,  i960  :  1 66)6  : :  1  :  0,085  the  common  Multiplier. 

Then  520X0,085=44,1  for A.O 

And  936X0,085=79  56  for  B \  &c.  As  before. 

And  504X0.085=42  84  for  C.j 

Queftion.  3.  Six  Merchants,  viz.  A.  B.  C .  T>.  E.  and  F.  enter  into 
Partnerlhip,  and  compofe  a  Joint-Stock  in  this  manner  3 


f: 


A  puts  in 

B  - - 


yiz..  ^  D 

E 
F 


{ 


/. 
64. 
-  78 
•loo 
•  80 

,  74 

I25 


J. 

IO) 

00 


r 


10  I>  for  < 

Is!  I 

V. 


4z 

6 

81 

12 

7 


A 

1 


Months 


They  traffick,  and  gain  258  /.  18  s.  4  id-  T is  required  to  find 
every  Man's  Share  of  the  Gain,  according  to  his  Stock  and  Time  it 
was  employed.  A 

The  feveral  Stocks  of  Money,  and  their  refpedive  Times  being 
firft  brought  into  Decimals,  and  then  multiplied  together  will 
produce  thefe  following  Products. 

/.  Months. 

>4’sStock  64  5X4,5  the  Time  it  was  employed  =  290,25 
B' s  Stock  78,75X6,  the  Time  it  was  employed  =  472,5 

Cs  Stock  loo,  x8  25  the  Time  it  was  employed  =:  825,0 

I)‘ s  Stock  80,5  XU.  the  Time  it  was  employed  =  966,0 

£Ts  Stock  74  6  X  9,5  the  Time  it  was  employed  =  708.7 

Fs  Stock  125,75X7,  the  Time  it  was  employed  =880,25 

The  Sum  of  thofe  Products  =  4142,7 
.  ,  .  Then 
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Then  if  you  work  by  the  common  way;  it  will  be 
4141,7  :  1*8,5187? : :  150,1?  ;  18,14061?  =  18  /.  2  s  5I  d. 
for  A’s  Part  of  the  Gain  ;  and  To  on  for  the  reft. 

But  if  you  work  by  the  eafieft  Way,  viz.  by  finding  the  pro} 
portional  Part  of  the  Gain  due  to  one  Pound. 

Thus  4141,7  :  2*3,5187? :  :  1 :  0,061? 

I .  s.  d. 

Then  25o,i?Xo,o6i?~l8,l4o^2*“l8  •  1  I  $%  for  A 

And  472,7  Xo,o62?=;i5,?3l2?  ^29  .  io  .  y\  for  B 

82?,  Xo, 062  ?:=7 1,762?  =s?I  .11  .  3  for  C 

$66,  Xo,o62?=r6o,37?  z=z6o  ,  7,  .  6  for  D 

708,7  Xo,o62?=:44.2537?  =144  .  ?  .  Io£  for  £ 
f  8.8o,2?Xo,o62?=:7 7,01762?=;*?  .  o  .  3I  for  F 

The  whole  Gain  t=  2*8  .18  .  4% 

Thefe  few  Examples  being  well  underftood,  are,  I  prefume^ 
Efficient  toftiew  the  whole  Bufinefs  of  Fellowihip,  &c. 


Se<a.  3.  Of  bartering. 

When  Merchants,  or  Tradefmen,  exchange  one  Commodity  for 
another,  ’tis  called  Bartering ;  and  the  only  Difficulty  in  this  Way 
of  Dealing,  lies  in  the  due  proportioning  the  Commodities  to 
be  exchanged ;  fo  as  that  neither  Party  fuftain  Lofs. 

Queftion  I.  Two  Merchants,  A.  andB.  Barter?  A.  would  exchange 
?  C.  3  qri.  14  ft  of  Peppery  which  is  worth  3  /.  io  j.  per  C.  with  B. 
for  Cotton ,  worth  10  d.  per  ft  Weight.  How  much  Cotton  muft  B. 
give  to  A.  for  his  Pepper  ? 

Note ,  In  order  to  the  refolving  of  this  Queftion,.  (  and  all  o- 
ther  Queftions  of  this  Nature)  you  muft  firft  find,  by  the  Rule  of 
Three,.  (  or  otherwife  )  the  true  Value  of  that  Commodity  whofe 
Quantity  is  given;  (which  in  this  Queftion  is  Pepper).  And  then 
find  how  much  of  the  other  Commodity  will  amount  to  that 
Sum,  at  the  Rate  propofed. 

Firft  7  C .  3  qrs.  I4ft— *,87*?.  nec:ma!- 
And  3/.  ip  j.  c  d.  =3,7  D  Cima  s' 

Then  1  :  3,7V  ;  5,875  :  20,5627  =  20  /. 11 5.  3  d.  the  true  Va¬ 
lue  of  the  Pepper. 

Next,  ftis  eafy  to  conceive,  that  A.  ought  to  have  as  much 
Cotton  at  10  d.perti,.  as  will  amount  to  20  1.  11  s.  3  d.  which  may¬ 
be  thus  found  ; 

*°  d. :  1  ft.  : :  20  1.  11  j.  3  d™ 4237  d.  :  493,?  ft. 

•  That 
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That  is,  4  6.  1  qr.  17^  ft  of  Cotton.  And  fo  much  B  muft  give 
to  A  in  Exchange  for  his  5 r  C7*  3  qri.  14  ft  of  Pepper. 

Qr^Jlion  2.  Two  Merchants  A.  and  B.  Barter  thus,  A .  hath  8 6 
Yards  of  broad  Cloth  worth  9  j.  2  d.per  Yard,  ready  Money  ;  buc 
in  Barter  he  will  have  us.  per  Yard.  B.  hath  Shalloon  worth  2  s. 
I  d.  per  Yard  ready  Money;  JTis  required  to  find  how  many  Yards 
of  the  Shalloon  B.  muft  give  to  A.  for  his  Cloth,  to  make  his  Gain 
in  the  Barter  equal  to  that  of  A  s. 

The  Method  of  refolving  this,  and  the  like  Queftions,  differs  a 
little  from  the  laft  Cafe;  for  in  this  you  muft  nrft  find  what  Ad¬ 
vance  B.  ought  to  make  per  Yard  upon  his  Shalloon,  in  Proporti* 
on  to  what  A.  hath  done  upon  a  Yard  of  his  Cloth.  j 

Ss*  d.  d.  S*  d.  S-  d.  d.  s»  d,  d. 

c  9-  *=uo  :  11=132  :  :  2. 1=2*  r  2.  6=30 

the  advanced  Price  for  a  Yard  of  B’s  Shalloon.  Then  proceed  as 
before  in  the  laft  Example. 

Thus  1  Yard  :  11  s.  : :  86  Yards  :  246  s.  =  47  1.6  s.  the  advanced 
Value  of  all  the  Cloth. 

Next,  If  2  s.  6  d.  will  buy  one  Yard  of  Shalloon,  at  its  advanced 
Price,  how  many  Yards  will  47  /.  6  s.  buy  ? 

Thus  2,?  :  1  :  :  94 6  :  378,4  Yards. 

That  is,  B.  muft  give  378^  Yards  of  his  Shalloon  to  A .  for  his 
86  Yards  of  broad  Cloth. 

Thefe  two  Examples  are  fufftcient  to  ftiew  the  Learner,  that  the 
Method  ot  Bartering,  or  Exchanging  Commodities  for  Commo¬ 
dities,  wholly  depends  upon  a  clear  Underftanding  of  the  Golden 
Rule;  which  indeed  is  fo  called  becaufe  of  its  Uniyerfal  Uie. 


Seft.  4.  Of  Cjctyanjins  Coins.  - 

Exchanging  the  Coins  of  one  Country  for  thofeof  another  is 
like  the  Bufinefs  of  Bartering  Commodities.  That  is,  it  confifts 
in  finding  what  Sum  of  one  Country  Coin  will  be  equal  in 
Value  to  any  propofed  Sum  of  another  Country  Coin.  And  in 
order  to  perform  that,  it  will  be  very  neceffary  to  have  a  true  Ac¬ 
count  at  all  Times  of  the  juft  Values  of  thofe  Foreign  Cnins 
which  are  to  be  exchanged,  as  they  are  compared  in  Value  with 
our  Englifl)  Coin. 

I  fay,  at  all  Times,  becaufe  the  Pur  of  Exchange  (as  the  Mer¬ 
chants  call  it )  differs  almoft  every  Day  from  London  to  other 
Countries.  That  is  it  rifes  and  falls,  according  as  Money  is 
plenty  or  fcarce;  or  according  to  the  Time  allowed  for  Payment 
of  the  Money  in  Exchange,  &c. 


P 


Thofe 
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Thofe  that  defire  to  be  fully  fatisfied  in  the  common  Values  of 
Foreign  Ccins:  may  find  them  in  a  Book  called  the  Merchants  Map 
cf  Commerce,  which  for  Brevity’s  fake  I  have  omitted  Tranicribing, 
anti  only  collected  thefe  few  of  Coin. 


jFojeign  Coin. 


iFtencl)  Coins*. 


ILoto-Counttp  Coin. 


CngUtt) 

Coin. 

/.  j.  d* 


Cetman?.  f 


In  31 1 alp  and  &painX 


A  Denier  — 
12  Demersal  Soulz:= 
20  Soulz— r  Livre=: 
3  Livress=:i  Crown  c=; 

A  Stivers 
6  Stivers=iFlemifli  Shilling  s= 
20  Stivers— I  Gilder 
io  Gilders=:33|  Shillings?  __ 
or  a  Fiemilh  Pounds 
r  Embdem  Doller  = 
XCampen  Doller  — 
A  J  Zealand  Doller  = 
y  ^Lyons  Doller  = 
/  Specie  Doller  = 
Ducatoon  = 
ARix  Doller  of  the  Empire  = 
A  Gilder  of  Nuremberg  = 
The  Livre  at  Leghorn  = 
Florence  Crown  Courrant  as 
Venice  Ducat  de  Banco  c=3 
The  Currant  Ducats 
The  Naple  Ducat  — 
The  Cadiz  Ducat  — 
The  Barcelona  Ducat  — 
The  Valentia  Ducat  — 
The  Bergonia  Ducat  = 
The  Portugal  Tefioon  — 
The  Piece  of  Eight  — 


o.o.  oT|r 

0.0.  0-^(j 

o.l.6 
0.4 .6 
0.0 . I  r 
0.0.7  i 
0.2.0 

1*0*0 

0*2*3  f 

0*2*7  T 

0*3*0 
0*4*0 
o  •  5  •  o 
0*6*3  f ■ 
0*4*5  * 
0*7*1 
0*0*9 
0*5*3 
o  •  4 
0.3 
0.5 
o 


o 

o 

o 

o 

o 


4 
4 

o 

5  -6  I 

6  •  o 

4  -4 

*  *3 
4  •  6 


Note,  The  ’EngUJb  generally  reckon  their  Exchange  with  other 
Countries  by  Pence,  viz •  other  Countries  value  their  Crowns, 
Dollers,  or  Ducats,  &c.  by  Englijh  Pence,  except  with  fome  Parts 
of  the  Low-Countries,  with  whom  the  Exchange  is  in  Pounds  Ster - 

Queft.  I.  How  many  Dollers  at  4  s.  6  d.  per  Doller,  may  one  have 
for  162  /.  18  j.  Answer,  724  Dollers. 

Thus 
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Thus  i6z  l.  18  j.^3258  s.  and  4  s.  6  d.=4,3  *• 

Then  4,3 : 1  :  :  3 2, J 8  :  724  the  Anfwer. 

Quefi.  How  many  Surigofx  Ducats  of  3  s.  6  d.  the  Ducat  may  be 
had  for  27 3  Bergonu  Ducats,  at  4  J.4  d.  the  Piece: 

Anfwer,  z\6  and  3  5.  8  d.  over. 

Thus  3  s.  6  d.=66  d.  and  4  j.  4  d.=32  d. 

Then  27 5X5; 2=14300  d.=  27?  Ducats. 

Confequently  66)  14300  (2i6f  the  Anfwer  requir’d.' 

•  -  •  (  *  ‘  ".1  _  . 

Queft.  3.  A  Traveller  w.3uld  change  233  /.  16  j.  8  d.  Sterling  Mo¬ 
ney  ;  for  Femes  Ducats  at  4  s*  9  i  T  fer  Ducat.  How  many  Ducats 
muft  he  have  ? 

Anfwer,  976  Ducats. 

Thus  4  S.  9^  d.=37,f  d.  and  233  /.  16  s.  8  d.=36i2o  d. 

Then  37,3  d.)  36120  d.  (976  the  Anfwer  required. 

Qms/£.  4.  A  Caftiier  hath  received  739  Ducats,  at  7  s.  6  d.  per  Du- 
catj  And  379  Dollers  at  4  s.  8  d.  per  Doller:  Which  he  would  ex¬ 
change  for  Fletnijh  Marks  at  14  5.  3  d.per  Piece.  How  many  ought 
he  to. have  ? 

Anftver,  389  Marks,  and  13  d.  over. 

For  7  s.  6  d =90  d.  and  4  s.  8  d.  =  36  d. 

Tjien  S  73  9X90=68  310  d.  the  Value  of  the  Ducats:  -1 
n  c  379X36=3 2424  d.  the  Value  of  the  Dollers, 


their  Sum  =100734  d. 

And  14  s.  3  d.=i7 1  d.  the  Be  wifi)  Mark  in  Pence, 

Confequently  171)  100734  (389  the  Anfwer  required. 

Quefi.  3.  A  Bill  of  Exchange  was  accepted  at  London  for  the  Pay¬ 
ment  of  400  l.  Sterling ,  for  the  like  Value  delivered  in  Amjierdcim , 
at  1  /.  1 3  $•  6  d<  for  1  /.  Sterling.  How  much  Money  was  delivered 
at  Amfterdatn  ? 

Anftver,  670  l.  Bemijh. 

For  1  J.=24o  d.  and  1  /.  13  s.  6  d=  402  d. 

Then  140  :  402  ; :  400  :  670  The  Anftver  required. 

Quefi.  6,  When  the  Exchange  from  Antwerp  to  London  is  at  T  /.  4  £ 
7  d.  Bemifb ,  for  1  /.  Sterling :  How  many  Pounds  Sterling  muft  be  paid 
at  London ;  to  ballance  236  l.  Flemifj  at  Antwerp? 

Anfwer,  192  l.  Sterling. 

Thus  1  /.  4  j.  7  d.=2  93  d.  and  I  /.= 240  d. 

Then  293  :  240  :  :  236  :  192.  The  Anftver. 

P  2  gwes?? 
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Qjjflt.  7.  A  Merchant  delivered  at  London  1 20  1.  Sterling  to  receive 
I47T  Flemjh  in  Amjtetdam.  How  much  was  I  1.  Sterling  valued  at, 
in  Flemijh  Money ? 

Anfwer,  I  1.  4  5.  6  d. 

(  Thus  110  :  147  :  ‘  240  d. :  294  d.=i  1. 4  s.  6  d.  &c. 

{heft.  8.  A  Fa<5ior  hath  fold  Goods  at  Cadiz,  for  1468  Pieces  of 
Eight;  valued  at  4  1.  6^  d-  Sterling  per  Piece.  How  much  Sterling 
Money  do  thofe  Pieces  of  Eight  amount  to. 

Anfwer ,  333  1.  7  J.  2  d. 

Thus,  if  i==:?4.5  d .  then  1468X 54,  j=8ooo6  d.  &c. 

r  Quefi.  9.  A  Traveller  would  have  an  equal  Number  of  Crowns 
at  5  s.  6  d .  per  Crown;  and  boilers  at  4  j.  $  d.  per  Piece  ;  How 
many  of  each  Sort  may  he  have  for  305?  1.  8  s. 

Anfw.  624  of  each. 

Thus  309  1.  8  j.  £=7425:6  d. 

-  And  5  s.  6  cf.  +  4  5.  5  d.—i  19  d. 

Then  119)  74256  (624.  the  Anfwer required. 

Qtiefl.  Jo.  Suppofe  I  would  exchange  *27  1.  17  j.  6  d.  for  Dollers 
at  4  j-  6  d-  a  Piece,  Ducats  at  5  s.  8  d.  a  Piece,  and  Crowns  at  6  s. 
1  <t  a  Piece.  And  would  have  2  Dollers  for  1  Ducat,  and  3  Dol¬ 
lers  for  2  Crowns.  How  many  of  each  fort  mull:  I  have? 

Anfw;  927  Dollers,  4 63^  Ducats,  and  6 18  Crowns.  * 

C  54  d.  ~  1  Doller.  ^ 

For  <  68  d .  =  1  Ducat.  >  Queftion. 

C  73  d.  =:  1  Crown.  3 
And  12669°  d.^  527  1.  1 7  6  d. 

Now  if  the  Crowns,  Dollers,  and  Ducats  were  to  he  equal  in 
Number  ;  then  7£-f-.?4+68  mull  have  been  the  Divifor,  by  which 
126690  mull  have  been  divided,  and  the  Quotient  would  have 
been  the  Anfwer  to  the  Queftion.  As  in  the  Jail  Example. 

But  here  in  (lead  of  their  Sum,  filch  Parts  of  them  muff  he  ta¬ 
ken  as  are  aflfigned  or  limited  by  the  Queftion  ;  that  fo  the  Num¬ 
ber  of  fome  one  of  them  may  be  found. 


And  becaufe  there  muft  be. 


2  Dollers  for  1  Ducat,  and 

3  Dollers  for  2  Crowns. 


Therefore  it  will  be  but  i  of  a  Ducat  for  one  Doller,  and  f  of 
a  Crown  for  one  Doller. 

Con- 
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Confequently,  74  +  •  +fof  73s  136%  Or  4f°  will  be  the 

Divifor  to  find  the  Number  of  Dollers. 

Thus4{°)  116690  (927  the  Number  of  Dollers. 

Then  k  of  927  =  463L  is  the  Number  of  Ducats. 

And  f  of  927  =  618  is  the  Number  of  Crowns. 

Or  if  you  pleafe  you  may  form  Divifors  to  find  either  the  Ducats 
or  Crowns  nr  it :  For  if  it  be  2  Dollers  for  1  Ducat,  and  3  Rollers 
for  2  Crowns,  as  before  ; 

Then  will  6  Dollers  be  for  3  Ducats,  and  6  Dollers  for  4  Crowns. 

Therefore,  |  J  °ff  a  \  will  be  for  I  Crown. 

Confequently,  |  of  5:4  :  +  |  of  6 8  :  +  73  =  20 7  will  be  the 
Divifor  to  find  the  Crowns  firft,  fcr’c. 

Queft.  11.  A  Caihier  is  to  receive  700  /.  He  is  offered  Crowns  at 
6  s.  lid.  per  Crown ,  which  are  worth  but  6  s.  Or  he  may  have  Dol¬ 
lers  at4S.  5  d.  the  Piece,  which  are  worth  but  4s.  4 d.  Which  of 
thefe  (hall  he  receive  to  have  the  leaft  Lofs?  And  how  much  will 
he  lofe  in  the  Payment  ? 

I  |  \  Do?ler*  =  5  i  according  fo  the  true  Values. 

1  £  1  D  oiler”  =  53’'  d-l the  advanced  Values- 

Now  to  find  which  will  be  the  leaf!  Lofs  *,  find  what  the  advanced 
Value  of  a  Doller  ought  to  be  in  Proportion  to  that  of  1  Crown. 

Thus  72  :  73,9  :  :  *2  ;  73,22,  &c.  But  he  may  have  Dollers  at 
53 d.  per  Piece,  therefore  the  Payment  in  Dollers  will  be  the  leaft 
Lofs  *,  viz.  73  is  lefsthan  73,22.  &c. 

Next,  to  find  what  the  whole  Lofs  will  be, divide  1 20000  i“?oo/. 
by  72.  and  by  73.  The  Difference  of  their  Quotients  will  be  the  Lofs. 

Thus  72)  i2occo  (2307  TPT.  And  73)  120000  (ii6^-\. 

Then  2307x1  —  2 264-5- j  ^4 3Hb  Dollers  at  4  s.  4 dL  is  the  Lofs ; 
viz .  9  2  s.  lOtfjj  d. 

There  are  other  Ways  of  anfwering  the  Iaft  Queftion,  but  this 
I  take  to  be  the  eafieft. 

Queft.  I?.  Suppofe  I  exchange  4/.  los.  led.  for  ir  Crowns 
and  7  Dollers  j  And  at  another  time  I  have  4  Crowns  and  3 

Dollers 


Part  I.- 


no 


Dollers  for  i  1.  15  s.  each  being  of  the  fame  Value  with  the  firft. 
What  is  the  Value  of  a  Crown,  and  of  a  Doller  ? 


Firft 

Second 


11  Crowns-J-7  Dollers^io^o  d.? 
4  Crowns-j-3  Dollers=;  420  d.  f 


by  the  Queftion. 


Then  in  order  to  find  the  Value  of  1  Crown,  you  mud  call  off 
the  Dollers  by  making  them  of  the  fame  Number  ;  Thus, 

33  Crowns-f-zi  Dollers  ~  3270  d.  the  firft  Multiply,  with  3. 

28  Crowns-!-*!  Dollers  :=  2940  d.  the  lecond  Multipl.  with  7. 


Then  5;  Crowns  =:  330  d.  being  their  Difference. 
Confequently  3)  330  ( 66 ==  5  s.  6  d.  is  the  Value  oi  I  Crown. 
And  4  Crowns  =  264  d. 

Then  will  3  Dollers=;42o  d. — d. 

Confequently  3)  1 56  (5id.  =  4*.  4  d.  the  Value  of  1  Doller. 


1 


CHAP.  IX. 


Of  alligation. 

WHEN  it  is  required  to  mix  feveral  Sorts  of  Ingredients  to¬ 
gether  ;  as  different  Sorts  of  Corns,  Wines,  Woolf,  Spi¬ 
ces,  or  Metals;  or  to  compofe  Medicines,  &c  the  Method  of 
proportioning  fuch  Mixtures,  is  called  the  Rule  of  Alligation .  And 
is  divided  into  two  Parts  or  Branches;  called  MEDIAL  and 
ALTERNATE. 


Sed.  1.  Of  alligation  2t?eoial. 

Alligation  Medial,  is  that  by  which  the  mean  Rate  or  Price  of 
any  Mixture  is  found,  when  the  particular  Quantities  of  the 
Mixtures  and  their  Rates  are  given:  And  is  thus  performed. 

Firft  find  the  Sum  of  all  the  Quantities  propofed  to  be  mix’d; 
And  alfo  the  Sum  of  all  their  particular  Rates. 


Rule. 


Then  the  Proportion  will  bp. 

( 

Jls  the  Sum  of  all  the  Quantities  .*  Is  to  the 
Sum  of  all  their  Rates  :  :  So  is  any  c Tart  of 
the  Mixture  :  To  the  Mean  Rate  or  Trice  of 
that  Tart. 


Queft.  I.  Suppofe  13  Bulb  els  of  Wheat  at  $  j.  the  Bufnel,  and 
I2  Bulhels  of  Rye  at  3  s.  6  d.  the  Buibel,  were  mix’d  together; 

What 
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What  is  the  Mean  Rate  or  Price,  it  may  be  fold  for  a  Bulhelj 
without  Lofs  or  Gain  ; 

This  Queftion  prepared  as  directed  above  will  ftand 

Thus  J*1?  Buftiels  of  Wheat  at  $  s.per  Buftiel,  comes  to  900  d* 
£12  Buflhels  of  Rye  at  3  i.  6  d.  each,  comes  to  5-04  d. 

27=:their  Sum.  And  their  Total  Valuer  1 404  d. 

^  Then  27  Buftiels  :  1404  d.  : ;  1  Buftiel  :  52  d™ 4  r.  4  d.  the  An - 
fmr  required. 


Queft.  2.  A  Grocer  mixeth  3 6  ft  of  Tobacco,  worth  1  s.  6  d.  a 
Pound,  with  12  ft  of  another  Sort  at  2  s.  a  ft.  And  12  ft  of  a 
third  Sort  at  1  s.  10  d.  the  Pound.  How  may  he  fell  the  Mixture 
per  Pound  ? 

ft  J.  d. 


Firft 


36  .  at  1  . 
12  .  at  2  . 
12  .  at  1  . 


6 

o 

Io 


per  ft  Amounts  to 


648  d. 
288  d. 
264  d. 


60  5=:  the  Number  of  fts.  their  Value  =  i2cod. 

Then  60  ft  :  1200  d. :  :  I  ft  :  20  d.  =;  1  s.  8  d.  the  ^»/jver  re-' 
quired. 


Quefl.  3.  A  Vintner  mixeth  314  Gallons  of  Malaga  Sack,  worth  . 
7  J*  6  d.  the  Gallon;  with  18  Gallons  of  Canary  at  6  s.  p  d.  the 
Gallon  ;  13^  Gallons  of  Sherry  at  ?  s.  the  Gallon  ;  And  27  Gallons 
of  White  Wine  at  4  s.  3  d.  the  Gallon.  JTis  required  to  find 
what  one  Gallon  of  this  Mixture  is  worth. 


Firft, 


Gal. 


at 

at 

at 

at 


j. 

7 

6 

S 

4 


per  Gallon  comes  to 


Pence 

283* 

1458 

810 

1377 


50“  the  Number  oF  Gallons.  Their  Value=r648o 

Then  90  :  <480  :  :  1  ;  72  d.  j.  The  Rate  or  Price  of  one 
Gallon,  as  was  required. 

_  r 

The  Proof  of  all  Operations  in  thefe  Sort  of  Mixtures,  is  done 
by  comparing  the  Value  of  all  the  Mixture,  being  fold  at  the 
Mean  Rate;  with  the  total  Value  of  all  the  particular  Quanti¬ 
ties,  fuppoling  they  had  been  fold  at  their  refpe&ive  Rates  un¬ 
mix’d;  if  thofe  Sums  are  equal  the  Work  is  true. 

'  Se&. 
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Sed.  a.  0/  alligation  alternate. 

Alligation  Alternate,  is  that  by  which  the  particular  Quantities 
of  every  Ingredient  concern’d  in  any  Mixture  are  found  $  when 
the  particular  Rates  of  every  one  of  thofe  Ingredients,  and  the 
Mean  Rate  are  given;  being  (  as  it  were  )  the  Converfe  to  Alliga¬ 
tion  Medial ;  as  will  appear  by  the  following  Operations,  which  ad¬ 
mit  cf  three  Cafe  I.  _ 

Cafe  I.  The  particular  Rates  of  any  Ingredients  propofed  to  be 
mixed,  and  the  Mean  Rate  of  the  whole  Mixture  being  given.  To 
find  how  much  of  each  Ingredient  is  requifite  to  compofe  the 
Mixture ;  when  the  whole  Quantity,  or  any  Part  thereof  is  not 
limited. 

Queft.  I.  How  much  Wheat  at  y  s.  the  Bufliel,  and  Rye  at  3  r. 
6  d.  the  Bufliel,  will  compofe  a  Mixture  that  may  be  fold  for  4  j. 
4  d.  the  Bufliel  ? 

Note,  In  all  Queftions  of  this  Nature,  it  will  be  convenient  to 
place  the  Mean  Rate  fo,  as  that  it  may  be  eafily  compared  with 
the  particular  Rates,  in  order  to  find  every  one  of  their  Differ¬ 
ences  from  the  Mean  Rate,  by  Infpe&ion  only. 

Thus,  the  Mean  Rate=j  i  i.  |  ^eac  f 

Then  take  the  feveral  Differences  between  the  Mean  Rate,  and 
the  particular  Rates;  fetting  down  thofe  Differences  alternately, 
and  they  will  be  the  Quantities  required. 


That  is  5 2— 41=10  for  the  Quantity  of  Wheat. 

And  *2=.  8  for  the  Quantity  of  Rye,  that  will  com¬ 

pofe  the  Mixture  rquired. 

The  Proof  by  Alligation  Medial . 

Add  5  10  ?'ufhels  of  Wheat  at  60  d.  per  Burfiel  =  ^ood. 
c  8  Bufhels  of  Rye  at  42  d.  per  Bufliel=  33 6  d. 

18=  The  Number  of  Bufhels  =93^  d. 

Then  18  :  $36  : :  I  :  51  d.  =  4  s.  4  d.  th^Mean  Rate. 

Note,  Altho*  10  and  8  do  anfwer  the  Queftion,  as  plainly  ap¬ 
pears  by  the  Proof;  yet  they  are  not  the  only  two  Numbers; 
for  this  Queftion,  and  all.ochers  of  this  Kind,  will  admit  of  va¬ 
rious  Anl'wers,  and  all  in  whole  Numbers;  for  any  two  Num¬ 
bers  that  are  in  the  fame  Proportion  to  one  another,  as  10  is  to 
8,  will  as  truly  anfwer  the  Queftion. 
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Via.  10  :  8 


&c.  ad  infinitum. 


Queft.  A  Grocer  would  mix  three  Sorts  of  Tobacco  together, 
via.  One  Sort  of  18  d.  per  ft.  another  Sort  of  22  d.  per  ft.  and  a 
third  Sort  of  z  y.  the  ft.  How  much  of  each  Sort  muff  he  take, 
that  the  whole  Mixture  may  be  fold  for  20  d.  the  Pound- 

Having  let  down  the  given  Rates,  as  before:  Then  find  each  of 
their  Differences  from  the  propofed  Mean  Rate  j  and  place  thofe 
Differences  Alternately.  Thus, 

4*^-2=:i4-— 20  atid  22- 


18 


Mean  Rate  20- 


•20 


22  <  2.—20 - 18 

24  D  c  2.0 - 18 

Thfife  Differences,  via.  6  .  2  .  2  are  the  Quantities  requited. 

C  6  ft.  of  Tobacco  at  18  d.  pit  ft.  comes  to  108 

<  2  ft.  at  22  d.  the  Pound  comes  to  44 

C  2  ft.  at  24  <i.  tile  Pound  comes  td  48 


Proof 


lo—the  Number  of  fts*  Their  Value=2oo  d. 

Then  10)  260  (20  the  Mean  Rate. 

Or  indeed  anv  three  Numbers  that  have  the  fame  Ratio  to  one 
another,  as  6  .  &  2  have,  will  anfwer  the  Queltion. 


That  is  6  :  2 


(?c. 


But  if  only  one  of  the  three  given  Rates  had  been  greater  than 
the  Mean  Rate  ;  as  fuppofe  14  d.per  ft.  18  d.  per  ft.  and  24  d-  per  ft. 
And  the  Mean  Rate  20  d.  as  before.  Then  their  Differences  mull 
have  been  placed, 


Thus 


20 


&c.  As  before. 


3.  A  Vintner  would  make  a  Mixture  of  Malaga,  worth 
7  s.  6  d.  per  Gallon,  with  Canary  a-t  6  s.  9  d.  per  Gallon.  Sherry  at  7  i. 
per  Gallon  ,  and  White  Wine  at  4  s.  3  d.  per  Gallon  ;  What  Quanti¬ 
ty  of  each  Sort  mult  he  take,  that  the  Mixture  may  be  fold  for  6  j. 
a  Gallon. 

In  all  Queffions  of  this  kind,  wherein  it  is  required  to  mix 
four  Things  together,  two  of  them  haying  their  Prices  greater, 

Q  and 
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and  two  letter  than  the  Mean  Rate  ;  you  muft  always  Alligate 
or  Compare  a  greater  and  letter  Price  with  the  Mean  Price,  let¬ 
ting  down  their  Differences  Alternately,  as  in  the  firft:  Example  of 
this  Seftion. 


% 

Thus,  Mean  Rate:=72  d. 


Malaga  90  d.  7  S  2 1=7  2- — 

White  5:1  d.  Ac  1 8=190 — 72 

Sherry  60  d.  7  S  9=81—72 

Canary  81  d.  Sc  12=72—60 


Hence  21  Gallons  of  Malaga ,  12  of  Canary ,  9  of  Sherry,  and  18  of 
;White,  will  compofe  the  Mixture  required. 


Or  thus,  71 


Malaga  90  d- 
Sherry  60  d. 
Canary  Si  d. 
White  $1  d. 


12  Malaga 
18  Sherry 
2 1  Canary 
9  White. 


will,  CFc. 


Either  of  thefe  Mixtures  equally  anfwer  the  Queftion,  which 
may  be  ealily  try’d  as  before  in  the  laft,  &c. 

Cafe  II.  The  particular  Rates  of  all  the  Ingredients  propofed 
to  be  mix’d,  the  Mean  Rate  of  the  whole  Mixture,  and  any  one 
of  the  Quantities  to  be  mix’d  being  given.  Thence  to  find  how 
much  of  every  one  of  the  other  Ingredients  is  requifite  to  com- 
pofe  the  Mixture. 


Note ,  This  is  ufually  called  Alligation  Partial . 

Queil.  4.  How  much  Wheat  at  <  s •  the  Bufhel,  muft  be  mix'd 
with  12  Bufhels  of  Rye  at  3  j.  6  d.  a  Bufhel  $  that  the  whole  Mix¬ 
ture  may  be  fold  for  4  s.  4  d.  the  Bulhel. 

In  this  Cafe  you  muft  let  down  all  the  particular  Rates  with 
the  Mean  Rate,  and  find  their  Differences  juft  as  before  j  without 
any  Regard  had  to  the  Quantity  given. 


Thus,  Mean  Race  y a  i.  §  £  f  j  f  'g 


rAs  the  Quantity  found  by-  the  Differences  of  the 
fame  Name  with  the  Quantity  given  :  Is  to 
T  hen  ^  the  Quantity  given  :  :  So  is  any  of  the  other 
I  Quantities  found  by  the  Differences  :  To  the 
l  Quantity  of  its  Name . 

Thus  8  :  1 2  :  :  io  :  ij.  the  Quantity  or  Number  of  Bujhels  of 
Wheat  required.  « 

Queft.  How  much  Malaga  at  7  J.  6  d.  the  Gallon,  Sherry  at  7  f. 
the  Gallon,  and  White  Wine  at  4  s.  3  d .  the  Gallon,  muft  be  mix’d 
with  18  Gallons  of  Canary  at  6  J.  9  d.  the  Gallon:  That  the  whole 
Mixture  may  be  fold  for  6  j.  the  Gallon. 

The 
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The  Terms  being  fet  down,  &c.  as  before,  will  Hand 

r  Malaga.  90  d.  7  S  2 I 

Thus,  Mean  Rate  7 a|I 

^Canary  81  d.$  4  ii 

C  21  :  31I  Gallons  of  Malaga.. 

Then,  As  li  :  18  : :  <  18:27  Gallons  of  White. 

C  9  •  I  Si  Gallons  of  Sherry. 

That  is,  3if  Gallons  of  Malaga ,  27  of  White  Wine,  and  13^  of 
Sherry,  being  mix’d  with  1 8  Gallons  of  Canary ,  will  make  the  Mix¬ 
ture  required. 

Malaga  so?  S  l2? 

I  Sherry  60  !>  £  1 8 

8i?  |  21 

iS  d  ?  * 


Or  Thus,  72 


)Canary 

White 


Then,  As  21 :  18 


Gallon y. 


12  :  1  The  Malaga  9 
18  :  1 'The  Sherry  > &C. 
:  7i-f  The  Wlnte  Wine  J 
Fence. 


Proof 


10  at  90  d.  each^;  915^ 

at  60  d.  each—  9 25£f 

7if  at  51  d,  each=  393^ 

18  at  8i  d.  each=i4j8 


Value  =  37024$ 

Then  5 3702*1  (72  d.=tf  y.  the  Mean  Rate. 

Therefore  the  Quantities  are  as  truly  afllgned  here,  as  in  the 
laft  Work. 

Cafe  III.  The  particular  Rates  of  all  the  Ingredients  propofed 
to  be  mix’d;  and  the  Sum  of  all  their  Quantities,  with  the  Mean 
Rate  of  that  Sum  being  given  ;  To  find  the  particular  Quantities 
of  the  Mixture. 

This  is  called  Alligation  Total ,  and  is  thus  performed. 

Set  down  all  the  particular  Rates  with  the  Mean  Rate,  and  find 
their  Differences,  as  before:  Add  together  all  the  Differences  into 
one  Sum  *, 

rAs  the  Sum  of  all  the  Differences  :  Is  to  the  Sum 
Then  of  all  the  Quantities  given  :  :  So  is  every  particu - 

G  lay  Difference  :  To  its  particular  Quantity . 

QueSt. 6.  Let  it  be  required  to  mix  Wheat  at  $  y.  the  Bufhel,  with 
Rye  at  3  J.  6  d ,  the  Bufhel;  So  as  that  the  whole  Quantity  may 
be  27  Bufhds,  to  be  fold  for  4  y.  4  d.  a  Bufhel.  What  Quantity 
©f  each  limit  be  taken  to  make  up  the  Mixture* 

Q* 


Mem 


Jo 

8 


16 
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w  $  Wheat  6 o  d .?  \ 

Mean  Rate  ji  {.Rye  d.$  i 


Then  18  :  27  : ; 


10 

8 


i8=:their  Sum. 

in  1 1"-  Quantities  required. 


Quefticn  7.  Suppofe  it  were  required  to  mix  Malaga  at  7  s.  6  d.  the 
Gallon,  with  Canary  at  6  s.  9  d.  the  Gallon;  Sherry  at  5-  s.  the  Gallon} 
and  iVhife  Wine  at  4  s.  3  d.  the  Gallon  :  So  as  that  the  whole  Mix¬ 
ture  may  be  90  Gallons;  to  be  fold  for  6  s.  ttye  Gallon.  Hqw  much 
of  each  Sort  will  compofe  that  Mixture  } 


Mean  Rate^7 


Malaga 

IVhite 

Canary 

Sherry 


90 

51 

81 

60 


H 


if 

18 

9 

Ii 


Then 


Or  thus  71 


6o==their  Sum 

314  The  Gallons  of  Malaga, 

27  The  Gallons.of  \Vhite  Wine, 

15^  The  Gallons  of  Canary, 

18  The  Gallons  of  Sherry, 

Malaga  90  ?  5  I* 

Sherry  60  3  £  1 8 

Canary  8 1  /  z\ 

White  j  t  9 


Then 


90 

90 

90 

90 


ii 

18 

ii 

9 


*  Co  their  Sum 
18  Gallons  of  Malaga 
i 7  Gallops  of  Sherry 
31^:  Gallons  of  Canary 
J  34  Gallons  of  li'bite  Wine,  vV 

Either  of  tbefe  Ways  do  equally  anlwer  the  Queftion,  as  may 
be  eahly  tried  by  Alligation  Medial.  As  before,  &c. 

Note,  The  VVoik  of-thefe  Proportions  may  be  much  fhortned 
(  elpecially  when  there  are  many  Ingredients  to  be  mix  d  if  you 
obferve  the  fame  Method  as  was  propofed  in  the  Knle  of  L:elIowJhip> 
Page  9 9,  (?c . 

I  %ye  made  ufe  of  the  very  fame-  Examples  both  in  Alligation 
Mediae  -nd  Alternate ,  throughout  the  three  Cafes ;  being,  as  I  pre- 
fume.  much  better  than  if  they  had  been  different  ones;  becaufe 
the  Learner  may  f  if  he  confidera  little  on  them)  eafily  perceive, 
net  only  the  Difference  between  thp  two  Rules,  but  alfo  where- 
.  in 
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in  the  chief  Difference  of  each  Cafe  in  the  Alternate  Kule  depends, 
&c.  Not  but  that  I  could  have  inferted  many  various  Examples, 
as  alfo  the  Manner  of  compofing  Medicines,  <ts?c.  which,  for  Bre¬ 
vity’s  fake,  I  have  omitted,  and  refer  thole  that  defire  to  fee  into 
that  Buiinefs  to  sir -f was  More's  Arithmetick,  wherein  he  will  find 
it  largely  handled.  And  fo  I  (hall  conclude  with  Alligation  Alter¬ 
nate ,  which  altho’  it  gives  true  Anfwersto  Queftionsof  that  kind, 
with  fome  littte ’Variety,  according  as  the  Ingredients  are  more 
qr  lefs  jn  Number;  as  appears  by  the  foregoing  Examples.  Yet 
it  will  not  give  all  the  Anfwers  as  fuch  Queftions  are  capable  of, 
nor  perhaps  thole  which  fuit  beft  with  the  prefent  Occafion  :  Nor 
can  this  Imperfe&ion  be  remedied  by  common  Arithmetick;  but 
fjy  an  Algebraic  Way  of  Arguing  it  may;  whereby  all  the  pofi 
fible  Anfwers  to  any  Quefiion  may  be  clearly  and  eafily  djfcover- 
ed;  As  fhall  be  fliew’d  further  on  in  the  fecond  Part, 


c  H  A  P  X. 

Of  and  their  Specific  (Erabittcs,  &c. 

$e&.  ir  Of  <£ott>  and  Wilber. 

TJV1RE  GOLD,  free  from  Mixture  of  other  Metals,  ufually 
|:  called  Fine  Gold ,  is  of  fuch  a  Nature  and  Purity  that  it 

will  endure  the  Fire  without  Wafting;  although  it  were  kept 
continually  melted  :  And  therefore  fome  of  the  Ancient  Pkilofophers 
have  fqppofed  the  Sun  to  be  a  Glojie  of  Liquid  or  Mlted  Gold. 

«• silver  having  not  the  Purity  of  Gold ,  will  not  endure  the  Fire 
like  it;  yet  Fine  Silver  will  waft  but  a  very  little  by  being  jn  the 
Fire  any  reasonable  Time;  whereas  Copper ,  Tin  Lead ,  (S*c.  will  nor 
only  waft,  but  may  be  calcin'd  or  burnt  to  a  Powder. 

Both  Gold  and  Silver  in  their  Purity,  are  fo  very  flexible  or  foft 
(like  new  Lead,  (£c.)  that  they  are  not  fo  ufeful  either  in  Coin, 
or  otherwile  (except  to  beat  into  Leaf  Gold  or  Silver )  as  when 
they  are  allav’d,  or  mix’d  and  harden’d  with  Copper  or  Brafs.  And 
altho'  moft  Places  differ  more  or  lefs  in  the  Quantity  of  inch  Al¬ 
lay,  yet  in  England  it  is  generally  agreed  on,  that, 
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Standard  for  (Bolfr- 

%i  Carra&s  of  Fine  Gold,  and  z  Carrafts  of  Copper,  being 
melted  together,  fhall  be  efteemed  the  true  Standard  for  Gold 
Coin,  &c-  The  French  and  Spanijh  Gold  being  very  near  of  the 

fame  Standard.  ,  ,  ..  . ,  , 

That  is,  if  any  Quantity  or  Weight  of  .Fine  Goldy  be  divided 
into  twenty  four  equal  Parts,  and  zz  of  thofe  Parts  be  mix  d 
with  2  of  the  like  Parts  of  Copper;  that  Mixture  is  called  Stan¬ 
dard  Gold.  ' 

Whence  you  may  obferve,  that  a  Carraft  is  not  any  certain 
Quantity  or  Weight,  but  Part  of  any  Quantity  or  Weight; 
and  the  Minters  and  Goldfwiths  divide  it  into  4  equal  Parts,  which 
they  call  Grains  of  a  Carraft;  alfc  they  fubdivide  one  of  thofe 
Grains  into  Halves,  Quarters,  &c. 

*— *  —  -•.*»»  -»  .*  ..  --  * 

Standard  for 

Eleven  Ounces  and  Two-penny  Weight  of  Fine  Silver,  and 
Eighteen  Penny* weight  of  Copper  being  melted  together,  is  e- 
fteem'd  the  true  Standard  for  Silver  Coin ;  called  Sterling  Silver . 
And  fo  in  Proportion  for  a  greater  or  lefler  Quantity  ;  which 
is  a  lefs  Proportio.n  of  Allay  for  Silver,  than  the  other  is  for 

Gold.  1  >  • 

Note ,  When  either  Silver  or  Gold,  is  finer  than  Standard,  tis 
called  Better ;  if  courfer,  "tis  called  Worfe\  and  that  Betternefs  or 
Worfenefs,  is  reckoned  by  Carra<5!s  and  Grains  of  a  Carra<5f  in 
Gold;  and  by  Penny-weights  in  Silver,  and  is  thu*s  difcovered  : 
The  Goldfmiths,  or  Refiners,  &c.  do  take  a  fmall  Quantity  of 
fuch  Gold  as  they  intend  to  try  (  which  they  cal  1  making  an  Af- 
fay  )  and  weigh  it  very  exactly,  then  they  put  it  into  a  Crucible » 
and  melt  it  in  a  ftrong  Fire,  fo  long  that  if  there  be  any  Copper, 
or  other  Allay  mixt  with  it,  that  Allay  may  be  confurrfd  or  burnt 
away  :  When  'tis  cold  they  weigh  it  very  exactly  again,  and  if 
it  have  loft  nothing  of  its  firft  Weight,  they  conclude  it  is  Fine 
Gold,  but  if  the  Lofs  be  ^  Part,  they  call  it  23  Carra&s  Fine,  or 
one  Carraft  better  than  Standard:  If  it  haveloft  Parts,  'tis  22 
Cara<5ts  fine,  or  Standard:  If  Parts,  ft  is  faid  to  be  21  Carraffs 

fine,  or  rather  one  Carraft  worfe  than  Standard,  and  fo  in  Pro¬ 
portion  as  it  happens  to  be  Better ,  or  Worfe. 

In  the  fame  manner  they  make  their  Aftay  on  Silver,  only  they 
compute  its  Lofs  by  Penny-weights,  <&c. 

The  Author  of  the.  Prefent  State  of  England,  mention’d  before 
(^32)  fays,  * 
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c  That  the  Englijh  Coin  may  not  want  neither  the  Purity  nor 

*  Weight  required,  it  is  moft  wifely  and  carefully  provided,  that 
c  once  every  Year  the  chief  Officers  of  the  Mint  appear  before 
‘  the  Lords  of  the  Council  in  the  Star-Chamber  at  IVettmintter,  with 
‘  fome  Pieces  of  all  Sorts  of  Moneys  coined  the  foregoing  Year, 

‘  taken  at  Adventure  out  of  the  Minty  and  kept  under  feveral 

*  Locks,  by  feveral  Perfons,  till  that  Appearance,  and  then  by  a 
‘  Jury  of  24  able  Goldfmiths,  in  the  Prefence  of  the  faid  Lords, 

*  every  Piece  is  moft  exattly  weighed  and  afiay’d. 

This  if  it  were  conftantly  prattifed  would  keep  our  Coin  to 
its  true  Standard,  (Pe.  ■ 

Many  pretty  Queftions  may  be  ftarted  concerning  the  Finenefs 
of  Gold  and  Silver,  &c. 

.  *  ■  '  * 

Example  1. 

If  an  Ingot  of  Silver  weighing  787  oz ..  14  pwt.  6  gram ,  be  11  oz}: 
€  pm.  fine  :  How  much  fine  Silver  is  there  in  it,  and  what  amounts \ 
it  to,  at  5  s.  1  i  d.  the  Ounce? 

This  Ingot  is  better  than  Standard  by  4  pm.  For  11  oz-  2  pml 
=  22 1  pm-  the  fine  Silver  in  12  oz-  of  Standard.  But  11  0*,.  6pm» 
fc=s  a 6  pm.  the  fine  Silver  in  12  oz -  according  to  the  Queftion. 

Firft  787  oz.  14  pm-  6 gr.tzz  378102  Gram. 

And  1 2  oz.  =240  pm. 

Then  as  240  : 116  \ :  378102  :  35^04^x5=741  o*,.  15  pm.  6%$  gr. 
the  fine  Silver  in  that  Ingot. 

Which  at  7  s.  i|  d.  the  Ounce,  amounts  to  190  l.  1  s.  6  d-  and 
near  a  balf-pemy. 

Example  2. 

.  2  r  * 

If  an  Ingot  of  Gold  weighing  115  oz.  13  pm -  18  gram ;  Bel 
of  a  grain  worfe  than  Standard:  How  much  Standard  Gold  is  there 
in  it,  and  what  comes  it  to  at  3  /.  n  s.  an  Ounce? 

Firftn  f  OZ.  13  pwt.  18  gr.r=  55530  Grains  Troy . 

Then  24)  55530  (2313,75  =  a  Carraft  of  that  Quantity. 

And  4)  2313,75  (578,4375=  a  Grain  of  that  Carraft. 
Confequentiy  4)  578,4375  (144,609375=. |  of  a  Grain. 

Again,  23^1 3,75x22=50902,5  ought  to  be  the  fine  Gold  in  that 
Ingot,  if  it  had  been  Standard ; 

*  #  •  ♦ 


But 
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But  5:0901,5:- — 144609375  £=5  50757,890625  is  the  Quantity  of 
fine  Gold  according  to  the  Queftion. 

Therefore  509a 5  :  50757,890625  :  :  5^530  :  55371.144  &c. 
Grains  ==  115  0*,.  7  pw*.  4.144  &c.  Grains  iVo),  being  the  Quan¬ 
tity  of  Standard  Gold  in  that  Ingot.  As  was  required. 

Next  fot  the  Value  of  it,  &t  3  /.  11  s.  per  Ounce  3  1  oz,.  =s  48® 
Grains.  And  3  /.  1 1  j.  =:  71  j. 

Confequently  480  :  71  : :  55571,244  &c.  :  8190.4777  &c. 
==409  /.  10  j.  5^  di  very  near,  being  the  Value  of  that  Ingot. 
As  was  required. 

Or  the  laft  Queflion  may  be  otherwife  brought  thus ;  115  0^ 
18  iraitts=zii$,6%j5.  And  £  of  a  Grain,  of  a  Carraft  is 
j#  ( viz the  |  of  i) 

Then  ii— T £=51111=*  i, 93 tf*  '  * 

Confequently  n  :  21,9375.  ;;  115.6875  :  115,358842  &:c.  ss 
I15  7  pntf.  4<i44  Grains,  &c.  As  before. 

Next  for  the  Value,  As  I  :  3,55  :  :  Il5,35884i  :4°9>5*388? 
—409  /.  10  s.  54  d.  very  neat.  As  before* 

Se<ft  a.  Specific  (Erafiitp  of  Sjgetalg.  &c. 

T  take  an  Enquiry  made  about  the  different  Gravities,  or 
Weights  of  Metals,  and  other  Bodies,  to  be  (not  only  a  Work 
of  Curiofity,  but  alfo )  of  very  good  life  upon  many  Occafions. 
Therefore  leveral  Authors  have  given  Us  fuch  Proportions,  or 
Difference  of  their  Weights,  as  they  are  laid  to  have  one  to  an¬ 
other;  fuppofing  every  one  of  them  to  be  of  the  fame  Magnitude 
or  Bignels.  Some  of  which  I  fhall  here  infert. 

1.  Henry  Van  Etten ,  in  his  Mathematical  Recreations,  Printed  Anne 
1^33,  lets  down  the  Proportions  of  their  Weights.  Thus; 

Gold  1875.  Lead  1165.  Silver  1040.  Copper  916.  Iron8lo. 
Tin  750 .  Water  loo  . 

2.  One  Alfred,  in  his  Encyclopedia,  Printed  1649,  hath  them 
Thus; 

Gold  1875  .  Quicklilver  1500  .  Lead  1165  *  Silver  1040  * 
Copper  910.  Iron  806  .  Tin  750  .  Honey  1^0.  Waterloo. 
Oil  90  .  Thefe  feem  to  be  taken  from  thole  o l  Van  Etten  s,  with 
iome  Additions  only.  * 

3.  The  Ingenious  Mr.  Ougbtred .  in  his  Circles  of  Proportions,  Prin¬ 
ted  Anno  1660 .  hath  their  Proportions  according  to  the  Experi¬ 
ments  of  one  Marinus  Gbetaldi ,  in  his  Tract  called  Archimedes  Promo- 
tus.  Thus; 

Gold  3990  .  Quicklilver  2850  .  Lead  24I5  .  Silver  2170  . 
Brafs  1890  .  Iron  1580  .  Tin  1554  . 

4.f  In 
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4.  In  the  Pbilofophical  Tranfaftions,  (Number  1 69  and  199)  there 
is  an  Account  of  a  great  many  Experiments  of  this  kind  ;  from 
whence  I  collected  thefe  following.  Fiz-  Gold  18888  .  Mercu¬ 
ry  140I9.  Lead  11343*  Silver  11087  .  Copper  8843  .  Ham¬ 
mer'd  Brafs  8349  .  Caft  Brafs  8100  .  Steel  7852  .  Iron  7643  . 
Tin  7321  .  Pump* water  1000. 

Thefe  lafl  Proportions  being  approved  of,  and  pu blifhed  by 
Order  of  the  Royal  Society,  feem  to  be  unqueftionably  true:  Ne- 
verthelefs  becaufe  they  differ  fo  much  from  the  before-mentioned 
(and  tbofe  front  one  another  )  I  have  for  my  own  Satisfaction  made  fe- 
veral  Experiments  of  that  kind:  And  have  (2  prefume )  obtained 
the  Proportions  of  Weight  that  one  Body  bears  to  another,  of 
the  fame  Bulk  or  Magnitude,  asnicely  as  the  Nature  of  fuch  Mat¬ 
ter,  as  may  be  contracted  or  brought  into  a  leffer  Body  (  viz.  ei¬ 
ther  by  Drying,  or  Hammering,  or  otherwife  )  will  admit  of  j 
wtjich  are  as  followeth. 


A  Cubic  inch  of 


/Fine  Gold  is 
Standard  Gold, 
Qiiickfilver, 
Lead, 

Fine-Silver, 
Standard  Silver, 
Rofe-Copper, 
Plate-Brafs, 
Caft-  Brafs, 

Steel, 

Common  Iron, 
Block-Tin, 

Fine  Marble, 

^  Common  Glafs, 
Alabafler, 

Dry  Ivory, 

Dry  Box  wood, 
Sea  Water. 
Common  Clear 
Water, 

Red  Wine, 
Proof  Spirits  or 
Brandy, 
Sound  dry  Oak 
Lin- feed  Oil,  * 
KOil-Olive, 


Ounces  Troy.  j|  Ounces  Aver. 


10.3*9273  = 

1 1,365602 

9)96262*  — 

10,930422 

7,384411  = 

8,1017*3 

*,9^4010  t=S 

6,5*388* 

*,8*0035  === 

6,418324 

*,**^7^9  == 

6,096*69 

4,747121  =5 

*,208369 

4)404273  =2 

4,832116 

4,272409  = 

4,630300 

4,142127 

4*44*o* 

4,031361  — 

4,422979 

3,861*19  — 

4,236638 

1,42941  I  == 

I, *688*9 

1,360841 

I,493P37 

0,9884*6  z=z 

1,084477 

0,962083  ^ 

1 : 0  *  *  *  4  2 

0 

s* 

00 

11 

0,*960*7 

0,*42742  =; 

0,594894 

0,5274*8  *= 

0,*78697 

0,523766  =2 

0,*74646 

0,489268  = 

0,53679*5 

0,489008  = 

o,*3  6*69 

0,491*9:  =5  0*5.393  4* 

0,481*69  2=5 

0,528350 
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In  this  Table  you  have  the  Specific  Gravity  or  Weight  of  a 
Cubic  Inch,  of  various  Sorts  of  Bodies,  both  in  Troy  Ounces 
and  Averdupois  Ounces,  and  Decimal  Parts  of  an  Ounce,  which  I 
can  allure  you  required  more  Charge,  Care  and  Trouble,  to  find 
out  nicely,  than  I  was  at  firft  aware  of. 

Now  from  hence  it  will  be  eafy  to  determine  the  Weight  of 
any  propoled  Quantity,  of  the  fame  Matter  and  Kind  with  thofe 
in  the  Table;  "its  folid  Content  being  given  in  Cubic  Inches. 
For  it  is  plain,  that  if  the  Number  of  Cubic  Inches  contained 
in  any  given  Quantity,  be  multiplied  with  the  Tabular  Weight 
of  one  Inch  (  of  the  fame  kind  of  Matter  )  the  Product  will  be  the 
.Weight  of  that  Quantity  in  Ounces, 

v  '  Example. 

Suppofe  it  were  required  to  find  the  Weight  of  a  Piece  of 
Marble,  containing  three  Solid  Feet,  and  40  Cubic  Inches. 

Firft  1728x3=5184  the  Cubic  Inches  in  3  Solid  Feet. 

And  5184+40=5224  the  Number  of  Cubic  Inches  in  the  Piece 
of  Marble. 

Then  5224 X  1,41941 1=7410,066624  Ounces  Troy. 

Or  5224X1,568859=8125,719416  Ounces  Averdupois. 

The  Weight  of  that  Piece  of  Marble,  in  Ounces,  &c.  which  is 
eafily  brought  into  Pounds,  &c.  The  like  for  any  of  th^feft. 

The  Converfe  of  this  Work  is  eafy;  viz, .  If  the  Weight  of  any 
propofed  Quantity  be  given,  thence  to  find  the  folid  Content  of 
that  Quantity  in  Cubic  Inches,  (Pc, 


Thus,  Divide  the  given  Weight  of the  propofed  Quanti¬ 
ty  ( it  being  firjl  reduced  into  Ounces ,  Sc c.  )  by  the  Tabu¬ 
lar  Weight  of  one  Inch  (  of  the  fame  kind  of  Matter  )  and 
the  Quotient  will  be  the  Number  of  Cubic  Inches  contained 
in  that  Quantity . 


Note,  If  you  would  find  what  Weight  any  Quantity  of  thofe 
Bodies  mentioned  in  the  Table  will  have,  when  it  is  immerfed  or 
put  into  Water,  you  muft  fubtrad  the  Weight  of  an  equal  Quan¬ 
tity  of  Water  (with  that' of  the  Body  )  from  the  Weight  of  the 
propofed  Body  (if  it  be  heavier  than  Water)  and  there  will  re¬ 
main  the  Weight  required.  As  for  Infiance, 

A  Cubic  Inch  of  Lead=5. 98401  o?  x 
A  Cubic  Inch  of  Water=o, 542742  f  Gunces  Tioy,  6  c. 


their  Difference  is,  =5.441268  the  Weight  of  a  Cubic 
Inch  of  Lead  in  the  Water,  (ft. 

CHAP. 
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CHAP.  XI.  ~ 

(fbolution,  or  Extracting  the  Hoots!  out  of  all  Single 
$0H)  }  by  one  General  Method . 

Sed.  I. 

Evolution  is  the  Unravelling,  or  as  it  were  the  Unfolding  and  Revi¬ 
ving  any  propofed  Power  or  Number,  into  the  lame  Parts  of 
which  it  was  compofed,  or  fuppofed  to  be  made  up.  Now  in  or¬ 
der  to  perform  that,  it  will  be  convenient  to  confider  how  thofe 
Powers  are  compofed,  &c.  x 

A  Square  Number  is  that  which  is  equally  equal ;  or  which  is 
contained  under  two  equal  Numbers.  Euclid  7.  Vef.  18. 

Thus  the  Square  Number  4  is  compofed  of  the  two  equal 
Numbers  2  and  2.  viz-  2X2=14. 

Or  the  Square  Number  9  is  compofed  of  the  two  equal  Num¬ 
bers  3  and  3.  viz-  3X3—9.  According  ro  Euclid . 

That  is,  if  any  Number  be  multiplied  into  it  felf ;  that  Pro- 
dud:  is  called  a  Square  Number. 

A  Cube  is  that  Number,  which  is  equally  equally  equal,  or 
which  is  contained  under  three  equal  Numbers.  Eucl.  7.  Defi-  1 9. 

Thus  the  Cube  Number  8  is  compofed  of  the  three  equal  Num¬ 
bers  2  and  z  and  2.  viz -  2X2X2— 8,  &c.  *  ^ 

That  is,  if  any  Number  be  multiplied  into  it  felf,  and  that 
Prodizd  be  multiplied  with  the  fame  Number  ;  the  fecond  Pro- 
dud  is  called  a  Cube  Number. 

Thele  Two,  viz-  the  Square,  and  Cube  Numbers  borrow  their 
Names  from  Geometrical  Extenlions  or  Figures  ;  as  from  the  three 
lignal  Quantities  mention'd  in  Page  2. 

That  is,  a  Root  is  reprefen  ted  by  a  Line  or  Side ,  having  but  one 
Dimenfion.  viz-  that  of  Length  only. 

The  Square  is  a  Plain  or  Figure  of  two  Dimenfions,  having 
equal  Length  and  Breadth.  The  Cube  is  a  folid  Body  of  three 
Dimenfions;  having  equal  Length.  Breadth ,  and  fbicknefs:  But  be¬ 
yond  thele  three.  Nature  proceeds  not,  as  to  local  Extenfion. 
That  is,  the  Nature  of  Place  or  Space,  admits  no  Room  for  o- 
ther  Ways  of  Extenfion,  than  Length.  Breadth  and  Thicknefs. 
Neither  is  it  pofli ble  to  form,  or  compofe  any  Figure  or  Body 
beyond  that  of  a  Solid. 

And  therefore  all  the  Superior  Powers  above  the  Cube  or  third 
Power;  as  the  Biquadrat  or  fourth  Power,  the  Sur folid  or  fifth 
Power,  &c.  are  beft  explain’d  and  underflood  by  a  Rank  or  Se¬ 
ries  of  Numbers  in  Geometrical  Proportion. 

For  Inftance : 

Suppofe  any  Rank  of  Geometrical  Proportionals,  wbofe  firfl-  Term 
and  Ratio  are  the  fame;  And  to  them  let  there  be  afiigned 

,  v  a  Series 
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a  Series  of  Numbers  in  Arithmetical  Progrejfion,  beginning  with  an 
Unit  or  i.  whole  common  Difference  is  allb  i.  as  in  Page  79. 


Thus 


1 

z 


2  .  2  .  -  4  .  $  •  6  .  7  Indice 5. 

4  .  8  .  16  .  31  .  64  .  128  &c.  in-rr 

Then  areft&ofe  Numbers  in  -fr  produced  by  a  continued  Mul¬ 
tiplication  c$  the  firft  Term  or  Root  into  it  1  elf  ;  And  thofe  in 
Arithmetical  Ptibgrejfion  or  Indices,  do  ihew  what  Degree  or  Power 
each  Term  in  the  Geometrical  Proportion  is  of. 

For  Example ;  In  this  Series  of  ™  z  is  both  the  firft  Term  or 
Root,  and  common  Ratio  of  the  Series. 

Then  2X2=4  the  fecond  Term  or  Square. 

And  2X2X2=#  Or  4X1=8  the  Cube  or  third  Term. 

Again  2X2X1X1=16  Or  8X2=16  the  fourth  Term  or  Biqua- 
drar.  And  fo  o;h  for  the  reft. 

Note,  This  is  called  Involution ,  viz.  When  any  Number  is  drawn 
into  it  felf,  and  afterwards  into  that  Produdl,  &c.  ftis  laid  to  be 
fo  often  involved  into  it  felf;  And  the  Indices  are  the  Exponents 
of  their  refpr&iye  Powers  fo  involved. 

And  according  to  thefe  Involutions,  is  formed  the  following 
Table  of  Forcers ;  wherein  the  Root  is  only  one  fingle  Figure. 


<0 

■a 

00 

R 

0 

•V 

1.  -w 

0 

0 

Square  or  id  Power. 

V*  i 

S  1 
*5  i 

>3 

R 

Q 

55 

<0 

Co 

•* 

V. 

0  c-q 

*">  c^_> 

-h  *•* 

S  r  R 

.5\|  1 

<0  Cu, 

•4^ 

£  a 

0 

c3$ 

C"  X 

* 

R~ 

0  1 

»4i 

<o 

v  ^  1 

<s  £  e 
§  a 

Index 

(6  i  ■- 

■*" 

“*s  & 

R  O 

3  ^ 

■*  v* 

^  - 
fi  a 

<s. 

The  "Blquadrat  Squa¬ 
red,  or  the  8 th  Power. 

45 

R 

O 

rJ 

Cf  ^ 

^  a 

£  a 
a. 

fi.s 

a 

Index  [Index 

l)  |  fv 

Index 

(4) 

Index 

(»)_ 

Index 

1 7  ) _ 

Index 

(«; 

Index 

( 9 ) 

I 

1 

1 

1 

1  1 

1 

X 

*  1 

1 

2 

4 

s 

1  6 

3  1 

64 

128 

15  6 

5 1  * 

3 

9 

2  7 

81 

1  14? 

7  19 

1137 

6591 

19683 

A 

i  6 

94 

25*5 

|  102,4 

409  6 

1 63  S4 

95539 

262144 

5 

2  5 

1  ij 

615 

3  115 

15^15 

78125 

3  9062  5 

1953x25 

6 

3  6 

1  HS 

1 1 96 

7  77^ 

46656 

279936 

1 97  96  x  9 

1007  7  6  96 

7 

49 

343 

2  40  i 

x  6  S07 

l 17649 

813543 

5764801 

40353607 

"  fc  ' 

64 

Siz 

40  96 

31768 

162144 

1097x52 

.'167  771 16 

1 34117718 

9 

81 

■ 

729 

656  1 

59049 

*531441 

478299] 

?  43046721 

387410489 

1  his  Table  plainly  ihews  (  by  Infpe&ion  )  any  Power  (  under 
the  tenth  )  of  all  the  nine  Figures  ;  and  from  thence  may  he 


Chap.  1 1 .  Of  Clttactfflg  foOOtg,  &c.  1 25 

taken  the  neared  Root  of  any  Square,  Cube,  Biqttadrat,  &c.  of 
any  Number  whole  Root  or  Side  is  a  Angle  Figure. 

But  if  the  Root  confift  of  two,  three,  or  more  Places  of  Figures* 
then  it  mull  be  found  by  Piece-meal,  or  Figure  after  Figure,  at 
feveral  Operations. 

The  Exemption  of  all  Roots,  above  the  Square  (  viz.  of  the 
Cube,  Biquadrat,  Surl'olid,  &c.)  hath  heretofore  been  a  very  te¬ 
dious  and  troublelom  Piece  of  Work:  All  which  is  now  very 
much  fhortned,  and  rendred  eafy,  as  will  appear  further  on. 

When  any  Number  is  propofed  to  have  its  Root  extracted,  the 
fir  ft  Work  is  to  prepare  it.  by  Points  fet  over  (or  under)  their 
proper  Figures*  according  as  the  given  Power,  whofe  Root  is 
fought,  doth  require ;  and  that’s  done  by  confidering  the  Index 
of  the  given  Power,  which  for  the  Square  is  2.  for  the  Cube  is 
3.  for  the  Biquadrat  is  4.  &c.  (as  in  the  preceding  Table).  Then 
allow  fo  many  Places  of  Figures  in  the  given  Power,  for  each 
Angle  Figure  of  the  Root,  as  its  Index  denotes ;  always  beginning 
thofe  Points  over  the  Place  of  Unity,  and  afeend  toward  the  Left 
Hand  if  the  given  Number  be  Integers  and  defeend  towards  the 
Right  Hand  in  Decimal  Parts.  As  in  thefie  following. 

Suppofe  any  given  Number;  As  75640387246  which  I  all  along 
hereafter  call  the  Refolvend. 

Then  if  it  be  required  to  extra#  any  of  the  following  Roots, 
it  muft  be  pointed  (according  to  the  foremention’d  Confiderati* 
pn  )  in  this  Manner. 


/Square  Root  Thus 
I  Cube  Root 

Viz.  For  the 

.  Biquadrat  Root 

.  Vsurfolid  Root 
Or  fuppofe  the  Number  to  be 


7564038724s 
.  •  •  • 
7564038724^ 
m  •  • 

75640387246 

.  * 

7564038724® 

0,674035982 


0*6740357820 
*  •  •  • 

©  674035982 
.  *  -  • 
0,6740  3  5  78  200© 

Now  the  Reafon  of  Pointing  the  given  Refolvend  in  this 
Manner;  vk.  the  allowing  two  Figures  in  the  Square  *  three 

Figures 


9 


Square  Root  Thus 


Then  for  the  ■< Cube  Root 

^-Biquadrat  Root 
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■Figures  in  the  Cube,  and  four  Figures  in  the  Biquadrat,  &c.  For 
one  Figure  in  the  Root,  may  be  made  evident  feveral  Ways;  but 
I  chink  'tiseafily  conceiv'd  from  the  Table  of  Jingle  Powers,  whereirf 
you  may  obferve  that  all  the  Powers  of  the  Figure  9,  (  which 
is  but  a  fingle  Figure)  have  the  fame  Number  of  Places  of  Fi¬ 
gures,  as  the  Index  of  thofe  Powers  denotes  :  Therefore  fo  many 
Places  of  Figures  mult  be  taken  oraflftgned  for  every  fingle  Figure 
in  the  Root.  Conlequently  by  thefe  Points  is  known  how  ma¬ 
ny  Places  of  Figures  there  will  be  in  the  Root,  viz,-  So  many 
Points  as  there  are,  fo  many  Figures  there  muft  be  in  the  Root, 
and  whether  they  muft  be  Integers,  or  Decimal  Parts,  is  eafily  de¬ 
termined  by  the  refpe&ive  Places  of  the  Points. 

Sed.  2.  To  (Extract  the  Square  IRoot* 

And  firft  how  to  extra#  the  Square  Root,  according  to  the 
common  Method. 

Having  pointed  the  given  Refolvend  into  Periods  of  two 
Figures,  as  before  dire#ed  ;  then  by  the  Table  of  Powers,  (or  other- 
wife)  find  the  greateft  Square  that  is  contained  in  the  firft  Period 
towards  the  Left-Hand ;  (letting  down  its  Root,  like  a  Quotient: 
Figure  in  Divifion  )  and  fubtra#  that  Square  out  of  the  faid 
Period  of  the  Refolvend  :  To  the  Remainder  bring  down  the 
next  Period  of  Figures,  for  a  Dividend,  and  double  the  Root  of 
the  firft  Square  for  a  Divifor;  enquiring  how  oft  it  may  be  had 
in  that  Dividend ;  So  as  when  the  Quotient  Figure  is  annexed  to 
the  Divifor,  and  that  increafed  Divifor  being  multiplied  with 
the  fame  Quotient  Figure,  theProdu#  may  be  the  greateft  Num¬ 
ber  that  can  be  taken  out  of  that  Dividend;  which  lubtra#  from 
the  faid  Dividend,  and  to  the  Remainder  bring  down  the  next 
Period  of  Figures,  for  another  new  Dividend  :  Then  fee  how 
often  the  laft  increafed  Divifor,  can  be  had  in  the  new  DivH 
dend ;  (  with  the  fame  Caution  as  before,  viz.  )  fo  as  that  the 
Quotient  Figure  being  annexed  to  the  Divifor;  and  that  increa¬ 
fed  Divifor  multiplied  with  the  fame  Quotient  Figure,  their  Pro¬ 
duct  may  be  the  greateft  Number  that  can  be  fubtrafted  from  the 
new  Dividend.  (As  before).  And  fo  proceed  on  from  Period 
to  Period;  (viz-  from  Point  to  Point)  in  the  very  fame  Man¬ 
ner,  until  all  be  finitbed. 

An  Example  or  two  being  well  obferved  will  render  the  Work 
of  forming  the  new  Divifors,  &c.  more  plain  and  ealy,  than  can 
be  exprefted  in  a  Multitude  of  Words. 


Example 
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Example  1.  Let  it  be  required  to  extra#  the  Square  Root  out  of 

571199960711.  This  Refolvend  being  prepared  or  pointed  as  be* 
fore  directed,  will  ftand 


Thus  572199960721  (  756439  the  Root. 
49=:  the  greateft  Square  in  57. 


I  Divifor 

14?) 

K 

81I 

725=145  x  5 

2  Divifor 

I506) 

6 

9699 

9036=1506X6 

3  Divifor 

I5I24) 

4 

66  396 

60496XI5124X4 

❖ 

4  Divifor 

1,1x83) 

590007 

_ 3_  453849^151283X3 

5  Divifor  1512869)  13615821 

9  1361 5821=11 5 12869X9 


Proof  756439X756439=572199960711  the  Refolvend. 
Example  2.  What's  the  Square  Root  of  185070117^402.5  * 
•••#•••  « 

Operation  1850701,764015  (  1360,405 

_ 

23)  85 

3  69 

••  i  ■  ■■■  • 

266)  1607  • 

_ 6  1 596  SHence  1360,405  is  the  Root 

27204)  Uol,  76  required. 

4  I088. 16 

2720805)  13,604025 

_ 5_  13,604025 

(°) 

Example  3.  What’s  the  Square  Root  of  0,06076125  Decimal  Parts? 


Operation  0,06076225  (0,1465  the  Root  required. 

,04=, i  X2 

. . .  • 

*44  207 

4  I76 

..,48  6  31/2,  Proof 

6  29I6 

*  . . .  .  .1  «r  ; 

,4925)  24615 

5  24615 


0,2465  X  0,1465 — * 
0,06076115  the 
Refolvend. 
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What  is  here  done  in  Whole  Numbers,  Mix'd  Numbers  and 
Decimals,  may  alfo  be  done  in  Vulgar  Fra&ions ;  if  you  firft 
change  the  given  Fradion  into  Decimals.  (As  in  Sett*  $.p.  6 8,  ) 

Example  4.  Let  it  be  required  to  extrad:  the  Square  Root  of  ££• 
Firft  ifzzdfit* 

♦ 

Then  0,64  (  ,8  the  Root  required. 

M  \ 

(o) 

r  In  thefe  four  Examples  the  Refolvend  hath  been  a  perfed 
Square  ;  and  therefore  the  Root  hath  been  extraded  without  lea¬ 
ving  any  Remainder:  But  it  very  often  happens  that  the  Re¬ 
folvend  is  not  a  true  figurate  Number,  according  to  th?  propo¬ 
sed  Power.  That  is,  'tis  not  a  perfed  Square,  Cube,  Biquadrat, 
(Pc.  And  then  fomething  will  remain  after  the  Extradion  hath 
been  made  throughout  all  the  Points.  Such  Numbers  are  called 
Surd  Numbers,  and  their  Roots  can  never  be  truly  found,  but  will 
become  a  continued  Series  ad  infinitum :  If  to  the  Remainder  there 
be  ftill  annexed  Cyphers  according  as  the  propofed  Power  requires, 
viz, .  by  Two's  in  the  Square;  Three's  in  the  Cube;  Four's  in 
the  Biquadrat,  (Pc.  And  the  Operations  continued  on  as  before. 

Example  5.  Suppofe  it  were  required  to  extrad  the  Square  Root 

of  6968. 


Operation 

6968  (83,4745?  (Pc*. 

64 

10) 

568 

48  9 

1  66  4) 

79,00 

4 

66  “)6 

I6687) 

1 2  4400 

7 

1 1 6809 

I66944) 

7^9100 

4 

667776' 

I669485) 

913240° 

5 

83474M 

I669490 

784975  (Pc. 

Thus  the  Root  of  any  Surd  Number  may  be  continued  on  to 
what  Exadnefs  you  pleafe,  but  cannot  be  truly  found. 

In  my  Compendium  of  Algebra,  Chap.  9.  I  have  propofed  another 
Way  of  e^ trading  the  Square  Root,  and  there  given  Examples  of 
the  Work:  which  to  avoid  Prolixity  is  thus; 

*  Having 
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Having  pointed  the  given  Refolvend,  and  taken  the  greateft 
Square  to  the  firft  Point  from  it,  as  before.  Then  divide  the 
Remainder  of  the  whole  Refolvend  by  2  (  that  is,  halve  it  )  and 
point  it  a  new.  (This  I  call  a  new  Dividend.)Then  make  the  Root 
of  the  firft  Square  a  Divifor,  enquiring  how  oft  it  may  be  found 
in  the  new  Dividend  to  the  next  Figure  forward,  referving  that 
Figure  under  the  next  Point,  for  the  half  Square  of  the  Quotient 
Figure.  Which  being  found,  multiply  the  Divifor  with  it,  ad¬ 
ding  to  that  Product  the  Tens  of  the  Half  Square  if  there  beany  5 
As  in  plain  Divifion. 

Then  annex  the  Quotient  Figure  to  the  laft  Divifor  fora  new 
Divifor,  with  which  proceed  in  all  Refpe&s  as  with  the  laft  Di¬ 
vifor  ;  and  fo  until  all  be  finiflied. 

9  7 

Example  6 .  What's  the  Square  Root  of  1990667969 
•  •  •  •  • 

Operation  1990667969 

—  2*  (  *  The  firft  Single  Root. 

2)  490667969  The  Remainder  to  be  divided  by  t] 

•  •  •  • 

Firft  Root  9  )  24*333984,?  (*4^87 

-|r  4  208=5  x  4  .*  +  i  the  Square  of  4  viz.  x/=:8< 

Divifor  *4)  3733 

-f  6)  32^8=:^4 X6  :  -f4  k  the  Square  of  6. 

Divifor  *40  47*39 

8)  437i2=*4^x8  :  +  4  the  Square  of  8 

Divifor  *4*8)  382784, * 

7  382784.5=5468X7  :  +  £  the  Square  of  7 

(o) 

Hence  the  Root  is  found  to  be  *4687  As  was  required. 

All  the  Difficulty  in  this  Method  is  only  in  the  true  placing  of  the 
half  Square  of  the  Quotient  Figure,  when  it  happens  to  be  an  odd 
Number  ;  In  that  Cafe  you  muft  bring  down  one  Figure  more  of 
the  Dividend  ;  viz.  of  the  next  Period;  under  which,  place  the 
odd  5  that  will  always  arife  from  the  half  Square  of  an  odd  Num¬ 
ber:  As  7  whofe  Square  is  49;  the  half  of  which  is  24,5  to  be  pla¬ 
ced  as  in  the  laft  Operation  of  this  Example. 

N.  B.  When  the  Number  of  Figures  in  the  Root  of  any  Surd 
Number  are  limited  ;  you  need  not  proceed  in  extracting  the 
whole  Root  as  before;  but  only  to  one  Figure  more  than  half 
the  defigned  Number  of  Figures;  for  the  reft  may  be  obtained  by 
plain  Divifion  only. 

S  N  Example 


i3° 


Part  1. 


Example  7.  Suppofe  it  were  required  to  extraCt  the  Square  Root 
of  7  (a  Surd  Number  )  to  have  12  Places  of  Figures  in  it. 

7  (2,564*751  Firft  Part  of  the  Root. 

4 

Remainder  3  . 

2  )  1,50  =3  half  the  Remainder.  , 

+  ,6  1,38  =3  2X,6  :  4-  i  the  Square  of  0,6=20,18 


.  + 

2,6  ) 

I200 

0,4 

I048 

+ 

2,64) 

I52000 

,905 

I32I25 

2,645) 

I987500 

+ 

,0007 

1851745 

+ 

2,6457) 

I3575500 

,00005 

13228625 

+ 

2)64575  ) 

34687500 

,00000! 

26457505 

2,64575!  822 999s 


Having  thus  got  7  of  the  12  Figures  required  in  the  Root  5 
the  reft  may  be  eafily  found  by  the  contracted  Way  of  Divifion 
propofed  in  Page  68. 


Thus,  2,645751)  82,29995' 
....  7937253 


(  2,645751311°^ 


25)2742 
264575 
28167 
*64  57 

I7I0 

1697 

(13) 

Hciicel  find  the  Rootof  7  to  be  2,6457131106'  As  was  re- 
quired. 

Thus  you  have  two  Ways  of  extracting  the  Square  Root,  either 
©f  them  may  be  praCtifed  as  every  one  likes  beft. 

SeCb 
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Sedt.  To  detract  the  Cube  Hoot. 

The  Method  that  I  fhall  here  propofe  for  extrafting  the  Cube 
Root  admits  of  two  Cafes;  both  which  are  to  be  very  wellobler- 
ved. 

Having  pointed  the  given  Refolvend,  (as  before  direfted)  viz* 
into  Periods  of  three  Figures;  then  feek  a  Cube  Number  by  the 
Table  of  Powers  (  or  otherwife)  that  comes  the  neareft  to  the  firft 
Period  of  the  Refolvend,  whether  it  be  greater  or  lefs  than  that 
Period. 

<  Cafe  I.  If  the  Cube  Number  fo  taken,  be  lefs  than  the  firft  Pe¬ 
riod  of  the  Refolvend. 

Call  its  Root  llefg  than  3  uft. 

And  fubtraft  that  Cube  from  the  firft  Period  of  the  Refolvend 

Cafe  2.  But  if  that  Cube  be  greater  than  the  firft  Period  of  the 
Refolvend. 

Call  its  Root  than  3tift# 

And  fubtraft  the  Refolvend  from  that  Cube,  annexing  Cyphers 
to  it,  that  fo  Subtraftion  may  be  made. 

To  the  firft  Root  whether  it  be  lefs,  or  more  than  juft,  annex 
fo  many  Cyphers  as  there  are  remaining  Points  over  the  whole 
Numbers  of  the  Refolvend,  and  multiply  it  with  3;  then  make 
that  Produft  aDivifor;  by  which  you  muft  divide  the  Difference 
between  the  Refolvend  and  the  forefaid  Cube,  then  will  that 
Quotient  be  the  Refolvend  deprefted  to  a  Square;  and  therefore 
it  muft  be  pointed  as  fuch:  viz-  into  Periods  of  two  Figures  each. 
That  being  done,  make  the  firft  Root  (without  thofe  Cyphers 
that  were  annex'd  to  it )  a  Divifor,  enquiring  how  oft  it  may  be 
found  in  the  firft  Period  of  the  new  Refolvend,  (as  before  in  ex¬ 
trafting  the  Square  Root )  with  this  Confederation,  that  if  the 
Root,  (now  a  Divifor)  be  lefs  than  juft,  as  in  Cafe  I.  you  muft 
annex  the  Quotient  Figure  to  it,  and  then  multiply  the  Root  fo 
encreafed,  into  the  faid  Quotient  Figure ;  fetting  down  the  Units 
Place  of  their  Produft  under  the  pointed  Figure  of  that  Period, 
fubtrafting  it,  as  in  Divifion.  And  fo  on  from  one  Period  to  an¬ 
other.  As  before. 

But  if  the  faid  Root  ( now  a  Divifor)  be  more  than  juft,  as  in 
Cafe  2.  Then  you  muft  fubtraft  rhe  Quotient  Figure  from  a  Cy¬ 
pher  annexed,  or  fuppofed  to  be  annexed  to  the  faid  Divifor; 
multiplying  the  Root  fodecreafed  into  the  Quotient  Figure  ;  fet¬ 
ting  down  their  Prod u<51  as  before,  &c.  An  Example  or  two  in 
each  Cafe  will  render  the  Work  plain  and  eafy. 

S  2 


Example 


Part  I 
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Example  1. 

What’s  the  Cube  Root  of  146363183  the  given  Refolvend,  to 

•  •  • 

be  pointed  thus  146363183  (  5  the  firft  Root,  lefs  than  juft. 

iz$—  the  neareft  Cube  to  146 

500X3  =  1500)  21363183  (14241,12  New  Refolvend. 

•  • 

pirfl  Root  5:  )  14142,12  (  527  the  Root  required.  • 

-j—  2  104 

■  — -  ■■■-  ■—  • 

1  Divifor  51)  3842 

+ _ 7_  3^8? 

2  Divifor  517  (1 5 3)  the  Remainder  to  be  reje&ed. 

Here  the  Root  527  is  the  true  Root  at  the  nrft  Operation,  as 
may  be  egfily  tried  by  involving  it. 

That  is  527  x  527  x  527  ==  146363183  the  given  Refolvend.  But 
if  it  had  not  been  the  true  Root;  then  every  thing  that  hath 
been  here  done  muft  have  been  repeated  ;  only  inftead  of  the  firft 
tingle  Root  (viz,.  5)  you  muft  have  taken  the  encreafed  Root(z/fs. 
517)  and  this  I  call  a  fecond  Operation;  which  would  increafe  the 
laft  Root  to  nine  Places  of  Figures;  viz-  every  Operation  triples 
the  Number  of  Places  in  the  lad  Root  ;  as  will  appear  further 
on. 

AT.  B  It  often  happens  that  four,  or  fometimes  five  Places  of 
Figures  may  be  taken  into  the  R.oot;  efpecially  when  the  fecond 
Place  proves  to  be  a  Cy  pher.  That  is,  when  the  brft  Cube  comes 
very  near  to  the  firft  Period  of  the  Refolvend. 

Example  2f 


What's  the  Cube  Root  of  67507824239  (4000  Root  lefs  than  juft, 
Firft  nearefl  Cube  —  64 


Root  40Q0  X  3 

I  Divifor 
a  Divifor 


=112000  ) 

,  4  > 
-f-  o 

40 ) 

+  7 

407 

+  I 


3  Divifor  407 1  ) 

+  8 

Root  =  407 1  8 


3507824239  (  292318  6% 
•  •  •  • 

192  3?  8,68  (407  ?,8 

2923 

2849 

7418 

407 1 

3347-68 
3257.44  &C. 


In  this  Example  I  have  taken  five  Figures  into  the  Root,  be^ 
caufe  the  fecond  Place  proved  to  be  a  Cypher.  And  in  thefe 


I  _ 
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five  the  Excel's  is  not  an  Unit  in  the  laft  Place ;  for  if  there  were 
made  a  fecond  Operation,  the  Root  would  be  4071,78  &c .  as  may 
be  eafily  tried. 

Example  3. 

Let  it  be  required  to  extratt  the  Cube  Root  out  of  this  Num¬ 
ber  \  »•••♦••»•• 

yiz,  976379601989073960179630298890 
The  neareft  Cube  to  975  is  iooo  whofe  Root  is  10  being  more 

than  juft.  . 

Its  Cube  is  loooooooooooooooooooooooooooooo 

+  976379601989073960*79630198890  the  Refolvend. 

Remains  23610397010926039720369701110 

The  Firft  Root  10000000000X  3=30000000000  the  Divifor 
Then  30000000000 )  23620397010926039720369701110  (* 


Firft  Root 

10  ) 

few 

-  00 

l.  Divifor 

loo 

2.  Divifor 

993 

9 

3.  Divifor 

9921 

—  2 

4.  Divifor 

99208 

—  9 

$  Divifor 

99207I 

0000000000 

*787346567030867990  New  Refolvend. 

_ ‘  /  *  (007 9*9 

7873 
695I  f 

91246  firft  Root  =  ioooooooooo 
89289  —  007929 

295756  9920710000 

198416 
— ■ —  ■  • 

9734070 

8928639 

crY. 


At  this  firft  Operation  I  take  but  99207  to  which  T  annex  7 
Cyphers  for  the  remaining  Points,  viz,.  9920700000  which  being 
involved  to  the  third  Power  or  Cube,  for  a  fecond  Operation, 


will  be  976398 1 56022743000000000000000 

—  976379601989073960179630198890  Refolvend 

Remains  1855 3033669039710369701110 

The  laft  Root  9920700000X3=19762100000  the  new  Divifor; 
Then  2976H00000)  1855  3033669039720369701 1 10  (* 

*  613377841921091  The  Quotient  or  New  Refolvend. 

<  % 

Laft  Root  99207  being  more  than  juft,  therefore  the  new  Quo¬ 
tients  muft  be  fubtrafted,  as  in  the  laft  Operation. 


Thus 


J34 

Ztittymztith. 

Part  I. 

Thus 

99207 ) 

—  6 

•  • 

.623377841 

5952384 

•  •  • 

92I09I  (62836,45 

Divifor 

992064 
— ■  2 

28139441 

I 984I276 

JNote,  in  t  vitu¬ 
peration  all  the 
Figures  on  this 
Jide  the  Line , 
and  all  the  new 

Divifor 

9920638 
—  8 

8298165 

7936509 

92 

16  . 

(*) 

99206  372 

* —  3  * 

36 1656 
297619 

I610 

115  I  . 

Vivifort  after 
the  (*)  are  ufe - 
left ,  and  might 
have  been  0- 
mitteh 

992063717 
—  6 

64037 

59523 

04599I 

822984 

—  # 

9920637I64 
—  ,4 

45  1  3 
3968 

22300700 

25486544 

9920637I63  6 
—  ,0? 

544 

496 

96814I5600 

0318581775 

9920637163,55 

&c, 

Laft  Root  5^20700000 

-  62836,45 

99zoiyjT6^%i  7"  the  Root  recluire(5- 

Thus  I  have  obtained  the  Cube  Root  to  twelve  Places  of  Fi¬ 
gures,  viz,.  99*0637163  5  5  at  two  Operations*,  being  but  an  Unit 
too  much  in  the  laft  Place  of  it,  as  may  be  tried  by  involving 
it  to  a  Cube,  and  comparing  that  Cube  with  the  given  Relol- 

In  the  fame  manner  the  Cube  Roots  of  Decimal  Parts  ;  or  of 
Vulgar  Fractions,  being  fir  ft  changed  into  Decimals,  may  be  ex¬ 
tracted. 


Sed.  4.  To  (Extract  the  SBlquaBcat  Hoot. 

In  extracting  the  Biquadrat  Root,  or  that  of  the  fourth  Power ; 
(and  indeed  the  Roots  of  all  even  Powers  )  there  are  lome  imall 
Difficulties,  not  fo  eafilv  exprefs’d  and  explain’d  in  a  tew  Words, 
as  they  are  by  an  Algebraic  Theorem  (  iuch  as  rnali  be  the  wed  fur¬ 
ther  on)  I  have  therefore  in  this  Place,  mace  choice  of  extracting 
fuch  Roots  by  two  feveral  Extractions  j  and  the  lcithejr,  becaule  I 
prefume  the  Reader  by  this  Time  thoroughly  acquainted  with  the 
Bufmefs  of  extracting  the  Square  Root,  by  which  this  may  eafily 
be  performed.  Thus.; 

Firft,  Extract  the  Square  Root  of  the  propofed  Refoh 
vend*)  then  the  Square  Root  oj  that  firjt  Root  will  be  the 
Bi  qua  dr  at  Root  required . 


Example , 
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Example  1.  What’s  the  Biquadrat  Root  of  4857532416 f 
Firfl  extract  its  Square  Root, 


Thus  48*7532,416 

•—  36=the  greateft  Square,  whofe  Root  is  6 . 


125753241 6  Remainder  to  be  divided  by  2.' 

Firfl  Root  6  ) 

•  •  ■  • 

628766208  (  69696 

.  +  9 

5805 

69 

-4826 

*-j~  6 

4I58 

696 

6^8620 

+  9 

626805 

--  • 

6969 

418158 

'  418158 

(o) 

.  .  .  S  being  the  firA  Root,  whofe  Square  Root 
Then  69696  c  muft  now  be  extracted. 

—  4 

2 $696  Remainder  to  be  divided  by  2. 

•  • 

Firfl  Root  2  )  14848  (  264  the  Biquadrat  Root  as  was  required, 

+ _ 6_  138  ' 

26)  1048 

4  1048 

264  (o) 

This  is  fo  eafy  I  need  not  infert.any  more  Examples. 


Se<ft.  5.  To  detract  the  feutfoUD  Koot. 

Having  pointed  the  given  Refolvend  according  as  its  Index  de¬ 
notes;  viz.  into  Periods  of  five  Figures;  feeking  fuch  a  Surlolid 
Number  in  the  Table  of  Powers,  or  otherwife,  as  comes  the  nearefl 
to  the  firfl  Period  of  the  Refolvend,  whether  greater  or  lefs ;  and 
call  its  refpe&ive  Root  accordingly;  viz.  More  than  $ujl\  or  Lefs 
than  Juft ;  annexing  fo  many  Cyphers  to  it  as  there  are  remain¬ 
ing  Periods  of  whole  Numbers  in  the  Refolvend.  As  before  in 
extracting  che  Cube  Root. 

Then  find  the  Difference  between  the  Refolvend,  and  the  Sur- 
folid  Number  fo  taken,  by  fubtra&ing  the  leffer  from  the  great¬ 
er  (  as  before  in  the  Cube  ).  Next  find  the  Cube  of  the  aforefaid 

Surfolid 
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Surfolid  Root  with  its  annexed  Cyphers,  (which  you  may  alfo 
do  by  the  Table  of  Powers)  and  multiply  that  Cube  with  7  the 
Index  of  the  Surfolid,  the  Produtt  muft  be  a  Divifor,  by  which 
the  Difference  between  the  Refolvend  and  the  Surfolid  Number 
muft  be  divided;  that  fo  it  may  be  depreffed  to  a  Square  (as  be-, 
fore  in  the  Cube  (which  muft  be  pointed  into  Periods  of  two’- 
Figures  each,  calling  it  the  new  Refolvend,  (  as  before  ).  Then  3 
make  the  firft  Root,  without  its  Cyphers,  a  Divifor  enquiring, 
how  oft  it  may  be  found  in  the  firft  Period  of  the, new  Refol¬ 
vend,  with  this  Confideration,  if  the  Root  (  now  a  Divifor  )  be 
lefs  than  juft,  you  muft  annex  twice  the  Quotient  Figure  to  it ; 
but  if  it  be  more  than  juft,  you  muft  fubtra#  twice  the  Quotient 
Figure  ftom  a  Cypher  either  annexed,  or  fuppos'd  to  be  annex'd 
to  that  Divifor  or  Root,  multiplying  it  fo  encreafed,  or  dimi- 
niflied,  with  the  faid  Quotient  Figure,  fetting  down  their  Pro- 
du#,  <Fc.  as  before.  An  Example  in  each  Cafe  will  render  it  plain 
and  eafy. 

Example  i.  Suppofe  it  be  required  to  extra#  the  Surfolid  Root 
out  of  this  Number  1230970100937?. 

1 

•  •  • 

I2309702009377  The  Refolvend  pointed- 


The  neareft  Surfolid  Number  to  1130,  the,  firft  Peuod  of  the 
Refolvend,  is  1024,  whofe  Root  is  4,  being  lefs  than  juft- 

_  •  •  • 

Therefore  1230970200937? 

—  1024 


'  206970200937?  their  Difference. 

Next  the  Cube  of  400  is  64000000  per  Table,  6cc. 

And  64000000  x  7  =:  320000000  the  Divifor 
Then  320000000)  2069702009377  (6467  (Fo . 

•  • 

Firft  Root  4)  6467  (  I? 

+  1  X  =  2  41  Firft  Root  ==400 

- -  — —  4-  1? 

Divifor  42  2  2  67  — — — 

4-  7  x  2  =  10  2150  the  true  Root  4I7  as  required. 

Divifor  430  (1 17)  the  Remainder  to  be  rejected: 

That  is,  41?  is  the  Surfolid  Root  of  the  given  Refolvend.  As 
may  be  eafily  tried  by  involving  it  to  the  fifth  Power. 

Viz.*  417X417X417X415  X  41?  =  12309702009377  the  given 
Rdolvend. 
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Example  2.  What's  the  Surfolid  Root  of  2327834559873 
The  neareft  Surfolid  Number  to  232  is  243  whofe  Root  is  3  be- 
being  more  than  juft. 

Therefore  2430000000000 

— '  ^327834559873 

Remains  102165440127  For  a  Dividend. 


;■ 


The  Cube  of  300  is  27000000  And  27000000 X  5  =:  135000000 
Then  135000000)  102165440127  (  756,7810  New  Refolvend. 


Firft  Root 

300 ) 

756,7810  ( 

—  01  X  2  ^  4 

S9  2- 

Divifor 

296  )  - 

164,78 

—-,5X2 

s=:  1.0 

1 47->  ?  0  . 

2.  Divifor. 

*95,°  ) 

17,2810 

— ,05X2  - 

-  ,10 

I4'745'° 

2.94)9° 

2,53600  & C. 

The  firft  Root  was 
Therefore  it  is  - — 

300, 

02.558 

being  more  than  juft. 

The  n  ’  Root,  297,441  And  is  very  near  the  tru® 

Root  which  is  297,436  &c.  Now  the  Reaion  why 

this  Root  comes  out  to  io  many  Places  of  Figures  at  the  nrft  O- 
peration;  is  becaufe  the  firjl  Surfolid  Number  was  fo  near  the 
Refolvend,  &c.  As  before. 


Sedt.  6.  To  extract  the  Koot  of  the  ^(yiate  Cubes* 

This  may  be  eafily  performed  by  two  Extra&ions;  according 
as  ire  Name  denotes. 

Thus,  Firft  extratt  the  Square  Root  of  the  given  Re¬ 
folvend  j  then  extract  the  Cube  Root  of  that  Square  Root : 
And  it  will  be  the  Root  required .  That  is ,  it  will  be  the 
Root  of  the  fixth  c Power . 

Or  thus,  Firjl  extratt  the  Cube  Root  of  the  Refolvend, 
then  extract  the  Square  Root  of  that  Cube  Root  :  And  it 
will  be  the  Root  required . 

Example  1.  Let  it  be  required  to  extract  the  Square  Cubed  Root 
out  of  this  Number  145220^ 373535 15625  the  Refolvend. 

Firft  I  extra<5l  the  Square  Root  of  this  Reiolvend,  which!  take 

to  be  the  beft  and  eafieft  Way. 

■*  x  Thus 
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Thus 


145220537353515625 

—  5? 


Remains  55210537353 515625  To  be  halved, 
•  •  •  m  m  m  # 

Then  3  )  27610268676757812,5  (  381078125 

+  8  272 


33) 


4102 


4- 

10  3805 

3810  )  2976867 

+ 

7  .  2667245 

38107  ) 

3096226 

+ 

8 

3048592 

1 

381078  ) 

47^34757 

+ 

I  ' 

38107805 

+ 

3810781  ) 

95269528 

2 

762I5622 

+ 

38I07812  ) 

1905390612,5 

S 

1905390612,5 

381078125 

(°) 

Having  found  the  Square  Root  of  the  given  Refolvend,  I  pro¬ 
ceed  to  extra#  the  Cube  Root  ©f  that  Square  Root. 

.  •  .  *  / ' 

That  is,  of  381078125 

— -  343  =:  the  neareft  Cube,  its  Root  is  700 

Then  700X3=^2100)  38078125  (  18161 

•  • 

Firft  Root' 7  )  1 8 161  (25 

4-  2  144 

1.  Divifor  72)  3761 

+  S  3*11 

2.  Divifor  725  (135) 


Firft  Root  700 
+  25 


7iy 


Hence  I  find  725  to  be  the  Square  Cube  Root  required  ;  as  may 
eafily  be  tried  by  involving  it  co  the  iixth  Power. 

That  is,  725  x  725  x  725  x  725  x  725X725  will  be  found 
1452.2,05373535156x5  the  given  Refolvend. 
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Sedt.  7.  To  (Extract  the  IRoOt  of  the  Seventh  ]$o\r)er« 

Having  pointed  the  given  Refolvend,  as  its  Index  denotes,  viz,. 
into  Periods  of  7  Figures,  feek  out  fuch  a  Number  of  the  feventh 
Power,  by  the  Tibte  of  Powers,  as  comes  neareft  to  the  firft  Period 
of  the  Refolvend;  whether  it  be  greater  or  lelfer,  calling  its  re- 
fpe&ive  Root  more  than  jutt,  or  lei’s  than  juft,  annexing  its  pro¬ 
per  Number  of  Cyphers,  &c.  as  in  the  Cube  and  Surfolid. 

Then  find  the  Difference  between  the  given  Refolvend,  and 
that  Number  of  the  feventh  Power  (found  by  the  Table  of  Powers) 
by  fubtratting  the  leffer  from  the  greater. 

Next  find  the  Surfolid  or  fifth  Power  of  that  Root  with  its  an¬ 
nexed  Cyphers  (which  you  may  alfo  do  by  the  Table  of  Powers ) 
and  multiply  that  Surfolid  Number  with  7,  the  Index  of  the  gi¬ 
ven  Refolvend,  that  Product  muft  be  a  Divifor,  by  which  the 
forefaid  Difference  muft  be  divided  ;  that  fo  it  may  be  deprefted 
to  a  Square,  to  be  pointed,  &c.  as  before  in  the  Cube,  &c.  then 
make  the  firft  Root,  without  its  Cyphers,  a  Divifor;  working 
wfith  it  and  the  new  Refolvend.  as  before,  only  here  you  muft 
encreafe,  or  diminifti  the  Divifor  with  thrice  the  Quotient  Fi¬ 
gure. 

Example. 

What's  the  fecond  Surfolid  Root,  or  that  of  the  feventh  Powder? 
•  •  • 

of  ll$  the  Refolvend  pointed. 

- —  2178  the  neareft  Number  of  the  feventh  Power. 


their  Difference. 

The  firft  Root  is  300  being  lefs  than  juft;  and  the  fifth  Power 
of  300  is  1430000000000  which  being  multiplied  with  7  is 
17010000000000  for  a  Divifor,  by  which  the  atorelaid  Difference 
muft  be  divided  ;  u^hich  contradled  may  ftand  thus, 

1701  )  Ijf43 (  913795 

•  • 

Firft  Root  3  )  5?  1 37  ( 

+  2X3  —6  72  Firft  Root  =3  300 

- -  -f-  jy 

I,  Divifor  3 6  19 37  . . — 

-)-fX3=i*  187*  True  Root  32* 

37*  (<*2)  the  Remainder  to  be  rejedled  as 

before. 

T  1  Hence 


140 _ _ Fart  I. 

Hence  I  have  found  3zy  to  be  the  true  Root  required,  that  is, 
the  true  Root  of  the  feventh  Power. 

I  think  it  needleis  to  proceed  farther  ;  viz.  to  infert  Examples 
of  higher  Powers.  For  if  what  is  already  done  be  well  under- 
ilood,  it  will  be  eafy  to  conceive  how  to  proceed  in  extra&ing 
the  Root  of  any  (ingle  Power  how  high  foever  it  be  (  for  the  Me¬ 
thod  is  general  and  alike  in  all  Powers)  due  Regard  being  had  to 
tbejr  Indices;  and  to  the  firft  (ingle  Side  or  Root.  That  is,  whe¬ 
ther  it  be  more,  or  left,  than  juft ,  & c. 

Yet  methinks  I  hear  the  young  Learner  fay,  5tis  potfible  to  fol¬ 
low  the  Direftions  and  Examples,  as  they  are  here  iaid  down  ; 
but  fill  here  is  not  the  Reafon  why  they  are  fo,  and  fo,  per¬ 
form'd  ;  and  why  there  fhould  be  a  Remainder  left  after  the  true 
Root  is  found;  viz •  when  the  given  Refolvend  hath  a  true  Root 
of  its  kind. 

^Tistrue,  the  Reafons  of  tbefe  are  not  here  laid  down*,  neither 
indeed  can  they  be  rend  red  fo  plain  and  intelligible  by  Words, 
as  by  an  Algebraic  Procefs ,  trom  whence  the  Theorems  or  Rules  here 
given,  bad  their  firft  Invention;  as  fhall  be  lbewed  in  the  next 
Part,  when  I  come  to  treat  of  refolving  Compounded  or  Adfetted  /E - 
5. nations ;  however,  take  this  fhort  and  general  Account  of  this 
Method. 

This,  and  all  other  of  the  new  Methods  of  converging  Series  (  as 
they  are  called)  are  very  different  from  the  former  (and  ftillcom- 
non  )  Methods  of  extra<5Hng  Roots,  which  requires  the  firft  (ingle 
Side  or  Root  of  the  firft  Period  (  in  anv  Refolvend  )  to  be  ta¬ 
ken  exactly  true,  and  then  by  involving  and  other  tedious  Ways 
of  ordering  it,  there  is  formed  a  Divilor;  which  helps  to  grope 
out  hv  Trials  a  lecond  Figure  in  the  Root.  And  fo  proceeds 
on  from  Point  to  Point  ;  fill  repeating  the  whole  Work  for 
everv  fingle  Figure  that  comes  into  the  Root.  And  if  hy  chance 
there  he  a  Miftake  or  Error  committed  in  anv  one  Figure  fas’tis 
noftible  there  may)  it  fpoils  the  whole  Procefs,  which  muft  then 
he  wholly  begun  a -new,  or  at  leaf  from  that  Part  of  it  where 
the  Error  nr  ft  entree. 

Rut  the  Nature  and  Defign  of  the  Method  which  I  have  here 
laid  down  is  quire  otherwife;  it  being  (o  contrived,  as  to  gra¬ 
dually  leffen  the  Difference  betwixt  anv  propofed  Power,  and  rhe 
like  Power  of  another  Number  affumed  ;  viz  it  leftens  that  Differ¬ 
ence  until  it  either  quite  vani flies,  or  becomes  lo  infinitely 
Email  as  to  he  infignificanr. 

Therefore  when  any  Number  is  propofed  to  have  its  Root 
extracted  ;  it  is  here  required  to  take  the  next  neared  Root  of 
the  firfl  Period  in  the  Refolvend;  that  fo  the  Difference  betwixt 
the  given  Refolvend,  and  the  Homogeneal  Power  (  viz.  the  like 

Power^ 
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Power  )  ol  the  Root  thus  taken,  may  be  lefs  either  in  Excefs,  or 
Deleft.  Which  Difference  being  reduced,  or  depreffed.  lower,  be¬ 
comes  fo  prepared,  that  by  plain  Divifion,  comparatively,  there 
will  arife  fuch  Quotient  Figures  as  will  both  correft  and  encreale 
the  firft  Root  to  three  Places  of  Figures  at  leaft,  fometimes  to  four, 
or  five  Places  of  Figures;  according  as  the  laid  firft  Difference  hap¬ 
pens  to  be  more  or  lefs  5  (of  which  you  may  have  oblerved  In- 
Itances):  But  yet  there  will  be  a  Remainder  left,  and  perhaps  an 
Excefs  or  Defeat  in  the  Root  fo  encreafed  ;  viz,,  in  the  laft  Figure 
of  it. 

Now  to  reftify  the  faid  Excefs  or  Defeft.in  the  Root,  and  to 
difcover  whether  the  given  Refolvend  be  a  truefigurate  Number, 
or  not:  That  is,  whether,  it  have  a  true  Root  of  its  kind.  It 
will  be  neceftary  to  make  a  fecend  Operation;  by  taking  the  Root 
fo  encreafed,  and  proceeding  with  it  and  the  given  Refolvend, 
in  all  refpefts  as  in  the  firft  Work,  like  to  the  third  Example  of 
cxtrafting  the  Cube  Root,  I  fay,  if  the  given  Refolvend  have  a 
true  Root,  it  will  appear  at  this  fecond  Operation,  and  all  the  a- 
forefaid  Differences,  &c.  will  vanifh  ;  provided  the  Root  re¬ 
quired  is  not  to  have  more  than  three,  or  four,  Places  of  Fi¬ 
gures  in  it. 

But  if  the  Root  be  to  have  more  than  three  Figures  in  it;  ori 
that  the  given  Refolvend  prove  to  be  a  Surd  Number.  Then 
there  will  be  a  Difference  as  before;  which  will  afford  Quotient 
Figures  to  rectify  and  encreafe  the  Root  laft  taken  to  three  times 
as  many  Places  of  Figures,  as  it  had  at  the  Beginning  of  that  fe- 
cond  Operation.  As  you  may  fee  in  the  aforefaid  Example  3.  of 
the  Cube  Root;  wherein  that  Root  is  encreafed  to  twelve  Places 
of  Figures  at  two  Operations:  which  if  it  were  to  be  extracted 
the  old.  and  ftil!  common,  Way,  it  would  require  at  leaft  forty 
times  the  Number  of  Figures  I  have  here  ufed. 

Again,  if  there  chance  to  be  a  Miftake  committed  in  anv  Ope¬ 
ration  perform'd  by  the  Method  here  laid  down,  that  Miftake 
will  not  deftroy  the  preceding  Work,  but  will  be  reftified  in  the 
next  Operation,  although  it  were  not  difcovered  hefore.  And 
thus  you  may  proceed  on  to  a  third  Operation,  which  will  afford 
27  Places  of  Figures  in  the  Root.  £ Tc.  with  very  little  Trouble, 
if  compared  with  former  Methods. 

This  brief  Account,  which  I  have  here  given,  bv  way  of  ex¬ 
plaining  the  Nature  of  this  Method  of  extrafting  Roots,  being 
well  confidered  and  compared  with  the  feveral  Operations  of  the 
foregoing  Examples,  muft  needc-help  the  Learner  ro  form  fuch 
an  Idea  of  it.  that  he  cannot,  I  prefume,  but  underOand  how  to 
proceed  in  extracting  the  Root  out  of  anv  fingle  Power,  how 
high  foever  it  be;  without  the  Help  of  an  Algebraic  Theorem. 

Not, 
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Not,  but  when  that  comes  to  be  once  underftood  ;  the  Work  will 
be  much  readier  and  eafier  perform'd  :  As  will  appear  in  the  next 
Part. 

I  did  intend  to  have  here  inferted  the  whole  Bufinefs  of 
Intereft  and  Annuities ;  but  finding  that  it  would  require  too 
large  a  Difcourle,  to  (hew  the  Grounds  and  Rea  Ions  of  the  feve- 
ral  Theorems  uieful  therein,  I  have  therefore  referved  that  Work 
for  the  Clofe  of  the  next  Part.  Neither  indeed  can  the  railing  of 
thofe  Theorems  be  fo  well  delivered  in  Words,  as  by  an  Algebraic 
Way  of  Arguing',  which  renders  them  not  only  much  iborter,  but 
alfo  plainer  and  eafier  to  be  underftood. 

I  have  alfo  omitted  that  Rule  in  Arithmetick,  ufually  called 
the  Rule  of  Pofition,  or  Rule  of  Falfel  Becaule  all  fuch  Queftions  as 
can  be  anfwered  by  that  GueJJing  Rule,  are  much  better  done  by  a- 
ny  one,  who  hath  but  a  very  fmall  Smattering  of  Algebra..  I  (hall 
therefore  conclude  this  Part  of  Numerical  Arithmetic \\  and  proceed 
to  that  of  Algebraic  Arithmetic^.  wherein  I  would  advife  the  young 
Learner  not  to  be  too  bafty  in  palling  from  one  Rule  to  another, 
and  then  he  will  find  it  very  eafy  to  be  attained. 
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PROEM. 

HAving  formerly  wrote  a  fmall  Trad  of  5lTgeb£8,  per - 
haps  it  may  feem  ( to  fome  )  very  improper  to  write 
again  upon  the  fame  Subject  ‘  but  only  (  as  the  ufual  Cu- 
ftom  is)  have  referrd  my  Reader  to  that  TraCt.  How  ever y 
becaufe  the  following  Tarts  of  this  Treatife  are  managed  by 
an  Algebraic  Method  of  Arguing  \  which  may  fall  into  the 
Hands  of  thofe  who  have  not  feen  that  Trafi,  or  any  other 
of  that  kind\  I  thought  it  convenient  to  accommodate  the 
young  Geometer  with  the  frjt -Elements^  or  principal  Rulesy 
by  which  all  Operations  in  this  Art  are  performed:  That 
fo  he  may  not  be  at  a  Lcfs  as  he  proceeds  farther  on  :  Be - 
fides ,  what  I  formerly  wrote  was  only  a  Compendium  of 
that  which  is  here  fully  handled  at  large. 

The  principal  Rules  are  0t)tiition,  ^ubttatfion, 
tiplication*  EDibtfion,  Inboluticm,  and  (fSbolutton ;  as  in 
common  Skitljmcticb  (  but  differently  perform'd  )  :  And 
therefore  fbme  call  it  £Ugeb  ate  Others  call 

it  aritbmeticfc  in  Specie#, becaufe  all  the  Quantities  con- 
cerned  in  any  Quefion ,  remain  in  their  Subjhtuted  Let¬ 
ters  (  howfoever  manag'd  by  Addition ,  Subtraction ,  or 
Multiplication 3  &c.  )  without  being  dejtroy  d  or  changed 
into  others,  as  Figures  in  common  Arithmetick  are. 

Mr.  Harriot  call'd  it  lloijlttua  ^peciofa,  or  Specious 
Computation .  CHAP. 
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CHAP.  L 

Concerning  the  CPctllOt)  of  Noting  down  j3Duaitt(UeiS  j  And 

•flttacins  their  &tepss. 


Sed.  i.  Of  Rotation. 


THE  Method  of  noting  down  Letters  for  Quantities,  is  Va¬ 
rious,  according  to  every  one's  Fancy;  but  I  fhall  here 
follow  the  fame  as  in  my  former  TraCl:  And  reprefent  the  Quan¬ 
tity  fought,  be  it  Line,  or  Number,  &c.  by  the  fmall  (<t),  and  if 
more  Quantities  than  one  are  fought,  reprefent  them  by  the  o- 
ther  fmall  Vowels ;  e.  «.  or  y. 

The  given  Quantities  are  reprefented  by  the  fmall  Confonants, 
b.  c.  d .  f.  g.  Sec. 

And  for  DiftinClion’s  fake,  mark  the  Points  or  Ends  of  Lines 
in  all  Schemes,  with  the  Capital,  or  great  Letters,  viz..  A .  £.  C. 
J>.  See. 

When  any  Quantity,  either  given  or  fought,  is  taken  more 
than  once,  you  muft  prefix  its  Number  to  it  ;  as  3 a  {lands  for  a 
taken  three  times,  or  three  times  af  and  7 b  {lands  for  feven  times 
b,  &c.  \  * 

All  Numbers  thus  prefixt  to  any  Quantity  are  called  Co-effi- 
cients  or  Fellow-Fa&ors ;  becaufe  they  multiply  the  Quantity; 
and  if  any  Quantity  be  without  a  Co  efficient,  it  is  always  fup- 
pos’d,  or  underllood  to  have  an  Unit  prefix’d  to  it;  As  a  is  la, 
or  b  is  ib.  Sec. 

The  Signs  by  which  Quantities  are  chiefly  managed  are  the 
fame  ;  and  have  the  fame  Signification,  with  thofe  in  the  Fir(t 
Part ,  Page  $.  which  I  here  prefume  the  Reader  to  be  very  well  ac¬ 
quainted  with.  To  them  muft  be  here  added  thefe  three  more 


^Involution. 

Viz..  <iw  f-the  Sign  of  <  Evolution,  or  extracting  Roots. 

c/j  £  Irrationality,  or  Sign  of  a  Surd  Root. 

All  Quantities  that  are  exprefs’d  by  Numbers  only,  as  in  Vul¬ 
gar  Arithmetick,  are  called  Absolute  Numbers. 

Thofe  Quantities  that  are  reprefented  by  Angle  Letters,  as, 

b.  c.  d.  Sec.  or  by  feveral  Letters  that  are  immediately  joined 
together  ;  as  ab.  cd.  or  7 bd.  Sec.  are  called  fimple  or  {ingle  whole 
Quantities. 

But  when  different  Quantities  represented  by  different  or 
unlike  Letters,  are  conneCled  together  by  the  Signs  (  -}-  or  —  )  ; 
As  a-\-b.  a — b.  or  ab^Jc.  Sec.  they  are  called  Compound  r^boU  Quan - 
titles. 


And 
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And  when  Quantities  are  exprefs’d  or  fet  down  like  Vulgar 
Fra&ions,  Thus-^-»  Or^i^-.  Or^^~~* 

b  a  b — c 

they  are  called  Fradlional  or  broken  Quantities. 

The  Sign  wherewith  Quantities  are  connedled,  always  belongs 
to  that  Quantity  which  immediately  follows  it;  and  therefore 
all  the  Quantities  concern'd  in  any  Queflion,  may  Hand  in  any 
Order  at  Pleafure,  viz-  the  mofl  convenient  for  the  next  Operati¬ 
on.  A s  a-\~b —  d  may  (land  thus  b  —  d  +  Or  thus  a  —  d- f-A 
Or  —  d  4"  a  4"  b  See.  thefe  being  flill  the  fame,  tho’  differently 
placed. 

That  Quantity  which  hath  no  Sign  before  it,  as  generally  the 
leading  Quantity  hath  not,  is  always  underflood  to  have  the 
Sign  -j-  before  it.  As  a.  is-f-d.  Or  b  —  d  is-j-b  —  d  Sec.  for  the 
Sign  +  is  the  affirmative  Sign,  and  therefore  all  leading  or  pofi- 
tive  Quantities  are  underflood  to  have  it,  as  well  as  thofe  that 
are  to  be  added. 

But  the  Sign  —  being  the  negative  Sign,  or  Sign  of  Defe£t, 
there  is  a  NecefTity  of  prefixing  it  before  that  Quantity  to  which 
it  belongs,  where-ever  the  Quantity  {lands. 


Seft.  2.  Of  tracing  the  istepg  ufed  in  bringing  the  . 
the  ^Quantities!  to  an  (Equation. 

The  Method  of  Tracing  the  Steps,  ufed  in  bringing  the  Quan¬ 
tities  concern’d  in  any  Queflion  to  an  ^Equation,  is  befl  perfor¬ 
med  by  regiffring  the  feveral  Operations,  with  Figures  and  Signs 
placed  in  the  Margin  of  the  Work,  according  as  the  feveral  Ope¬ 
rations  require;  being  very  ufefulin  long  and  tedious  Operations. 

For  Inflance  :  If  it  be  required  to  fet  down,  and  regifler  the 
Sum  of  the  two  Quantities  and  ,b,  the  Work  will  fland, 

Firfl  fet  down  the  propofed  Quantities,  a  and 
b  over  againfl  the  Figures  1.  2.  in  the  fmall 
Column,  which  are  here  called  Steps,  and  againft 
3,  the  third  Step,  let  down  their  Sum,  viz-  rf+fr. 


Thus 

1 

X 

2 

b 

1  +  * 

3 

1  4"  b 

J  1  -  - XT  > -  w  -  - - J - -  l 

%  Then  againfl  that  third  Step,  fet  down  1  -J-  2  f‘n  the  Margin; 
''  which  denores  that  the  Quantities  againfl  the  fil'd  and  fecond 
Steps  are  added  together,  and  that  thofe  in  the  third  Step  are 
their  Sum. 

To  illuflrate  this  in  Numbers,  fuppofe  <*  —  9  and  b~6. 
Then  it  will  be, 


being  the  Sum  of  9  and  6. 
U 


Thus 

! 

1  =9 

2, 

b  '  t=,6 

I  4”  2- 

7 

x  —  9  •4*’  6  ^  I  { 

Again, 


_ L  —  -  - - —  '  ■—  ^  ■■  . 
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Again,  If  it  were  required  to  let  down  the  Difference  of  the 
fame  two  Quantities,  Then  it  will  be, 


Thus 

1 

*  =  9 

i 

b~6 

1  —  2 

3 

a  —  b  =19  —  6  =  3  the 

Or  if  it  were  required  to  fet  down 

Then  it  will  be, 

Thus 

I 

<l  r=:  9 

2 

b  —  6 

1  x  * 

3 

1  X  b  or  a.bz=:  9  X  6=  74 

(?c. 


Note ,  Letters  fet  or  joyn’d  immediately  together,  like  a  Word, 
fignifie  the  Re&angie  or  Product  of  thofe  Quantities  they  repre*- 
fent.  As  in  the  laft  Example ,  wherein  ab~  54  is  the  Product  of 
a,  ==:  9  and  &c. 


axioms. 

1.  If  Equal  Quantities  be  jgtflet)  to  Equal  Quantities , 
the  &titn  of  thofe  Quantities  will  be  equal. 

2.  If  Equal  Quantities  be  ®aktu  from  Equal  Quant i- 
ties ,  the  Quantities  Iftemaitllttg  will  be  equal. 

3.  If  Equal  Quantities  be  ^ultiptiet)  with  Equal 
Quantities,  their  ^otUUW  will  be  equal. 

4.  If  Equal  Quantities  be  HTHblDeD  by  Equal  Quanti* 
ties ,  their  £DUOtient0  will  be  equal. 

5.  Thofe  Quantities,  that  are  Equal  to  one  and  the 
fame  Thing ,  are  Equal  to  one  another. 

Note,  I  advife  the  Learner  to  get  thefe  five  SljciOltl# 
ferfebtly  by  Heart. 

Thefe  things  being  premifed,  and  a  perfeft  Knowledge  of  the 
Signs,  and  their  Significations  being  gained,  the  young  Afcebraifi 
may  proceed  to  the  following  Rules.  But  firft  I  muft  make  bold 
to  advife  him  here,  as  I  have  formerly  done,  that  he  be  very  rea- 
•  dy  in  one  Rule  before  he  undertakes  the  next. 

That  is,  he  fhould  be  expert  in  Addition,  before  he  meddles 
with  Subtra&ion ;  and  in  Subtraction,  before  he  undertakes  Mul¬ 
tiplication,  &£.  becaufe  they  have  a  Dependency  one  upon  ano¬ 
ther. 


C  H  A  P. 
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CHAP.  II. 

Concerning  the  fete  Principal  Itluleg  of  SUgebjalC  Stltty* 
nictUfc,  of  whole  ^Quantities. 

Se6t.  1.  aubition  of  whole  ^Duantitte0. 

Addition  of  whole  Quantities  admits  of  Three  Cafes. 

Cafe  1.  If  the  Quantities  are  like ,  and  have  like  Signs ; 
jidd  the  Coefficients  or  prefixt  Numbers  together  ;  and 
£0  their  Sum  adjoyn  the  Quantities  with  the  fame  Sign . 


1+2 

1 

2 

3 

Exam.  1. 
a 

a 

Exam.  1. 

—  a 

a 

Exam.  3.  1  Exam.  4. 
5  b  I  —  7  be 

3  b  I  —  8  be 

2  a 

— ■  2  a 

8  b  1  -*-I  sbe 

Thus 

Exam.  7. 

Exam.  6. 

Exam.  7. 

I 

3<t+  5  b 

3*  — 

6ab  “h  I  z 

2 

za~\*  7 b 

zx  — •  7 b 

$ab  -V  *4 

1  +  2 

3 

sa-^-iib 

%a  — \zb 

qab  -h  36 

The  Reaion  of  thefe  Additions  is  evident  from  the  Work  of 
common  Arithmetick.  For  fuppofe  a,  to  reprefent  one  Ciown, 
to  which  if  I  add  one  Crown,  the  Sum  will  be  two  Croons,  or 
2  a.  As  in  Example  1. 

Or  if  we  fuppofe  — a.  to  reprefent  the  Want  or  Debt  of  one 
Crown,  to  which  if  another  Want  or  Debt  of  one  Crown  be 
added,  the  Sum  muft  needs  be  the  Want  or  Debt  of  two  Crowns,' 
or — 2 a\  as  in  Example  z.  And  fo  for  all  the  reft- 

Cafe  2.  If  the  Quantities  are  alike ,  and  have  unlike 
Signs,  fubtra«5t  the  Co-efficients  from  each  other,  and  to 
their  Difference  joyn  the  Quantities  with  the  Sign  of 
the  Greater . 


1 

2 

Exam.  .8. 

-f  $a 
— 3* 

Exam.  9. 

+  3* 

Exam.  To, 

7  be. 

— 6  be 

Exam  11. 
pabJ 
“h  jabi 

I  f  1 

3 

-J-  2  a 

—  2  a 

be 

—  zabd 

1 

Exam.  1 2. 

7  a— sb 

E*xam. 
—  2ab  — 

*?• 

7^  H-  1  f 

l 

2 

'rr-Sa^Tjb 

1  tab  -f- 

7  k — -24 

i  i 

3 

Zd'-\-'lb 

4db - 

9‘ 
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The  Reafon  of  the  Operations  in  this  Cafe  may  be  eafily  un¬ 
derwood  by  any  one  that  duly  confiders  the  comparing  of  Stock 
and  Debts  together,  or  the  Balancing  of  Accompts  betwixt  Debtor 
and  Creditor. 

That  is,  the  Affirmative  Quantities  reprefent  the  Stock  or  Cre¬ 
ditor  :  The  Negative  Quantities  reprefent  the  Debts;  and  their 
Sum  reprefents  the  Baljance,  Gfc. 

Cafe  3.  When  the  Quantities  are  unlike,  fet  them  all 
down  without  altering  their  Signs }  and  thence  will  a- 
rife  compound  Quantities,  which  can  be  no  otherwife 
added  but  by  their  Signs. 


Thus 

1 

A 

A 

t,b’\-']\c 

2 

b 

— b 

1 

t. 

O 

1  +  2, 

3 

a  *-jr  b 

A — b 

5&  +  7(fc  d-  4^' — 2.0 

Here  follow  fome  few  Examples  wherein  all  the  3  Cafes  are  pro 
mifeuoufly  concerned. 


1  +  2. 

1 

2 

3 

aa  d~  i&b  d*  bb 
—  4  Ab 

8^  +  k-r-  37 
• — yAb  —  be  +  42.  *—  6& 

aa  * —  2  Ab  d"  bb 

vo 

1 

+ 

1 

AA  —  2 Ab  d  bb 

ybc  +  jAb  —  4* 

.  2 

+  4  Ab  +  bb 

4 d  — 6bc jAbff- d.A 

1  +  2 

3 

AA-f  iab  d"  bb 

be  +4  d  —  4?  +  d<* 

I 

-a 

1 

+ 

2 

—  7  a 

7  C' — d 

3 

+  ?*  1 

4  e  +  f 

I  +  2  +  3 

4 

-1 

A  d*  b - Ab  d*  lc - d  +  At  +  f 

1 

3^  d*  4^ta  —  bb  d*  3° 

2 

266  —  3^  4-  2 Abe —  2f 

3 

dd  +  1AA  —  f  • —  3 

j  -4-  t  3 

4 

bb  d*  dd  *d*  2^4  d*  Abc~\-  2- 

Sc£t  2.  Subtraction  of  whole  Quantities. 

(  Subtra&ion  of  whole  Quantities  is  perform'd  by  one  general  Rule • 

mule. 

Change  all  the  Signs  of  the  Subtrahend,  viz.  of  thofe 
Quantities  which  are  to  be  fibt raffed,  or  frpprfe  them  in 
your  Mind  to  be  changed .  Then  add  all  the  Quantities  to¬ 
gether ,  as  before  in  Addition,  and  their  Sum  will  be  the 
true  Remainder  nr  Difference  required*  • 


This 
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This  General  Rule  is  deduced  from  thefe  evident  Truths. 

To  fubtradt  an  Affirmative  Quantity,  from  an  Affir¬ 
mative  ;  is  the  fame  as  to  add  a  Negative  Quantity  to 
an  Affirmative. 

\ 

That  is,  +  ^  taken  from  4~  is  the  fame  with  —  za  added 

tO  ~j—  3a. 

Confequently,  To  fubtradt  a  Negative  Quantity  from 
ah  Affirmative  \  will  be  the  fame  as  to  add  an  Affirma¬ 
tive  Quantity  to  an  Affirmative. 

That  is  —  2 a  taken  from  T  3a  will  be  the  fame  with  4~  i4 
added  to  T  3a. 


Exam.  1. 

Exam  2. 

Exam.  3. 

Exam.  4. 

I 

2  a 

— —  2  a 

8  b 

—  1  sbe 

2 

a 

—  a 

3b 

—  8  be 

r  *—  2 

3 

a 

—  a 

<b 

—  ibe 

Exam.  $. 

Exam.  6. 

Exam.  7, 

1 

5a  -)-*  1 2 b 

5 a  < —  lib 

pab  +  36  ■ 

2 

2  a  4“  7  b 

2  a  —  7  b 

3  ab  T 

I  -  2 

3 

3  a  +  sb 

3a  — •  5b 

6ab  4~*  12 

Exam.  8. 

Exam.  9. 

Exam.  io. 

Exam.  it. 

1 

4~*  i<i 

■ —  ia 

be 

—  2  abl 

■  2 

—  3a 

+  3* 

' — ■  6bc 

4”  7  abd 

I  -  2 

3 

4“ 

— 

4"*  7^c 

• —  9abd' 

Exam.  12. 1 

Exam.  13. 

1 

2tf4~2^ 

4^6  • — •  9 

2 

• — 5<z4~7^ 

— 8  ab  —  7  be  Tty 

1  —  2 

3 

7a— ^b 

j  lab  4~  7&r  *— *  24 

If  thefe  13  Examples  be  compared  with  thofe  in  Addition;*  the 
Work  will  appear  very  evident,  thefe  being  only  the  Convert 
or  Proof  of  thofe  ;  according  to  the  Nature  of  Addition  and  Sub¬ 
traction,  in  common  Arithmetick. 

More  Examples  in  Subtratfion . 


I 

a  4~  b 

$b.c  4-  3<la 

8  a  4-  5  bd  4" 

2 

a  —  b 

5  be  — •  4  da 

71  • —  3bd  • —  12 

1  —  2 

3 

4-  ib 

4-  7cla 

a  4-  8 bd  4~  37 

l  —  2 


» 5° 


;3l#ebta. 
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! 

I 

c*p  1 3 

t 

X 

0 

1 

2 

34-—  b  —  ic 

i 

h 

24 —  ab 

I  —  * 

1? 

13  —  3*  +  b 

a  * —  b 

• — -id  p  4 b 

I 

a  p*  b  — •  ^4 

76 

2 

d —  lb —  bc> — 7$ 

a 

' —  b  —  $d  p  7C 

T  — '  r 

3 

a  p  A-b  p  be  p 1 1  — 

■d 

76 — a 

P  6  +  *d  —  7c 

That,  a  —  b  taken  from  a  p-  b  leaves  p  ib  for  the  Remainder ; 


as  in  the  firft  of  thefe  Examples,  may  be  thus  proved. 


Let 

I 

4  p&  =  ^ 

And 

2 

4— £  — j c 

2  +  b 

3 

^  =a;  ■+*  per  Axiom  I. 

I  —  3 

4 

b=:z,  —  x — b .  per  Axiom  2. 

4  +  ^ 

* 

2&  ==*,* — a:,  which  waste  be  proved. 

The  Truth  of  all  Operations  in  Subtraction,  where  any  Doubt 
arifes,  may  be  proved,  by  adding  the  Subtrahend  to  the  Remain¬ 
der  j  as  in  common  Arithmetick. 

Examples* 


From 

1 

P  f* 

O 

— 

Take 

2 

-  24 

+  3^ 

—  6da 

Subtrahend . 

I  —  2 

3 

+  74 

—  3^ 

6  da —  $bc 

Remainder. 

*  +  r 

4- 

P 

0 

« — 1  ybc 

Proof • 

Sed:.  3.  spultf  plication  of  whole 

Multiplication  of  whole  Quantities  admits  of  Three  Cafes . 

Cafe  1.  When  the  Quantities  have  like  Signs,  and  no 
Co-efficients,  fet  or  joyn  them  together  ;  and  prefix  the 
Sign  +  before  them,  and  that  will  be  their  Product. 


Thu,  | 

i  Exam  1 . 

1  4 

2  b 

Exam.  2. 

• — '4 

—  b 

Exam.  3. 

4  p  6 
d  '  * 

Exam.  4. 

• — a  —  b 
—  d 

I  p  2 

3  5  ab 

p  ab 

a  l  *p  I  d 

p  ad~\~bd 

Cafe .  a.  If  there  be  Co-efficients;  multiply  them* 
and  to  their  Produd  ad  joy  n  the  Quantities  fet  together  • 
as  before. 


Thus 
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Thus  ; 

1X2 

Cafe  3.  When  the  Quantities  have  unlike  Signs;  joyn 
them  and  the  Product  of  their  Co-efficients  together  (as 
before)  but  prefix  the  Sign  —  before  them ; 


Exam.  <. 

Exam.  6* 

Exam.  7* 

Exam.  8. 

•I 

—  6d 

3  a  +zb 

*4^ 

2 

3  b 

—  7  b 

6 

13 

l$ab 

4  4 zdb 

18^4  12-^ 

iab'\*')bb 

Thus  ^ 

1 

2 

Exam .  9. 

4 

—  b 

Exam.  io. 
~<>4 

4*  7^ 

Exam. 

4a  — 

3/ 

II. 

7^ 

Exam .  I  a. 

4/1  < — •  7& 

-  3  f 

I  X  2 

3 

— 

— -  424^ 

l2tff  — 

•  z\bf 

1 

M 

A 

+ 

N 

N* 

That  is,  4*  into  +,  or  —  into  -r-^giva  J+?  .  h  Produa 

But  +  into  — >  or  —  into  4,  gives S4 

That  into  4-,  will  produce  4  in  the  Produft,  is  evident 
from  Multiplication  in  common  Arithmetick- 

viz..  +  5  into  +  7  will  give  +3$,  (Pc. 

But  that  4  into  — ,  Or  — •  into  4’,fli°ulcl  produce  the  Sign  — , 
As  in  the  four  laft  Examples. 

And  that  —  into  —  fhould  produce  the  Sign  4  as  in 
cond,  fourth,  and  fixth  Examples,  may  perhaps  feem  fomewhat 
hard  to  be  conceived  ;  and  requires  a  Demonftration. 

Firft  to  prove  that  —  7 b  into  4  3/  =!  —  As  in  Ex.  II. 


Suppofe 
Then  will 
But 

2  X  3 

4  — -  j,  ibf  I 

Consequently  4  into 


1 

2 

3 

4 

5 


4<z  —  jb=zo 

Ad^ib.  per  Axiom  1. 

4  3/  =  4  3f 

I  iaf  =;  2 1  bf ,  per  Axiom.  3. 

1 2 af  > — nbf^o  per  Axiom  2. 

Or  —  into  4  produces  — ,  which 

was  the  thing  to  be  proved. 

&econdly3  to  prove  —  7 b  into  —  3 f  gives  4  nlf  as  in  Exam.  lx. 
Let  it  4^  —  =  o7 


Then 

But 

the  2x3  is 

4  4  llbf  . 


2 

3 

.4 

i 


,  r  as  before. 

4  4=  70  S 

—  3 f=—if  .  . 

—  1 2 4/==: —  tibf  by  what  is  proved  above. 
— •  u<if4  nbf  ’^o.  per  Axiom  1. 


Confequently  into  —  gives  4  which  was  to  be  proved. 


Or 
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Part  II. 


Or  thefe  may  be  otherwise  proved  by  Numbers. 

Thus, Suppofe  |othe?  Nut%rs. 

- -  - - Y»* 

Then  4 —  6  =  6  f —  dt=  4  per  Axiom  2. 

Confequently,  4  —  6  X  c  —  <f  =2  6X45=  *4  per  Axiom  3.  but 
^ — £  x  <r —  d  according  to  the  Preceding  Rules,  will  be,  ac  —  c6-|- 
£4 —  4^  which  if  true  muft  be  equal  to  24. 


Proof 


facx=.  20  X  12  5=5  240 
64=:  14x8  =112 


c6  =  12  X  14  =  1^8 
=  S  X  20  =  1 60 


Hence,  4e  +  6d  =  3*2  #  per  Axiom  1. 

And  c6-f*  <*4  =:  328  which  being  fubtrafted, 

Leaves  ac  -J-  bd  — ■ •  c6  —  d4  =  3SZ  328  =3  24  which  plainly 


fhews, 

That  +  into  —  Produces 
And  —  into  —  Produces 


in  the  Produtt. 
Q^E.  D. 


Note.  If  the  Multiplier  conftfts  of  fever  al  Terms ,  then 
every  one  of  thofe  Terms  muft  be  multiplied  into  all  the 
Terms  of  the  Multiplicand:  Alnd  the  Sum  of  thofe  particular 
tyroduffsy  will  he  the  tyro  duff  requir'd.  -As  in  common 
jirithmetick. 

Examples. 


»  .  ) 

1 

2 

1 

*b  1 

7 b  4 

3* —if 

I  X  a 

3 

44  64  < —  dd 

21  ba  +  1  sda. 

1X61 

+ 

—  la  —  bb  - 

b  db  I 

—  isbf—isdf 

3  +  4 

t 

44  —  dd  —  bb  - 

-  db  < 

21  ba*j-*ifda' —  35  bf 

1X2 

1 

2 

3 

44  —  hi 
a,  4“  b 

2  c  — 

34  — 

I* 

4  b 

add  — abb 

6cd  — 

9<id  —  8  6c~f~ 1246 

1 

ad-\-  id  -{-4 

—  64  *-{-  66 

2 

a —  2 

4  6 

ddd*\~  2 dd-j-  4 d 

ddd  — •  644  *’]—  664 

9 

—  zaa-~  44 — 8  | 

-f*  644  —  664  -J-  666 

1X2 

1  3 

ddd  —  8 

,1 

444  -f"  666 

Se&* 
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Se&.  4.  SDitifioti  of  whole  jffitiantities. 

Divifiap  of  Species,  is  the  converfe  or  direft  contrary  to  that 
of  MultiJSfication,  and  conlequently  perform’d  by  converfe  Ope¬ 
ration^  ’(As  in  common  Arithmetick)  and  admits  of  four  Cifes. 

Cafe  1.  When  the  Quantities  in  the  Dividend,  have 
like  Signs  to  thofe  in  the  Divifor,  and  no  Co-efficients 
in  either;  call:  off  or  expunge  all  the  Quantities  in  the 
Dividend,  that  are  like  thofe  in  the  Divifor;  and  let 
down  the  other  Quantities  with  the  Sign  +  for  the  Quo¬ 
tient  required. 


Thus  | 

1 

2 

ab 
■  b 

—  lb 

—  b 

id  bd 
d 

l 

1  1 

I  -t*  2 

.3 

CL 

a  f  b 

a  b 

Cafe  2.  When  the  Quantities  in  the  Dividend  have 
unlike  Signs  to  thofe  in  the  Divifor  ;  then  fet  down  the 
Quotient  Quantities  found  as  before,  with  the  Sign  —  be¬ 
fore  them. 


Thus 

I 

4"  lb 

~-lb  —  bd 

ibc  -j-  bed  4-  bef . 

2 

—  b 

4-1  b 

—  be 

I  -r-  •  2 

3 

—  a 

—  a  —  d 

— 1  • — -  d  —  f. 

Cafe  3.  If  the  Quantities  in  the  Dividend  and  Divifor, 
have  Co-efficients  ;  Divide  the  Numbers  (as  in  common 
Arithmetick  )  and  to  their  Quotients  adjoin  the  Quoti¬ 
ent  Quantities. 


Thus  ^ 

I 

1  jab 

4zdb 

I  2  if - 2  I  bf 

2 

3  b 

—  7  b 

3  f 

I  — r*  1 

3 

—  6  d 

4- 1 — 7  b 

Note.  When  the  Quantities  and  Co  efficients  in  the  Divifor  and 
Dividend  are  all  the  lame,  the  Quotient  will  be  an  Unit  or  1. 


Thus  | 

I 

ab 

$bc 

7 ab  4“  $bc 

8  ab  4“  4  d 

2 

ab 

—  pbc 

71b  4"  5  be 

■ — ?ib  —  4  d 

1—2 

3 

1 

—  I 

I 

—  I 

Cafe  4.  When  the  Quantities  in  the  Divifor  cannot  be 
exactly  found  in  the  Dividend  ;  then  fet  them  both  down 

like  a  \  ulgar  Fraction.  As  in  common  Arithmetick. 
v  X  .  Thus 
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1 

a 

6  be 

56  -h  44 

8  adc 

X  nus  < 

z 

b 

3d 

+abc 

4 

2  be 

5  b  -j-  44 

z  i 

1  -H  z 

3 

~b 

d 

*d  +  7& 

b 

N.  B.  In  Divijion  one  thing  mujt  be  very  carefully  ob- 
ferved ;  viz.  that  like  Signs  give  +  and  unlike  Signs  give 
— •  in  the  Quotient  \  which  needs  no  other  ^Proof  than  that 
already  laid  down  in  the  laft  Seflion ,  if  duly  compared 
ivitb  what  hath  been  faid  concerning  Multiplication  and 
Divijion y  in  Vulgar  Arithmetic L 


Examples  of  Divijion  at  large . 


I 

2  I &4  I  5 d4 356/— 2 5d/  (+34 

z 

7&  “j-  <d 

.  s  X  34 

3 

2164  +  1 5c/4 

I  —  3 

4 

0 

0 

1 

^  ! 

-3; 

1 

M 

$5 

1 

cl 

a  x-rf 

5 

• —  3  5  bf  —  25# 

4  —  $ 

6 

0  0 

I  -4-2 

7 

34  —  5/  the  Quotient  collected  from  the  3.  and  5.  Steps 

Or  Divifion  of  Quantities  may  ftand  as  Numbers  in  common 
Arithmetick  do;  Thus 

3<Z  —  6  )  64444 —  96  (  2444 84  1 6 

6aaaa  1  2441 

O  -J-  12444  —  96 

*B  12444  — -  2444  v 

O  24 44—96 

,  -3-  2,4^—484 

o  -j-«484 — 96 

’-j-*  48  4—96 


o  o 

That  is,  64444 — 96-^34  —  6  gives  zaaa  +  444 *B  84+  16  for  the 
Quotient,  as  may  eafily  be  proved  by  Multiplication,  viz,-  zaaa-f-iaa 
+  84  ~f- 16  X  34  — • 6  will  produce  6a 4  —  96  and  fo  for  the  reft. 


Se&.  6.  Sl’itolution  of  whole  £Duantitlee. 

Involution  is  the  railing  or  producing  of  Powers,  from  any 
propofed  Root,  and  is  performed  in  all  refpe&s  like  Multiplicati¬ 
on  lave  only  in  this;  Multiplication  admits  of  any  different 
Fadors,  but  Involution  ftiil  retains  the  fame. 


Exam- 
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Examples . 


I 

X 

—  X 

the  Root,  or  fingle  Power. 

1  0*  2 

2 

XX 

--ax 

Square,  or  Second  Power. 

I  ©■  1 

3 

xxx 

—  xxx  ]  Cube,  or  third  Power. 

I  ©■  4 

4 

xxxx 

Ar  xxxx  j  Biquadrat,  or  4th  Power. 

1  ©• ,  ? 

? 

(Ld/'Xd-df 

|  — xxxxx  |  Surfolid,  or  5th  Power,  &c. 

Note,  The  Figures  placed  in  the  Margin ,  after  the 
Sign  (©-)  of  Involution  fjhew  to  what  Height  the  Root  is  in¬ 
volved  \  and  are  called  Indices  of  the  cPower ;  and  are 
ufually  placed  over  the  involved  Quantities ,  in  order  to 
contrast  the  Worky  efpecially  when  the  cPowers  are  any 
thing  high.  ,  ' 

4  ES  CL  C4S  ~~~LlXXXX 

Xx'=XXX  .  1  J X6  s=r  XlXXXX 

il  zzz  ail  y4s  b6  ?=zaxxxxbbbbbb 

x4  =  4444  (_xl  bx  d4  =^xxabbdddd 

If  the  Quantities  have  Co  efficients,  the  Co-efficients  muft  be 
involved  along  with  the  Quantities.  As  in  the{e, 


Thus 

I 

24 

7-  3* 

1  ©■  2 

2 

444 

*-p  944 

Zjbbcc 

i  O'  3 

3 

8  444 

•—  27444 

lijbbbccc 

1  ©-  4 

4 

16 XXXX 

+  814444 

6zjb4c4 

1  ? 

5 

3244444 

—  2434s 

312 5^scs  &C. 

Involution  of  compound  Quantities  is  performed  in  the  fame 
manner,  due  Regard  being  had  to  their  Signs  and  Co-efficients,  if 
there  beany. 

As  for  Tnftance,  Suppofe  a~\~b  were  given  to  be  involved  to 


the  5  th  Power. 
Thus 


I  X  a 
I  X  b 

1  ©*  2 

4  X  a 
4  X  b 

i  &  3 


2 

3 

4 

?! 

6 


xArb  called  a  Binomial  Root. 
cl  -f"  b 

xx  xb 
“j—  xb  *4*”  bb 

xa-\-ixb-\-  'bt  the  Square  of  x  +  £ 

xfb 


xxx  +  2ti ib  4 

+  xxb  ixbb  -j~  Mb 

xxx ixxb^  3 xbb  -|-  bbb  the  Cube  of  x  t-j~  b* 


X  z 


\ 
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7 

aaa  -p  3 aab  -p  3  dbb  T  bbb 
a  -f-  b 

7  X  a 

S 

A 4  ~p3<*3&- f-  3 aiibb abbb 

7  X  b 

9 

~P  d2b  zaabb  -p  3 abbb-\~b4 

I  ©*  4 

IO 

a4  -p  4^3  b  -p  6aabb  *-p  4 abbb  ~p  b4 

A  -p  b 

Io  X  « 

II 

As  *p  4 A4b  -p  6a*  bb  -p  4 Adbi  -p  db4 

Jo  X  b 

12 

-p  a4b  -p  443  bb  ~p  6ddb*  vp  /\db4  *p^-> 

I  ©*  5 

Dl 

A 5  -p  -p  lotf3£6*p  lo<af3-p  -p 

~p  £  &c. 

Again,  Let  a — b,  called  a  Refidual  Root,  be  given. 

Then 

I 

1  I 

<3  « 

1  x  a 

2 

aa  • —  ab 

I  X  —  b 

3 

' — ■  db  *p  rb 

1  2 

4 

aa  —  2 ab~\~bb  the  Square  of  a- — b 

A' — b 

4  X  A 

* 

AAA — lUdb  “p  dbb  * 

4  X  —  b 

6 

• —  adb  -p  2 Abb*—  bbb 

I©-  3 

7 

aaa— laab  $dbb bbb  •  the  Cube  of  A — b * 
a  —  b 

7  X  a 

8 

AAAA -  3 AAdb  “p  3 aabb -  dbbb  y 

7  X  —  b 

9 

—  AAdb- p  3 Adbb — labbb  *p bbhb 

I  ©"4 

Io 

AAAA —  4 AAdb  *p  6dibb  — 4  dbbb  ~p  hbbb 

A  • — -  b 

Ic  X  a 

II 

As  - — '444/£~p  6d*bb' — •  4 AAbi  -p  ah 4 

loX — b 

12 

• — •  d4b~\~  4 A^  bb —  6 Adb*  -J-  44^ 4 — P 

I  ©  $ 

13 

a5  —  u4b- p  loAzbb —  Io  adb1  -p  5  db4  • — P 

a  —  b  &;c. 

By  comparing  thefe  two  Examples  together,  you  may  make  the 
following  Obfervarions. 

1.  That  the  Powers  raifed  from  a  Reiidual  Root  (vis. 
the  Difference  of  two  Quantities)  are  the  fame  with 
their  like  Powers  raifed  from  a  Binomial  Root  (  or  the 
Sum  of  two  Quantities  )  lave  only  in  their  Signs;  viz. 
the  Binomial  Powers  have  the  Sign  +  to  every  Term; 
but  the  Reiidual  Powers  have  the  Signs  +  and  —  inter¬ 
changeably  to  every  other  Term. 

2.  The  Indices  of  the  Powers  of  the  leading  Quant?- 

v  ( 0 
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ty  ( a )  continually  decreafe  in  Arithmetical  Progreflion  j 
viz*  in  the  Square  it  is  aa ,  a,  In  the  Cube  aaa ,  aa,  a. 

In  the  Biquadrat  it  is,  aaaa ,  aaa,  aa ,  &c. 

5.  The  Indices  of  the  other  Quantity  b  do  continual¬ 
ly  encreafe  in  Arithmetical  Progreflion ;  viz*  In  the 
Square  it  is  b ,  bb*  In  the  Cube  b ,  bb,  bbb.  In  the  Biqua- 
drat  it  is  b ,  bb,  bbb,  bbbb.  &c. 

4.  The  firffc  and  laft  Terms,  are  always  pure  Powers  of 
the  Angle  Quantities,  and  are  both  of  the  fame  Height. 

5.  The  Sum  of  the  Indices  of  any  tyvo  Letters  joined  to¬ 
gether  in  the  intermediate  Terms,  are  always  equal  to  the 
Index  of  the  highefl:  Power,  viz*  of  the  firft:  orlaftTerm. 

Thefe  Obfervations  being  duly  confidered,  it  will  be  eafy  to 
conceive  how  the  Terms  of  any  propoled  Power  raifed  from  a 
Binomial  or  Refidual  Root  mu  ft  ftand,  without  their  Uncia  or 
Numeral  Figures. 

For  Inftance,  fuppofe  it  were  required  to  raife  the  Binomial 
Root  a-\-b  to  the  feventh  Power;  then  the  Terms  of  that  Power 
will  ftand  without  their  Uncia  in  this  Order. 

Viz.  a 7  +  a«b  +  asb1  +a*b3  +  +ab*  +  b\ 

And  becaufe  the  Undo,  (not  only  of  any  fingle  Letter,  but  al- 
fo )  of  every  fingle  Power,  how  high  foever  it  be,  is  an  Unit  or 
I  (which  neither  multiplies  nor  divides)  and  all  the  Powers  ofa- 
py  Binomial,  or  Refidual  Root  are  naturally  raifed  by  multiply¬ 
ing  of  the  preceding  Power  into  its  original  Root,  which  is  done 
by  only  joining  each  Letter  in  the  Root  to  the  precedihg  Power, 
with  its  Uncti,  and  then  removing  the  faid  Power,  when  it  is  lo 
join'd  to  the  fecond  Letter,  one  Place  forwards  (either  to  the 
left,  or  right  Hand  )  it  muft  needs  follow, 

That  the  Uncia  of  the  fecond  Terms  (in  any  fuch  Powder)  will 
always  be  the  Sum  of  fo  many  Units  added  together  more  one,  as 
there  have  been  Multiplications  of  the  firft  Root;  which  will  al¬ 
ways  be  determined  by  the  Index  ofvthe  firft  Term  in  the  Power. 

And  becaufe  the  Uncia  of  all  the  intermediate  Terms,  are  only 
removed  along  with  their  Letters,  it  alfb  follows;  tfiat  if  they 
are  added  together,  their  refpe&ive  Sums  will  produce  the  true 
Unc’n cof  the  intermediate  Terms  in  the  new  railed  Power.  As 
doth  plainly  appear  from  the  following  Numbers  fo  removed 
without  their  Letters;  which  both  fhews  and  demonftrates  an 
eafy  Way  of  producing  the  Uncia  of  any  ordinary  Powder  (  viz* 
of  one  not  very  high)  raifed  from  either  a  Binomial,  or  Refidu-. 
al  Root.  Thu's 

i  » 
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ThUS 

Addf  1 *  *  |  :  , 


Addj  1  •  x  :  1  ,  i 

Addf  1  •  f  :  \  :  ; 


The  two  JJnc'ut  of  the  firfl:  Root. 
The  Unci*  of  the  Square. 

I 

The  Unci*  of  the  Cube. 


Add^  1  •  I  : 


6 

4 


4 

6 


I 

4 


a«|  '  •  f  : 1 


10 

10 


5 

10 


20 

*5 


If 

20 


The  Unci *  of  the  4th  Power. 

1 

1  Unci*  of  the  f  th  Power. 

5  -  1 

6  .  i  Unci*  of  6th  Power, 
if  .  6  .  1 


1  *  .  7  •  .2 1  *35 
And  fo  on  in  this  manner  ad  infinitum. 


.  3f  .  2!  .  7  .  1  Unci*  of  7  Power. 


Now  if  thefe  Numbers  are  prefix’d  to  the  aforelaid  Letters,  all 
the  Terms  will  be  completed  with  their  refpe&ive  Unci*,  and 
will  ftand  thus; 

tf7  *1“  7 &6 b  4"  2.1  asbz  ‘4*’  Jf a4b3  4"'  35 a*  b4  -f-  2i4"6s  4^  . 

But  that  the  Bufinefs  of  finding  thefe  Unci a,  may  be  rend  red 
yet  more  eafy  for  Practice,  it  will  be  convenient  to  connder  what 
Series  or  Progreflion,  the  Unci*  of  each  Term  do  make,  from  the^ 


aforefaid  Additions. 


—  $ 
S' 

®  £ 

*  *■*  sT 

Una*  of  the 
Second  Term. 

(T)  •  f  » 

-Cl  R  -Cs  R 
^  i  **  u 

0  |  ^  )-■< 

« "2 1  *  "S 

*  *  •**  •  ***  i- 

<0  ^  ^  C: 

^  ^  js 

k-J  0 

\Uncice  of  the 

1  Fifth  Term. 

j  Unci*  of  the 

]  Sixth  Term. 

*»  £ 

-c> 
*  R 

^  s? 
b  <3$ 

-R  S 

0 

^  -ss 

b  UO 

1 

*  1  k  «  »•  »  .  mi 

1 

*  *  *  *  •  «  *• 

k 

Unci  a  of  the  ftngle  Quantities . 

1 

2 

I  1 

1 

Unci*  of  the  Squire. 

1 

’’’’T 

.  k  HP  a  w  ,  , 

3  i  1 

1 

.  l  •  » 

Unci*  of  the  Cube. 

1 

4 

* 

4 

I  [ 

Unci *  of  the  Fourth  Forcer. 

1 

f 

10 

Io 

5  I 

Unci *  of  the  Fifth  Pomr. 

r 

6 

—  •«  *»  (»  —  •  *•  tk  *W 

If  |  20 

if'  "T 

I 

Unci *  of  the  Sixth  Power . 

1 

7 

21  1  3f 

35  21 

7 

1  Unci*  of  the  Seventh  Power,  See. 

The  Unci a  of  the  firft  Term  are  only  a  S3ries  of  Units,  u'hofe 
Sum  is  every  where  the  Unci*  of  the  lecond  Term. 

The  Unci *  of  the  fecond  Term,  are  a  Series  of  Numbers  in  Arith¬ 
metical  ProgrefiTion;  whofe  Sum  is  every  where  the  Unci *  of  the 
next  fuperior  Power  in  the  third  Term,  and  may  be  found  by 
Propofition  1.  Chap.  6.  Part  1.  *  That 
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That  is,  in  the  7th  Power  it  will  be  the  6  +  1  X  6 _ 

Uncia  of  the  third  Term.  2  21 

b  The  reft  of  the  Uncia  are  a  compounded  Series*  whofe  refpec- 
tive  Sums  may  be  obtained  from  the  Uncia  of  their  preceding 
Terms. 

Thus  *  *=3?.  Then 35-.  Again— 21 

And  — —=7,&c. 

6 

From  hence  may  be  deduced  this  General  Rule . 

mule. 

If  the  Index  of  the  Firft  Letter  of  any  Term,  he  multi - 
plied  into  its  own  Uncia ,  and  that  QroduB  be.  divided  by 
the  Number  of  Terms  to  that  Qlace  ;  the  Quotient  will  be 
the  Uncia  of  the  next  fucceeding  Term  forward . 

That  is,  by  the  Help  of  thofe  Indices  that  belong  to  the  feveral 
Powers  of  the  firft  or  leading  Letter  only  (as a)  the  true  Uncia 
of  every  Term  may  be  eafily  found. 

,  Examples. 

Let  it  be  required  to  complete  all  the  Terms  of  the  aforefaid 
feveral  Powers,  viz.  a1  +  a6b  -f-  asbz  a*b3  a3b4 azbs  -\-ahs 
•\-b7.  with  their  proper  Uncia. 

i.  The  Index  of  a 7  the  firft  Term  will  be  the  Uncia,  of  the  fe- 
cond  Term.  Thus  47  4"’  7dsb. 

1.  Then  half  the  Second  Term’s  Index  into  its  Uncia, 

zi  will  be  the  third  Term’s  Uncia. 

2 

Thus  a7  4~7*5&4“'  2 1  a5b2  will  be  the  three  firft  Terms. 

^  I  X  ?  *  • 

3.  Again- - -z=z  3?  is  the  Uncia  of  the  fourth  Term. 

Then  it  will  be  a1  ^  ja^b^  na3bz  +  3$a4b*. 

3.  And  ^-^-4=3  37  will  be  the  Uncia  of  the  fifth  Term. 

Then  o'  4~ 7 a6b 4~  zia*bz  -f*  i^a4b3  4"  3S43&4,  &*c.  until  all  the 
Terms  are  completed  with  their  refpedtive  Uncia  j  and  then  they 
will  ft  and 

Thus,  a7  -f-  7 a6b  4"  iia3bz  4"  35<*4£3  4“*  3 ^a3b4  4^  ^iazb% 
4~ 7 ab ^4 *  b7 . 

Now 


160  '^Ipfcta.  Part  II. 

— " 1  -  ’■ .  "  11  ■—  —  ■  ^  "■  11  ' ■  1  « 

Now  here  it  may  be  further  obferv’d,  that  the  Unci*  do  only 
encreafe  until  the  Indices  of  the  two  Letters  become  equal,  or 
change  Places;  and  then  the  reft  of  the  Unc'uz  will  return  or  de- 
creafe  in  the  fame  Order.  That  is,  wherever  the  Indices  of  the 
Letters  are  alike,  there  the  Uncia  will  be  alike. 

And  therefore  one  needs  to  find  the  Uncice  (  as  before  )  but  to 
half  the  Number  of  Terms  in  any  Power. 

If  what  hath  been  here  faid,  and  the  Work  of  the  Example  be  well 
underftood,  I  prefume  it  will  be  found  very  eafy  to  raile  any  Power 
from  a  binomial  or  refidual  Root,  to  what  Height  you  pleafe  ; 
without  the  Trouble  of  a  continued  Involution;  and  without 
the  Help  of  fuch  a  Table  of  Powers  as  is  propofed  by  Mr.  Ougbtrei 
in  his  Key  to  the  Mathematic Page  40.  and  fince  by  others. 

Now  from  thefe  Considerations  it  was,  that  I  propofed  this 
Method  of  railing  Powers  in  mv  Compendium  of  Algebra  Page  57. 
as  wholly  new  (viz.  fo  much  of  it  as  was  there  ufeful)  having 
then,  (I  profefs)  neither  feen  the  Way  of  doing  it,  nor  fo  much 
as  heard  of  its  being  done.  But  fince  the  writing  of  that  Traci ,  1 
find  in  Dr.  jValliis  Hiflory  of  Algebra,  Page  319  and  331,  that  the 
learned  Sir  ifaac  Newton  had  discovered  it  iong  before  ;  which  the 
Voftor  fets  down  in  this  Manner. 

Let  m  be  the  Exponent  of  the  Power. 

C  m  —  o  m  —  i  m  —  2  m  • —  3  m — 4  ,  , 

Then  5  IX - x -  x - x - -x - -  (?c. 

c  I  2345 

Will  be  the  Series  of  the  Unci#  required  ;  but  he  doth  not  tell 
ws  how  they  firft  came  to  be  found  out,  nor  haye  I  ever  met  with 
the  ieaft  Hint  of  it  in  any  Author. 


Se&.  6.  Cfcolution  of  whole  j3Quant(titg. 

Evolution  is  the  extracting  of  Roots  from  any  given  Power. 
That  is,  it  is  the  converfe  Work  to  that  of  Involution,  and  in 
fingle  Quantities  Jtis  eafy,  if  the  given  Power  hath  fuch  a  Root 
as  is  required,  which  may  be  thus  known. 

If  the  given  Power  hath  no  Numbers  prefix’d  to.  it,  and  its  In¬ 
dex  can  be  divided  by  the  Index  of  the  Root  required,  the  Quo¬ 
tient  will  be  the  Index  of  the  Root  fought. 

Thus,  if  the  Cube  Root  of  aaaaaa  viz.  aG  were  required  (the 
'  Index  of  the  Cube  is  3  )  then  3  )  6  (2.  That  is.  3  )  a6  (  a~ 
the  Root  required.  And  fuch  Operations  are  ufually  fet  down 

Thus 
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Thus 

I 

asbs 

i 

a6b*ds 

I  WJ  2 

2 

d 3 

i 

i 

aJb3d 3 

I  tuj  3 

3 

aa 

1 

ddbb 

i 

aabbdd 

3  WJ  2 

4 

d 

1 

ab 

i 

abd 

Note,  The  Figures  placed  in  the  Margin  after  the  Sign 
(««)  oj  Evolution  ;  denote  the  Index  of  the  Root  to  be  ex¬ 
tracted* 

If  the  given  Powers  have  Co-efficients :  viz-  Numbers 
prefix'd  to  them  )  then  you  mull  extradt  the  refpedtive 
Hoots  as  in  V ulgal  Arithmetick.  • 


jThus 

I 

8i*4 

i 

12  q6d*b* 

1 

207  iCd4b4c4‘ 

I  WJ  z 

2 

yCLl 

i 

S6a4b4 

l 

1 44  ddbbcc 

I  Wi  4 

3 

3* 

i 

6ddbb 

l 

1  zdbc 

Or  2  WJ  2 

4 

3a 

i 

6ddbb 

l 

Iidbc 

But  if  the  Root  required  cannot  be  truly  extra&ed 
out  of  both  the  Co-efficients  and  Indices  of  the  given 
Power;  then  it  is  a  Surd,  md  muff  have  the  Sign  of 
the  Root  required  prefix'd  to  it. 


Thus 

i 

a5 

•i 

6'jdddd 

2 1 Obbbddd 

I  UU  2 

2 

vv 

1 

\/  6jdddd 

y/  2 1 6bbbddd 

I  wj  3 

3 

i 

*  \l  67  dddd  | 

6bd 

Evolution  of  Compound  Quantities  or  Powers,  is  a  little  mor® 
troublefom  than  that  of  Angle  Powers;  and  would  require  a 
great  many  Words  to  explain  the  Manner,  and  Reafon  of  form¬ 
ing  the  feveral  Canons,  that  are  commonly  ufed  in  extrading 
the  Roots  of  Compound  Quantities;  efpecially  if  the  Powers  be 
very  high,  &c.  I  fhall  therefore  for  Brevity's  fake  omit  them, 
and  inflead  thereof  propofe  an  eafy  Method  of  difeovering  the 
Roots  of  all  compound  Powers  in  general  ;  and  in  order  to  that, 
it  will  be  neceffary  to  premife;  that  if  either  the  Sum  or  Differ¬ 
ence  of  feveral  Quantities  be  involved  to  any  Power,  there  will 
arife  fo  many  Angle  Powers  of  the  fame  Height,  as  there  are  dif¬ 
ferent  Quantities. 

As  tor  In  fiance,  if  <z  d"  &  d" fquared  ;  that  is,  be  involved 
to  the  fecond  Power,  it  will  be  t u  -j-  zub  -f*  uid  bb^T  +  di, 
here  you  have  at,  bb;  and  dd. 

Y  Again, 
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Again,  if  a  +  b  d"  d  were  cubed,  viz-  involved  to  the  third 
Power,  then  you  will  have  aaa,  bbb ,  and  dad,  in  it,  t Tc. 

Whence  it  follows,  that  in  extrading  the  Roots  of  all  com¬ 
pound  Quantities,  there  muft  be  confider’d, 

1.  How  many  different  Letters,  or  Quantities,  there 
are  in  the  given  Power. 

2.  Whether  the  lingle  Powers  of  each  of  thofe  Let¬ 
ters  be  of  an  equal  Height,  and  have  in  them  fuch  a  lingle 
Root  as  is  required  :  Which  if  they  have,  extrad:  it  as 
before. 

3.  Conned  thofe  fingle  Roots  together  with  the  Sign 
d-  and  involve  them  to  the  fame  Height  with  the  given 
Power ;  that  being  done,  compare  the  new  raifed  Power  . 
with  the  given  Power,  and  if  they  are  alike  in  all  their 
refpe&ive  Terms,  then  you  have  the  Root  required^ or 
if  they  differ  only  in  their  Signs,  the  Root  may  be  eali- 
ly  corrected  with  the  Sign  —  as  Occalion  requires. 

Example  I.  Let  it  be  required  to  extrad  the  Square  Root  of 
cc  4*  zeb  —  icd  -f-  bb  —  ibd-^dd. 

In  this  compound  Square  there  are  three  dillind  Powers,  vi& 
lb ,  cc,  dd,  whofe  fingle  Roots  are  b,  c,  d,  wherefore  I  fuppofe  the 
Root  fought  to  be  b'~\”c  -\~d,  or  rather  6  +  c  —  d,  becaufe  in  the 
given  Power  there  is  —  1  cd,  and  —  zbd,  therefore  I  conclude  it  is, 
— d,  then  b-^~c — d  being  fquared,  produces  bb-\-zbc — 1  M+cc— 2cd-j-dd 
which  I  find  to  be  the  fame  in  all  its  Terms  with  the  given  Power* 
although  they  ftand  in  a  different  Pofition ;  confequently  b-}-c~d 
is  the  true  Root  required. 

Example  z.  JTis  required  to  extrad  the  Square  Root  of  <z4— zaabb-\-b* 
Here  are  but  two  fingle  Powers,  viz-  a 4  and  64,  whofe  Square  Roots 
are  aa,  and  bb.  And  becaufe  in  the  given  Power  there  is  — iaabb9 
therefore  I  conclude  it  muft  either  be  aa  —  bb,  or  bb  —  aa.  Both 
which  being  involved,  will  produce  a 4 — zaabb-\-b+  confequently 
the  Root  fought  may  either  be  aa  —  bb  or  bb- — aa  according  to  the 
Nature  or  Defign  of  the  Queftion,  from  whence  the  given  Power 
was  produced. 

Example  3.  Let  it  be  required  to  extrad  the  Square  Root  of 
$6aaaa~\-io%aa  -f-  81.  Here  the  two  fingle  Powers  are  3 6aaaa,  and 
8i,  whofe  Roots  are  6aa  and  9.  And  becaufe  the  Signs  are  all  d~ 
therefore  I  fuppofe  the  Root  to  he  6aa  d"  9,  the  which  being  in¬ 
volved  doth  produce  i6a^ confequently  6aa  d~ 9  is 
the  true  Root  required. 

Example 
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Example  4.  Suppofe  ic  were  required  to  extra<fl  the  Cube  Root 
of  1  zjduia  -f-  300 aae  —  450 aa  +  240 aee  —  720 ae  -f-  6 wee 
■ —  28 8er  43 2.e  —  216. 

In  this  Example  there  are  three  diftinft  Powers,  vi*,.  ii^ana, 6\ eee9 
and  —  2i£. 

The  Cube  Root  of  125W  is  54,  of  6\eze  is  w,  and  the  Cube 
Root  of  —  216  is  —  6. 

Wherefore  I  fuppofe  the  Root  fought  to  be  fa- f*  w  —  6y  which 
being  involved  to  the  third  Power,  does  produce  the  fame  with 
the  given  Power,  confequently  6  is  the  Cube  Root  re¬ 

quired. 

But  if  the  new  Power  raifed  from  the  fuppofed  Root  (  being 
involved  to  its  due  Height  )  ihould  not  prove  the  fame  with  the 
given  Power,  viz,,  if  it  hath  either  more  or  fewer  Terms  in  it, 
&c.  Then  you  may  conclude  the  given  Power  to  be  a  Surd,  and 
mufi  have  its  proper  Sign  prefix’d  to  it,  and  cannot  be  otherwife 
exprelVd,  until  it  come  to  be  evolved  in  Numbers. 

Exxmpk  5.  Suppofe  it  were  required  to  extraft  the  Cube  Root 
of  iqxaa  Ar  54 baa  *—  %bbb. 

Here  are  two  diftinft  and  perfeft  Cubes,  viz..  27 au}  and  Mb, 
whofe  Cube  Roots  are  3 a  and  2 b. 

Wherefore  one  may  fuppofe  the  Root  fought  to  be  3 a  4-  2 b 
which  being  involved  to  the  third  Power,  is  zjaax  +  ?4 buAr 
3 6bbaAr  Mb.  Now  this  new  raifed  Power  hath  one  Term  (viz.* 
%6bbi)  more  in  it  than  the  given  Power  hath;  but  this  being  a 
perfect  Cube,  one  may  therefore  conclude  the  given  Power  is 
not  fo,  viz,,  it  is  a  Surd,  and  hath  not  fuch  a  Root  as  was  required, 
but  muft  be  exprefs’d  or  fet  down, 

Thus  a  y/  z"]ixx  -j-  *&bbb. 

Jf  thefe  Examples  be  well  underftood,  the  Learner  will  find  it 
very  eafy  by  this  Method  of  proceeding  to  difcover  the  true  Root 
of  any  given  Power  whatfoever. 


CHAP.  III. 


Of  fllgctyaic  Jfrarfionss,  or  Broken  £Quantitief(. 

St  ft  1.  Rotation  of  Fra  51  ion  a  l  Quantities. 

Fra&ional  Quantities  are  exprefs’d  or  fet  down  like  Vulgtf 
Fra&ions  in  common  Arithmetic^ 


i  be  jb—-4a 

*  -  "in  .^| 

d  4^+76 


Y  a 


Numerators. 

Venominawh 


Ho  y 
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How  they  come  to  be  To,  fee  Caf.  4.  in  the  la  ft  Chapter  of  Di- 
vjfion.  Thefe  Fractional  Quantities  are  managed  in  all  refpe&s 
like  Vulgar  Fradlions  in  common  Arithmetick. 

Sedh  2.  To  ZltZX  or  Cb&tlgt  different  JftacfionS  into  one 
Denomination ,  retaining  the  fame  Value . 

mile.  ,« 

Multiply  all  the  Denominators  into  each  other  for  a  new 
Denominator  :  and  each  Numerator  into  all  the  Denomi- 
11  at  or  s  hut  its  own,  for  new  Numerators . 

Examples . 

<1  d  . 

Let  it  be  required  to  bring  ~  and —  into  one  Denomination. 

b  c 

Firft,  axe,  and  dxb,  will  be  the  Numerators,  and  b  X  c,  will 

be  the  common  Denominator,  viz.  —  and  ^  are  the  two  Frac* 

be  be 

tions  required.  That  is, . 

’  Again,  let  — —  and  ^ 


ca  a  .  bd  d 

T~~  —  and  7“=  — 
be  b  be  c 


.  . .  ,  .be  brought  in  one  Denomination" 

a  -f-b  !  b  —  a 

And  they  5  bb-j-be  —  bd  —  dc 


,  ad  — -  ac  *4-  bd  — *  be  « 

,  ,  and  - — — - — T - -j  ozCr 

bd  ba'Tbb' —  da  +-rr  bd 


will  be  IbxTbb  —  da ■ 

Se&.  3.  To  inking  whole  ^EHtantittes  ^fractions  of  a 

green  Denomination .  , 

IRuTc. 

Multiply  the  whole  Quantities  into  the  given  Denomi¬ 
nator^  for  a  Numerator  :  under  which  fubferihe  the  given 
Denominator ?  and  you  will  have  the  Ft  a  ff  ion  required. 

Example's . 

Let  it  be  required  to  bring  a  +  6  into  a  Fraction,  whofe  Deno¬ 
minator  is  d — >a:  Firft  a  +£  xd — a  is  da  -f-'bd  —  ad  —  bx 
da  -j-  b  l  —  aa  • — -  ba 


Then 


d> 

a 


a 


-  is  the  Fra&ion  required. 

ax 


a 


Again  i+4  will  be  *t+±‘  And  , 
d  cl  ,  a 

will  be  —  Alfo  X'Fh  +  •— - 7-  will  be - - 


A 


a 


When 
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When  whole  Quantities  are  to  be  let  down  Fraction- wife,  fub- 
fcribe  an  Unit  for  the  Denominator. 

p— ,,  T  •  '  A  1  T  T  •  XX  L  '  bb  Q  . 

Thus  ab.  is —  And  ax  —  bb  is  - —  &c. 

1  1 

Seel.  4.  To  ^bb^ctiiate,  or  IRcouce  Fractional  Quan¬ 
tities  into  their  loweft  Denomination . 

IRuie. 

Divide  both,  the  Numerator  and  Denominator  by  their 
greateji  common  Divifor ,  viz.  by  juch  Quantities  as  are 
found  in  both  ;  and  their  Quotients  will  be  the  Fraction  in 
its  low  eft;  Term . 

_  aac  .  ax,  .  abll  .bb  bde  ,  . 

Thus  — *  is  - j  And— r— ^  is —  Alfo  a  -J — 4 T d* 
ar  a  abc  c  be 

In  filch  fingle  Fractions  as  thefe,  the  common  Divifors  (if  there 
beany)  are  eafvly  dilcover’d  by  Infpe&ion  only;  but  in  com¬ 
pound’  Fra&ions  it  often  proves  very  troublefom,  and  muft  be 
done  either  by  dividing  the  Numerator  by  the  Denominator,  un¬ 
til  nothing  remains,  when  that  can  be  done:  Or  elfe  finding  their 
common  Meafure;  by  dividing  the  Denominator  by  the  Numera¬ 
tor,  and  the  Numerator  by  the  Remainder,  and  fo  on  as  in  Vul- 
gar  Fractions  (  4.  Page  51.) 

Examples. 


aac 


Suppoft 
Then  cd  —  dd) 


cd 


-TpL  were  to  be  reduced  lower. 
—  ad 

aac  —  add 
aac  —  aad 


Qj-  the  Fra&ion  required 


In  this  Example  it  fo  happens  that  the  Numerator  is  divided 
Juft  off  by  the  Denominator;  but  in  the  next  Jtis  otherwife, and 
requires  a  double  Divifion  to  find  out  the  common  Meafure.  VI 
Let  it  be  required  to  reduce  aaa  — abb _ 

to  its  loweft  Terms.  ax +  zab  4-  bW 

Firft  ax  4“  zab  4"  bb  )  aaa  *— *  abb  ( a 

aaa  4"  ixabf-abb 


■ —  2 aab — •  2 abb  the  Remainder. 

Then—  zaab —  2 abb )  ax ixb -\-bh  / _ 1 _ x 

aa  +  ab  v  zb  i<e 


ab  4*  bb 
ab  -f"  bb 


«£» 


lienee 
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Hence  it  appears  that  —  i nab  —  zabb  is  the  common  Meafure  ; 
by  which  aaa — nib  being  divided. 

Viz.  —  uni  —  zabb)  ana,  —  alb  /  a  i 

am  nab  \  ib  **  z 

— —  dab  — -  abb 

• —  aab  —  'rbb 


o 


Then  •—  ~  is  the  new  Numerator. 

lb  z 

And  {Vjf  — --7  —  is  the  new  Denominator. 
ib  z  a 


But  + 


And  —  4—  ' 

zb 


ZX^zb  a~\~b 


4  * 

2£ - 2& 


*  —  b 


the  Numerator. 


ia 


4  ba 


=s - 7—  the  Denominator. 

zb  a 


Let  both  be  multiplied  with  if*,  and  you  will  have 
A&^ab  the  Numerator. 

a —  b  the  Denominator.  Or  changing  the  Signs  of  all 

the  Quantities,  and  it  will  be  the  new  Fra&ion  required. 

.  aa> — ab  aax—abb 

That  is, 


a,  -f*  b  aa^iab^-bb 
Again  let  it  be  required  to  reduce 


dlj~—  bh  ^ 
did —  Hb 


The  common  Meafure  of  this  Fraction  will  be  the  eafiefl:  found 
(  as  appears  from  Trials)  by  dividing  the  Denominator  by  the 
Numerator,  (?e. 


Thus  dd* 


lb  )  did — bbb  (d 
did  —  bbj 


*-j-«  bbd  bbb  )  di 
di¬ 


ll/  d 


■ 


li\  bb 


4*  bi  — .  bb  )  bbd  • 

l  u  - 


-t*  (f 

bi 


Hence  it  appears,  that  ll—<bb  is  the  common  Meafure  that  will 
divide  both  the  Numerator,  and  the  Denominator. 

Confe* 
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Conlequently  id — M)  dd  —  bb  /d  .  .  , 

^ ^  ^-g-+ 1  is  the  new  Numerator.1 

►J-«  db——  bb  '  ' 

db  —  U' 


o  o 

And  Id  —  bb )  cfclcl — bib  /  dd  ...  z  .  . 

iii  — ,  \  T  ^  ^  new  Denominator* 

4“  ddb  — *  m 
ddb  —  bbd 

4~  bbd  — - 
Mi  —  M* 


Let  both  be  multiplied  with  b,  and  then  you  will 

S  d^-b  the  Numerator  £  of  the  Fra&ion  re- 


have 


i-dd-f*bd^bb  the  Denominator  ^  quired. 


But  if  after  all  Means  ufed  (as  above)  there  cannot  be  found 
one  common  Meafure  to  both  the  Numerator  and  Denominator, 
then  is  that  Fra&ion  in  its  leaft  Terms  already. 

Note,  tbefe  Operation  will  be  well . underftood  by  a  Learner  after  be  hath 
paji  through  Multiplication,  and  Vivifion  of  Fractions. 


Sedt.  5*  fl&MtiOn  and  Subtraction  of  Fractional 

flQuantttieg. 

The  given  Fractions  being  of  one  Denomination,  or  if  they 
are  not,  make  them  fo,  per  Seft.  4*  Then 

Kule. 

Add  or  fubtraff  their  Nimerators ,  as  Occajion  requires , 
and  to  their  Sum ,  or  Difference,  Jiibfcribe  the  common 
Denominator  :  As  in  Vulgar  Fractions. 


Examples  in  ,3DDitl0n* 


I 

J  bb 

tf-f  b 

iX‘ —  b 

X-~b’\'d 

c 

d 

d~\~c 

d  4"  a 

1 

ax 

ra  4*  C 

ib  —  a 

a  4“  b  — -  d 

c 

d 

d  c 

X 

s 

+ 

** 

^xA^  b*\-c 

a  4~  b 

zx 

c 

d 

d-{*c 

dAr  a 
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Examples  in  Suhttatfion* 


I 

lb  -f*  e.x 

A'F'b 

3  d'F'b  “h* c 

zb 

c 

d  d-  c 

d  ' 

d  “j-4  a 

bb 

2  b ' — a 

2  aA^c 

a  +  b~—d 

2/ 

c 

d  4^ c 

d 

d4~  a 

3 

ax 

ix  —  b 

a- \-b 

— x  b  d 

c 

d^c 

d 

d  4“  A 

Se6L  6.  Multiplication  of  Fractional  Quantities . 

Firft,  prepare  mix  d  Quantities  ( if  there  be  any  )  by 
making  them  improper  Fractions 7  and  whole  Quantities 
by  fubfcribing  an  Unit  under  them.  As  per  Sect*  3.  Then 

SRttle. 

Multiply  the  Numerators  together  for  a  new  Numera¬ 
tor  :  And  the  Denominators  together  for  a  new  Denomi¬ 
nator.  As  in  Vulgar  Fractions. 


Thus 

1 

1 

ab  | 

I 

M 

ST* 

*  1 

i  d  +  c 

d 

4  a*\~  2  b 

Z# 

f 

’  d 

1X2 

3 

abd 

\zax  •  2 xb  —  4 bb 

cf 

zdd-\~dc 

Suppofe  it  were  required  to  multiply  ix d - —  2? 

c 

with  Thefe  prepared  for  the  Work  (per  Seft.  3*)  will 

Hand 


Thus^ 


I  X  2 
Or  3 


3 

4 


2  dcArb—rtC 


3  b  “f*  4^ 

I 

fbdcAr  tbb — 7  $  be  4-  8  ICC  -4-  4&c I  ooc^ 


ihh 

6bx- —  71  b~\-%xc  — - 1 00 c  +  - —  per  Seel.  4 


N.  M . 
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N.  B.  Any  Fraction  is  multiplied  with  its  Denominator  by  call¬ 
ing  off,  or  taking  the  Denominator  away. 

Thus  —  X  a  gives  b .  For —  X  —  ==  — 
a  a  1  a 


=5  —  &c. 


Se<S.  7.  SDibiflOtt  of  Fractional  Quantities. 

The  Fractional  Quantities  being  prepar’d,  as  directed  in  the 
laft  toftion.  Then 

I  .  • 

!RuTe. 

Multiply  the  Numerator  of  the  Dividend ,  into  the  De¬ 
nominator  of  the  JOivifor ,  for  a  new  Numerator ;  and  mul¬ 
tiply  the  other  two  together  for  a  new  Denominator .  As  in 
Vulgar  Fractions . 

Examples. 

let  — 7-  be  divided  by  the  Work  may  fland 


Or  thus 


ab  > 

abd 

/<z&dc  d 

c  J 

T f 

/ 

I 

Abd 

a-j-& 

* / 

d 

2 

ab  # 

r— £ 

c 

A 

3 

d~ " 

AA  •“j-"' 

/  1 

dc — •  d& 

AM  *—  bbb 
tf-f-  b 
aa  •—  ab  -f- 


AAAC 


bbbc 


aaa  -j-  bbb 


Suppofe  it  were  required  to  divideaa  +  — L  — 

A  + 

By  a  +  b.  Then  the  Work  prepared  will  fland 


Thus 


E  “f-  b ^ 


aaa  -j-  -J-*  4 aab  *-}*•  ^abb 

a  -J-*  4  6  \  ^  a  -J*-  -f" 


But 


aaa^jaab'F  $abb  AA~\-$bA 


( per  Sett  4.) 


aa  jba  -j-  4 bb  A^-^b 
When  Fractions  are  of  one  Denomination,  call  off  the  Deno¬ 
minators,  and  divide  the  Numerators. 

aLZ  LL 

Thus,  if - were  to  be  divided  by  —  it  will  be 

c  7  c 

bl)  ab*  (  ab  the  Quotient  required. 

Z  F©$ 


I 
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bb  \  xb1,  ( lb‘ 

For  7)  7-  VI 


xblc  xb3c  ,  ,  -  > 

But  -77*  =  ab  ( per  Seft.  4.  ) 


c  J  e  V  bbc  ~~  bbc 
Again,  Suppofe  it  were  required  to  divide  _-A__ 

BySlil Calling  off  c— « d  in  both,  it  will  be 

c  -  a 

sax-ba 

(7+7  &c- 


(Li  >-j-*  zxb  ’“J"’  bb  ) 


Se<S.  8.  gtlfeolutfon  of  Fractional  Quantities* 

ftttle. 


Involve  the  Numerator  into  it  felf  for  a  new  Numera* 
tor  ;  and  the  Denominator  into  it  felf \  for  a  new  Denomi * 
iiator  j  each  as  often  as  the  ^Power  requires . 


Thus 

b 

3&c 

b  +  d 

I 

X 

2  ad 

a  — 7  c 

I  ©*  a 

bb 

pbbcc 

bb  +  ibd  +  di 

2 

XX 

4  xxdd 

XX  — *  2  XC  CC 

1  ©•  3 

3 

bbb 

27  bbbccc 

bbb  -j-  xbbd  ibdd  -f*  ddd 

XXX 

8 aaxddd 

XXX -  3 XXG  ^xcc  —  ccc 

Sc6t.  CboUttion  of  Fractional  Quantities. 

If  the  Numerator  and  Denominator  of  the  given  Fra&ion  have 
each  of  them  fuch  a  Root  as  is  required  ;  (  whi£h  very  rarely 
happens. )  Then  evolve  them  ;  and  their  refpeftive  Roots  will  be 
she  Numerator,  and  Denominator  of  the  new  Fraction  required. 


$axbb 

XX  2 xb  -|-  bb 

Thus 

4dd 

da  —  2 xb  -\~bb 

3  xb 

X  b 

2  tUJ  2 

id 

X  — **  b 

Again 

• 

'  zjxxxbbb 

xaX'F  3 axb  3 xhb'Flbbb 

1 

8  ddd 

axx —  3  xxb  -f-  3 xbb — *  bbb 

2  vjj  3 

3  *b 

x  *4-’  b 

2 

1  2d 

x—  b 

Sometimes  it  fo  falls  out,  that  the  Numerator  may  have  fuch 
&  Roots*  is  required,  when  the  Denominator  hath  not;  or  the 

Dene- 


J 
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Denominator  may  have  fuch  a  Root,  when  the  Numerator  hath 
not.  In.  thofe  Cafes  the  Operations  may  be  fet  down 

AlX'f'  4-bb  • —  dd 


Thus 


I  UU  2 


T 

axbb 

1 

Mi 

2 

ab  \ 

vm  1 

cla  -j-*  zab  d~  bb 


AAA  -\~  4 bb  —  dd 

a-\-b 


But  when  neither  the  Numerator,  nor  the  Denominator  have 
juft  fuch  a  Root  as  is  required;  prefix  the  Radical  Sign  01  t  e 
Root  to  the  Fraction ;  and  then  it  becomes  a  Surd,  as  in  the  lalt 
Step,  which  brings  me  to  the  Bufinefs  of  managing  Suras. 


CHAP.  IV, 


Of  £tm>  3EHtantitieg. 

The  whole  DoCtrine  of  Surds  (as  they  call  it)  were  it  fully 
.  handled,  would  require  a  very  large  Explanation  (  to  repder  it 
but  tolerably  intelligible )  even  enough  to  fill  a  Treatife  it  le  5 
if  all  the  various  Examples  that  may  be  of  Ufe  to  make  it  ea  y 
ftiould  be  inferted;  without  which  Jtis  very  intricate  and 
fom  for  a  Learner  to  underftand*.  But  now  thofe  tedious  Reduc* 
tions  of  Surds,  which  were  heretofore  thought  ufeful  to  nt 
quations  for  fuch  a  Solution,  as  was  then  underftood,  are  who  y 
laid  afide  as  ufelefs  :  Since  the  new  Methods  of  refolving  all  Sorts 
of  ^Equations  renders  their  Solution  equally  eafy,  although  their 
Powers  are  never  fo  high  , 

Nay,  ever  fince  the  true  life  of  Decimal  Arithmetick  hath  been, 
well  underftood,  the  Bufinefs  of  Surd  Numbers  has  been  managed 
that  Way  ;  as  appears  by  feveral 'Inftances  of  that  kind,  in  Dr. 
ft'aHis* s  Hiftory  of  Algebra.,  from  Page  23  to  29. 

I  (ball  therefore,  for  Brevity’s  fake,  pafs  over  thofe  tedious 
Reductions,  and  only  {hew  the  young  Algebraift  how  to  deal  with 
fuch  Surd  Quantities  as  may  arife  in  the  Solution  of  hard  Que« 
ffions. 


Se6t,  i.  H&ditfon  and  Subtraction  of  Surd 

Quantities. 

Cafe  1.  When  the  Surd  Quantities  are  Homogeneal 
(viz 0  they  and  their  Indices  are  alike)  Add.,  or  Subtract 

‘  “  Z%  the 
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the  Rational  Part,  if  are  joined  to  any,  and  to  their 
Sum,  or  Difference,  adjoin  the  Irrational  or  Surd. 


Examples  in  Slc&ltiOtt* 


1  1  1 

j  1  V  be  J 

6b  f  Ac 

I  b  f  M  +  CC 

2 

7  V  be  ! 

4  b  f  etc 

3  b  fixf-cc 

1  +  2 

1  3 

|  12  y/  be 

l^b  f  AC 

|  4b  \/  AA  +  CC 

I 

4I  3  f  AA 

1  £+ 3  f  +  cc  J  bcsf  aa'YH 

2 

d*  \/  AA 

J  C - 3  \/  AA - CC  1  ?/>«■  S  \/  AA  •+  d 

1  +  2 

3 

AA 

i  ^*4"  ff 

1  4  be  5  Adfd 

Examples  in  Subtraction. 

I 

I2  /  be  , 

10  b  \/  AC  I 

4b  y/  aa-\-(,G 

2 

7  V  be  ' 

4  b  f  Ac  | 

3  b  V  AA~\~cc 

1  +  2 

3 

1  V  be  1 

6b  f  AC  1 

b  f  AA  fee 

1 

id  5  f  AA 

bf"G 

ibc  S  f  AA  +  d 

2 

4d3  \/  AA 

C - 3  \/  AA - CC 

"ijoc  5  s/  AA  +  d 

I  -  2 

3 

d3  \/  AA  l  £+  3  AA - CC  \ 

be  s  aa  + 1 

Cafe  2.  When  the  Surd  Quantities  are  Heterogeneal 
(viz,  they  or  their  Indices  are  unlike)  they  are  only  to  be 
added,  or  fubtra&ed  by  their  Signs,  viz.  +or—  And  from 
thence  will  arife  Surds,  either  Binomial,  or  Relid ual. 


Examples  in 


I 

3  f  bA  1 

4  d  f  A  1 

Xf  AC - bA 

2 

Vb<t  1 

3  bf  AC  j 

3  f  AC  +  bA 

3  +2 

3 

3  \/ bA  -j-  y/  bd  1 

4-d  \/ A\  +  3&y/ AC  j 

1  y/  AC — bi’.f3  /, ac-\-  bx 

Examples  in  Subtraction. 


I 

\ /be  |  b~ 

—  (f  y/  AAA  CX 

2 

\ /bx  I  d  — 

2  A\/  bd  +  dd 

3 

y/ be'. — y/  bd  j  b  — 

—  d  \/  Aild~\-CA  l » —  d  +  2  A  y/  bd  +  dd 

i  i 
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Sefl:.  2.  Multiplication  of  Surd  Quantities . 

Cafe  1.  When  the  Quantities  are  Pure  Surds  of  the 
fame  kind  *  Multiply  them  together,  and  to  their  Pro¬ 
duct  prefix  their  radical  Sign. 

Examples • 


I 

V  b  I 

f  bi- b  di  f 

\  11  bb 

Z 

V  <  1 

f  Cl  { 

4/  11  —  bb 

X  2 

3 

✓  bt  | 

f  bcia-\^  den  ] 

y/  mi  —  bbbb 

before  )  are  joined  to  rational  Quantities,  then  multiply 
the  Rational  into  the  Rational ;  and  the  Surd  into  the 
Surd,  and  join  their  Produ&s  together. 


Examples . 


I 

d  f  be 

|  5 cdfb&*\*dl 

It  f  ib 

z 

lb  y/  1 

1  3 a  y  ci 

%  V  d 

l  X  z 

3 

^db  f  bci 

|  1  <,cdiy/  bciifdeii  i 

7<  \f  abd  

SecL  3.  SDibtfiori  of  Surd  Quantities. 

Cafe  1.  When  the  Quantities  are  pure  Surds  of  the 
fame  kind,  and  can  be  divided  off  (  viz.  without  leaving 
a  Remainder  )  divide  them,  and  to  their  Quotient  pre¬ 
fix  their  radical  Sign. 


Examples. 


I 

f  bl 

V  ben  -fi*  deal  1 

y  1111  • — •  bblb 

2 

\/  b 

y/  ci  j 

f  M  —  bb 

1—2 

7 

\/ 1 

1  V  bi  -f-  da  1 

y/  11  *3-  bb 

Cafe  2.  If  Surd  Quantities  of  the  fame  kind,  are  join¬ 
ed  to  Rational  Quantities;  then  divide  the  Rational  by 
the  Rational,  if  it  can  be,  and  to  their  Quotient,  join 
the  Quotient  of  the  Surd,  divided  by  the  Surd,  with  its 
firlt  radical  Sign. 

Examples.  > 


I 

3  db  f  bei 

I  $cdi  y/  ben  dell  | 

75  V 

z 

lb  V  l 

3 A  >/  Cl  | 

sVd 

3 

d  f  be 

jedy/  bi  *-j~  di  J 

I  f  '/  lb 

1  —  2 
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Note,  If  any  Square  be  divided  by  its  Root,  the^  Quotient  will 
be  its  Root. 

Examples. 


I 

A 

bb  4“  2  be  -ft  cc 

dllCL  *—  zbbcUL  4“  bbhb 

z 

V  & 

\  y/  bb  f  i  be  -f-  cc 

\/  a,4' — ribbta  -4 -  b4 

'I  -4- 1 

y/  cl 

|  y/bb-f  zb:  fee  j 

y/ cl 4 — zbbacL  -f-  b4 

Se&.  4.  31nboV?tion  of  Surd  Quantities . 

Cafe  1.  When  the  Surds  are  not  joined  to  Rational 
Quantities;  they  are  involved  to  the  fame  Height  as 
their  Index  denotes,  by  only  taking  away  their  Radical 

Sign- 

Examples. 


1  1  1 

f  CL  I  \/  be  CL  1 

-hb  | 

f  <>CL  r—  d& 

I  2  1  i  1 

&  j  bed 

clcl  - 

<,CL - dd 

Cafe  a.  When  the  Surds  are  joined  to  Rational  Quan¬ 
tities;  Involve  the  Rational  Quantities  to  the  fame 
Height  as  the  Index  of  the  Surd  denotes;  then  multiply 
thofe  involved  Quantities  into  the  Surd  Quantities,  aft 
ter  their  Radical  Sign  is  taken  away.  As  before. 

Examples . 


'  1 

b  y/  a 

J- 

3  b  y/  dd —  rid 

I  Q 

bbd 

zsddca  | 

i ibbdi ■ — <)bbdd 

I  I 

a*y/  be 

3d  J  f  dd  -j—  bb 

i  iVJ 

I  Qr  3  J  2 

CLddbc 

zjddddtZ  -p  *7  dddbb 

ddduLAdb 

The  Reafon  of  only  caking  away  the  Radical  Sign,  as  in  Cafe  1. 
is  eafiiy  conceived,  if  you  coniider  that  any  Root,  being  invol¬ 
ved  into  it  felf,  produces  a  Square,  &c. 

And  from  thence  the  Reafon  of  thofe  Operations  performed 
by  the  fecond  Cafe  may  be  thus  Hated. 


Suppofe  b  f  cl 


x.  Then  y'  a  =z;~r  per  Axiom  4,  and  both 

o 

XX 

Sides  of  the  ^quation'being  equally  involved,  it  will  be  a  =-,7* 

- 

Then  multiplying  both  Sides  of  the  ^Equation  into  bb,  it  will  be¬ 
come  bbd  x$,  per  Axiom  3. 

Which  was  to  be  proved.  .  Agai® 
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Again,  let  5 Ai/ca~x.  Then  ^£4=-^- 

5<* 

tjgjg 

And  cas=t — Confequently  itddca  s=s 
ijdi 

4  Alfo  from  hence  it  will  be  eafy  to  deduce  the  Reafon  of  mul¬ 
tiplying  Surd  Quantities,  according  to  both  the  Cafes.  For 


Suppofe  <  I  1 
I  ©  »  I  3 


2  &  l 
3X4 

J  IW  1 


yt  ~^ExamPle  *•  Cafe  1. 
h 

A  =3  XX 

h  =  z,zxx.  per  Axiom  3. 

\/  bx=:  z,x.  which  was  to  be  proved. 


Let 


! 


t-7-3* 
4  X  3 

X  $bd 


3 Example  i.  Cafe ». 


y  4 


y 


*3* 


from  what  is  proved  above 


3  fed  y  bca~zx,  &x.  for  the  reft. 


Divifton  being  the  Converfe  to  Multiplication,  needs  no  other 
Proof. 


CHAP.  V. 

Concerning  the  Nature  of  (Equation?,  and  how  to  pre¬ 
pare  them  for  a  Solution. 

When  any  Problem  or  Queftion  is  propofed  to  be  analytically 
refolved;  it  is  very  requifite  that  the  true  Defign  or  Meaning 
thereof,  be  fully  and  clearly  comprehended  ( in  all  its  Parts  )  thac 
fo  it  may  be  truly  abftra&ed  from  mch  ambiguous  Words  asQiie- 
ftions  of  this  kind  are  often  difguifed  with  ;  otherwife  it  will  be 
very  difficult,  if  not  impoffible,  to  ftate  the  Queftion  right  in  its 
fuMlituted  Letters,  and  ever  to  bring  it  to  an  Equation,  by  fuch 
various  Methods  of  ordering  thole  Letters  as  the  Nature  of  the 
Queftions  may  require.  Now 


Part  II, 


Now  the  Knowledge  of  this  difficult  Part  of  the  Work  is  only* 
to  be  obtained  by  Practice,  and  a  careful  minding  the  Solution  of 
fuch  leading  Queftions  as  are  in  themfelves  very  eafy. 

And  for  that  Reafon  I  have  inferted  a  Colle&ion  of  feveral 
Quefiions  ;  wherein  there  is  great  Variety. 

Having  got  fo  clear  an  Underfianding  of  the  Quefiion  propo- 
fed,  as  to  place  down  all  the  Quantities  concerned  in  their  due 
Order,  viz-  all  the  fiibftituted  Letters,  in  fuch  Order  as  the  Na¬ 
ture  of  the  Quefiion  requires;  the  next  thing  muft  be  to  confider 
whether  it  be  limited  or  not.  That  is,  whether  it  admits  of  more 
Anfwersthan  one.  And  to  difcover  that,  oblerve  the  two  follow¬ 
ing  Rules.  *  s 

IRule. 


When  the  Number  of  the  Quantities  fought ,  exceed  the 
Number  of  the  given  JEquationsy  the  Quefiion  is  capable 
cf  innumerable  jinfwers. 


Example . 

Suppofe  a  Quefiion  were  propofed  thus;  There  are  three  fuch 
Numbers,  that  if  the  firft  be  added  to  the  fecond,  their  Sum  will 
be  2z .  And  if  the  fecond  be  added  to  the  third,  their  Sum  will 
be  4 6.  What  are  thofe  Numbers  ? 

Let  the  three  Numbers  be  reprefented  by  three  Letters,  thus, 
call  the  firft  a ,  the  fecond  e,  and  the  third  y. 

Then  ^  according  to  the  Quefiion. 

Here  the  Number  of  Quantities  fought  are  three;  viz.  a ,  e,  f 
and  the  Number  of  the  given  ./Equations  are  but  two.  Therefore 
this  Quefiion  is  not  limited,  but  admits  of  variuus  Anfwers ; 
becaufe  for  any  one  of  thofe  three  Letters,  you  may  take  any 
Number  at  Pleafure,  that  is  lefs  than  i2.  Which  with  a  little 
Confideration  will  be  very  eafy  to  conceive. 

muic 


When  the  Number  of  the  given  /Equations  (  not  depend¬ 
ing  upon  one  another  )  arejujl  as  many  as  the  Number  of 
the  Quantities  fought ;  then  is  the  Quejlion  truly  limited) 
viz.  each  Quantity  fought  hath  but  one  fingle  Value . 

As  for  Inftance,  Let  the  aforefaid  Quefiion  be  propofed 
thus.  There  are  three  Numbers  (  *,  e,  and  y,  As  before  ) 
if  the  firft  be  added  to  the  fecond,  their  Sum  will  be  n  ; 

if 
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if  the  Second  be  added  to  the  Third,  their  Sum  will  be  46;  and 
if  the  Firft  be  added  to  the  Third,  their  Sum  will  be  36.  What 
are  the  Numbers  ? 

That  is,  a-\~ez=zn.  e *-{— 7 46" .  and  a.~\~y  e=: 36. 

Now  the  Queftion  is  perfeftly  limited,  each  fingle  Quantity  ha¬ 
ving  but  one  fingle  Value,  to  wit  a  =3  6,  e  =  16,  and  y=:  30. 

N.  B.  If  the  Number  of  the  given  ^Equations  exceeds  the  Num¬ 
ber  of  the  Quantities  fought ;  they  not  only  limit  the  Queftion, 
but  oftentimes  render  it  impoftible,  by  being  propos'd  inconfident 
one  to  another. 

Having  truly  ftated  the  Queftion  in  its  fubftituted  Letters,  and 
found  it  limited  to  one  Anfwer,  (or  at  leaf!  fo  bounded  as  to 
have  a  certain  determinate  Number  of  Aniwers)  then  let  all  thofe 
fubftituted  Letters  be  fo  ordered  or  compared  together,  either  by 
Adding,  Subtracting,  Multiplying,  or  Dividing  them,  &c.  accor¬ 
ding  as  the  Nature  of  the  Queftion  requires,  until  all  the  un¬ 
known  Quantities,  except  One,  are  call  oft  or  vanifhed  ;  but  there¬ 
in  great  Care  muft  be  taken  to  keep  them  to  an  exaCt  Equality  5 
and  when  that  unknowm  Quantity,  or  fome  Power  of  it  (a s  Square, 
Cube ,  &c.)  is  found  Equal  to  thofe  that  are  known  ;  then  the  Que¬ 
ftion  is  faid  to  be  brought  to  an  Equation,  and  confequently  to  a 
Solution ,  viz.  fitted  for  an  Anfwer. 

But  no  particular  Rules  can  be  prefcribed  for  the  calling  off,  or 
getting  away  Quantities  out  of  an  Equation  ;  that  Part  of  the 
Artis  only  to  be  obtained  by  Care  and  PraCHce.  And  when  that 
is  done,  it  generally  happens  fo,  that  the  unknown  Quantity  which 
is  retained  in  the -/Equation,  is  fo  mix'd  and  entangled  with  thofe 
that  are  known;  that  it  often  requires  fome  Trouble  and  Skill  to 
bring  it  (or  its  Powers,  &c.)  to  one  Side  of  the  ./Equation*  and 
thofe  that  are  known  to  the  other  Side;  (flill  keeping  them  to  a 
juft  Equality)  which  the  Ingenious  VAN.  SCHOTEN  in  his 
PrincipU  Matbefeo*  Univerfalts ,  calls  Reduction  of  /Equations 

The  Bufinefs  of  Reducing  ./Equations  (as  of  moft,  if  not  all 
Algebraic  Operations)  is  grounded  and  depends  upon  a  right  Ap¬ 
plication  of  the  five  Axioms  propofed  in  Page  146.  and  therefore, 
if  thofe  Axioms  be  well  underftood,  the  Reafon  of  fuch  Opera¬ 
tions  mtift  needs  appear  very  plain,  and  the  Work  be  eafily  per¬ 
formed ;  as  in  the  following  Se  ft  ions. 

A  a  Sea. 
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Part  II. 


Sect.  I.  Of  Reduction  by  SiDDlUott* 


Reduction  by 
the  tranfpofin 
from  either  Si 
+  before  it \ 


Suppofe 

Then 

For 

«+? 


Addition  is  grounded  upon  Axiom  i.  and  is  only 
g  (viz,-  the  removing)  of  any  negative  Quantity 
de  of  an  Equation  to  the  other  Side,  with  the  Sign 
as  in  thefe. 

Example  J. 

Again, 


a~ 


b—d 

d+6 

6=6 

d+*6 


Let 

I  +  d 

z  +  aa\  3 


ax — d—c  —  ax 
ax=.c — 44 +i 

244=  C'-j-'d 


Let 

J+4 

2+4 


3 


3 & — 4—'^ - 4 

34=  6+4 — x 
44=6++=lO 


Note,  When  any  ahfo lute  Number  is  re¬ 
gift  er’d  in  the  Margin ,  yon  mnft  draw  a 
Line  over  it,  to  di/tingnifh  it  from  the  other 
Numbers.  As  *  in  the  zd  Step  of  this  Ex¬ 
ample. 


Let 

1+6 

2+ir 

3+264 


1 

2, 

3 

4 


XX — dc — 6=dd —  2  bx 

XX - ic=iJ—  2  64+6 

xi— dd — 264+6+  dc 
44+264=dd+6+  dc 


Suppofe 

I 

2  da — d=cc — 3  baa — axx 

1+444 

X 

aaa-j'ida — d=rc — 3644 

2,+  2644 

3 

444+2644-1-2^4 - d=.CC 

J+.I 

4 

444+3644+2^4=  cr+d.  &C. 

Se£t.  2.  Of  Reduction  by  Subtraction. 

Reduction  by  Subtraction  is  grounded  upon  Axiom  2.  and  is 
perform'd  by  tranfpofing  (or  removing)  any  affirmative  Quantity 
from  either  Side  of  the  Equation,  to  the  other  Side,  with  the 
Sign  before  it.  As  in  thefe 

Example  y. 


Suppofe 

And 


4+6=d 
6=6 
4=d — 6 


Let  |i 

1  4j  2 

2  —  ;  3 


34+4=6+4 

24+4=6 
24=6 - 4=2 


Suppoie 
I' — zbx 

2 - dc 

1—b 


4i+dc +6=dd+ 264 

44 - 2  64+ic+6=dd 

44 - 2  64+6=dd - dc 

ax — iba=dd — dc — 6 


Let 
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Let 

I — 3  baa 
z — ida 

3— * 


1 

2 

3 

4 


(U  4+J=CC+  j  544+2  d(L 
aaa —  5  5  aa-\~d— x> c +2  da 
aaa——  3  baa —  2  d4+i=c 
444 — 3644 — 2  da~cc — d 


Sed.  3.  Of  Redudion  by  Multiplication. 

Fra&ional  Quantities  in  any  Aquation,  are  brought  into  whole 
Quantities;  by  multiplying  every  Term  in  the  Equation  with  the 
Denominators  of  the  Fractions,  per  Axiom  3.  As  in  thel'e 


Suppofe 


Examples. 


a 

5 


Then 

2 

a=z6  X  y 

a 

==  30.  For  —  X 

y 

y  = 

54 

5 

dc 

dd 

Let 

1 

34= — 

Suppofe 

1 

4= - 

zb 

4 — 5 

1  X  rb 

,  z 

6ba  =  dc 

I  X  a  —  b 

2 

44  —  54  =  dd 

Suppqfe 

1X5 
1  X  a 


3 


aa  dx 

- W+/— ■ — 

b  a 

dxb 

44+5<r  +  bf =:■ — 
a 

444  +  5c4  +  5/** —  dxb 


Suppofe 

444  54  —  55 

I 

44 - 55  4  +5 

1  x  44  —  55  1 

2 

baaa — 5544—5554+5555 

444  =-  .  f  1 

4  +  5 

1X4+5  ' 

3 

4444+5444=5444—5544 — 5554+5555 

Sed.  4.  0/"  Redudion  by  SOitiifion- 

w  When  any  Quantity  (either  known,  or  unknown)  is  in  every 
Term  of  an  Aquation  ;  if  the  whole  Aquation  be*  divided  by 
that  Quantity,  it*,  will  be  reduc'd  into  lower  Terms,  per  Axiom  4. 
As  in  thefe 

A  a  z  Examples. 
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Part  II 

• 

Suppofe 

1-7-b 

r 

I 

z 

Examples - 

baar\^bca=hcd  Let  1  aa=2ja 

aa-\-ca~cd  1  -r*  1  a  i  7 

Let 

1 

ffaa  '-\~jfcaa—'ffaz=dfda-\*ffdda 

i-ff 

z 

aa-\-caa — •a~da'-\-*dda 

•  - 

2  -r*  a 

3 

a4-ca —  1  ^d^\~dd 

Or  when  the  unknown  Quantity  is  multiplied  (viz-  join’d)  with 
any  that  is  known;  let  the  whole  Equation  be  divided  by  the 
known  Quantity,  that  fo  the  unknown  may  be  cleared* 

As  in  thele  ,  ; 

Examples- 


Suppofe 
i-~b — c 


i 

z 


ba — caz=:d\  Let 

d  . 

<f=: -  I  -H7* — d 

b — c  \ 


caa-—iaa~cd — id 
cd' — ■  dd 

aa  = - -  =  d 


Suppofe 

1  -T*  bx~ 

2  -7-  b 

1 

2 

3 

bbaaa — zbbxx'=bdl-\-cbx 
baa — iba^=dr\~c 
d~\~c 

aa — za~  .  .  1 

>  b  : 

Let 

1 

^yiaa-^izaar^jbcx^i  1  cx 

1  -7-7 

2 

ydaar\*  6aaz=z  bca%- 302 

2  -i~  a 

3 

yda  -f"  6a  =  bc-f  3c 

bc+sc 

3  •+* 

4 

7  d+6 

Se&.  5.  Of  Reduction  by  31ttt)0latt0n. 

When  there  happens  to  be  an  ./Equation,  between  any  Homo- 
geneal  or  like  Surds;  take  away  the  radical  Signs  from  the  Quan¬ 
tities,  and  they  will  become  Rational. 

As  in  thefe  .  ' 

_  _  v  Example, 


Suppofe 
1  ©-  2 


1  j  yr4=\/dd-c-  I  Let 

2  I  (L-.  d+C  1 1 0*3 


3  y/ a£=az  / db-\-bc  7  per  Seft- 
aa~  db-\-bc  \  4.  Ch.  3. 


Or  if  one  Side  of  the  ./Equation  confifts  of  Surd  Quantities, 
and  the  other  Side  be  rational;  then  involve  the  rational 

f  f;  Quantities 
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Quantities  to 
Surd,  and  tah 
As  in  theft 

Let 

1  ©•  2 

the 
:e  a 

1 

2 

fame  Power  (or  Height)  with  the  Index  of  the 
way  the  Radical  Sign. 

Examples.  „ 

y/  a=;6  ISuppofelilv^a^ 

d=3£  j  1  2  j 2 J  a=zbb  *\*zbc*\*cc. 

Suppofe 

I  ©-  3 

1 

z 

3  y/  (Li' — ba^d 
(LCL  hit-  >—ddd 

Let  I 
1  &  5  1 

1 1 5  y/  aa-=ij 
i|  aa~i6^>07. 

Scft. 

When  any  fin 
Side  of  an  JE qua 
ding  as  the  lnde 
equal.  As  in  th 

Suppofe  1  1 
l  iw  z  1  2 

- 

6,  Of  Redu 

gle  Powers  of  t 
ition  ;  Evolve  b 
x  of  that  Powei 
tefe 

Ex& 

aaz=z$6 

0=.*/  3  6r=:6 

ftion  bj 

he  unkn< 
oth  Sides 
:  denotes, 

imples. 

Let  1 

I  LUJ  3  2 

<£bo!ution. 

3wn  Quantity  is  on  one 
of  the  ./Equation,  accor- 
and*  their  Roots  will  be 

aaa=z  27 

a-=:if  27  =  3,  &c. 

Suppofe 

I  UUJ  2 

f 

1: 

aa  —  bb< —  dd 
tt=tfbb  ■ — •  del 

Let  * \at 

I  UU  3 

ia=tb*  ~\-$bbc’\*ibcc~\~ci 
—b-^-c 

Or  if  any  compound  Power 
one  Side  of  the  ^Equation  (that 
Evolve  both  Sides  of  the  ./Equat 
lower  Terms.  As  in  thefe 

Ext 

Suppofe  I  1  1  aa-\-iba*^bb~d 
1  iu»  2  j  1  J  a-\-bz=.d 

of  the  unknown  Quantity  be  at 
hath  a  true  Root  of  its  Kind) 
ion,  and  it  will  be  deprefs’d  into 

•  *  x- 

tmples. 

d  aa — iba~\~bb=tddcc 
a  —  b^=edc. 

Here  follow  a  few  Examples  of  ./Equations,  wherein  all  the  fore¬ 
going  Redu&ions  are  promifcuoufly  ufed. 

As  Occafion  requires. 

Example  I. 

Suppofe  |  i  j  What  is  <==  te 

IX?  j  z  I  a«+c— i=^~ ^ 
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2  X  b 
2  4-  4  44 
A  +  bi 
5 . —  be 

6  -r-«&  +  4 


7  LUJ  2 


3 

4 

5 

6 


8 


644+444+k — bd=z  4  % 

Z>44— 4  44+ta:=4g+£  i 
£44+  444=*4(g+&i — be 
I  _  4&~\~bd — be 

M  ~  .J+r 

As  was  required. 


Suppofe 
1  X  4 

&  X  354  —  *  3 

3+44  4 

4—4  $ 

5  UW  2  {  fi 


Example  2. 

—  What  is  the  Value  of  a. 
354—  * 

344 

354— s* 

125 3!* — at=:}aa 

444  x=z  1 1  ^  3 1^  • 

44^31329 

a^z  \/  31329=:  177  the  Value  of  4  requir’d. 


a 

4+354 


Suppofe 
'  • 

I  2 

That  is 
For 

And 

Then 

3  \f  &CC. 


Example  3. 

^44+3^  faa — ibb ■  ■  ^baa  #  ^ ? 

.44+366  ^  ^  faar\*$bb  ^  +4  3 bb 

if  ^ 


:  + 


44 — 366  baa 


44 


(+ - 96  4 _ 

'4  C 


44+366  ,44 — '$bb 244  44 

4  4  4  1 

» JtEE!±  - 

4  _ -4 

_ — —  (aa-ibb  fa 

\/ aa-\~ibb  X  + - V  7 

4 

44  _  644^  ^  -?64 

2  r  4 


4_— 9^)4 

4 


Chap.  5.  Of  foetotctuDr  equations.  183 


11 


7  ± 

8  -~b 

9Y.ee 

Io  X4 
t-  4  ba* 

12  -r- 

'For 

13  uu  2 

14  IUJ  2 


S4* 


-5?£4 


=  / 

4 

.  _ a 4— p^4 

4  f  CC  4 

/t4  ^J>£<*4  <*4 — ^44 

bbx 4 


10 

11 

12 


13 

14 

15 


,  A  1  9CCb*  a 
bi 4  i - =s  c<t4 

4 

4&i4  -f*  =4^4 

9CC&3  =:4c^4' — -4^4 
9ccbl 

MAX  =  — - - 

4c— 40 

4c  —  4^  X  44  ^  4 c44 1 —  4&<l4 

jjeeb1 
xx  =:  -/ 


4c— 46 _ 

v-.v^ 


4C • — 46* 


As  was  required. 


By  help  of  thefe  Reductions  (properly  applied)  the  unknown 
Quantity,  (x)  or  its  Powers,  are  cleared  and  brought  to  one  Side 
of  an  Equation ;  and  if  the  unknown  Quantity  (a)  chance  to 
be  equal  to  thofe  that  are  known,  the  Queftion  is  anfwered. 

As  in  the  firit  Example  of  Sett.  1.  and  2. 

Or  if  any  (ingle  Power  of  the  unknown  Quantity  (a)  is  found 
equal  to  thofe  that  are  known,  then  the  refpeCHve  Root  of  the 
known  Quantities,  is  theAnfwer;  asinthefirft  four  Examples  of 
sett.  6y  (ffc. 

But  when  the  Powers  of  the  unknown  Quantity  are  either 
mixed  with  their  Root  >  As  ax  ~\*bx  =zdd,  &c.  Or  do  confift  of 
different  Powers;  As  aaa-\-  baa-=:dd,  &c.  Then  they  are  called 
affe&ed,  or  adfe&ed  Equations,  which  require  other  Methods  to 
refolve  them,  viz,,  to  find  out  the  Value  of  (a)  as  (ball  be  (hewed 
v  further  oh. 


CHAP. 


) 


^ligrebca* 


* 


Part  II. 


CHAP.  VI 


Of  ^ropottional  jaDuanttttcjS ;  both  arithmetical,  Geo¬ 
metrical  and  ajmfical. 

What  hath  been  faid  of  Numbers  in  Arithmetical  Progreflion, 
Chap-  6.  Part  i.  may  be  eafily  applied  to  any  Series  of  homoge- 
neal  or  like  Quantities. 

Se6b.  i.  Of  flDuantttieg  in  Sltltljmetfcal  grogreCffotu 

Thofe  Quantities  are  faid  to  be  in  the  moll  fimple  or  natural 
Progreflion,  that  begin  their  Series  of  Increafe  or  Decreafe  with 
a  Cypher. 

‘  Thus -5°  :  a  :  ia  :  3a  :  4a  :  5a  :  6a  :  &c.  Increafing. 

2 o  :■ — a: — ia-—-^a:> — w.— •  6  a\ &c.  Decreafing. 

Or  llniverfally,  puttings  the  firft  Term  in  the  Progreflion,  and 
g  the  common  Excefs,  or  Difference. 

%a\  aA~e\aA^ie\a~\-7)e'.a-\-4e'.a-\~<)e: aA^6e\ 
inen-£i;  & — £.a — 2e>.  4 — ,^e:a — — ^e:a — 6e: 

In  the  firft  of  thefe  Series  it’s  evident,  that  if  there  be  but  three 
Terms;  the  Sum  of  the  Extremes  will  be  double  to  the  Mean. 

As  in  thefe.  o\a\ra\  Or,  ana:  34 ;  Or,  24:  34 :  44,  &c.  viz. 
a  \  Or,  aA^  34™  2a-j-  2a,  See. 

Alfo,  in  the  fecond  Series,  either  Increafing,  or  Decreafing,  it  is 
evident,  that  if  the  Terms  be  a:  4  +  c ze,  &c.  Increafing; 
Then  4+4  +  2e,  viz-  raA^ie  the  Sum  of  the  Extremes,  is  double 
to  afe  the  Mean;  Or  if  they  bea:  a  —  e:a  —  ie,  & c,  Decreafing, 
then  aA^x — ie  :  viz.  2 a — ie  the  Sum  of  the  Extremes,  is  double  to 
a — e  the  Mean.  And  fo  it  will  be  in  any  other  three  of  the  Terms. 

Secondly ,  If  there  are  four  Terms ;  then  the  Sum  of  the  two  Extremes, 
will  be  equal  to  the  Sum  of  the  two  Means.  As  in  thefe  a:a-\-el 
a- f-2 e :  4- in  the  Series  Increafing  ;  Here  a^x^ie^i-^e^-a^ze. 

Alfo  in  thefe,  a'.a  — •  e  :a  ■ —  2 e  :a< —  $e  in  the  Series  Decreafing; 
here  4  +  4 — 3?  =  *' — e~\~a —  2 e.  Sec.  in  any  other  four  Terms. 

Confequently,  If  there  are  never  fo  many  Terms  in  the  Series, 
the  Sum  of  the  two  Extremes,  will  always  be  equal  to  the  Surn 

of 
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of  any  two  Means,  that  are  equally  didant  from  thole  Extremes. 
As  in  thefe,  a  :  x  +  e  :  x  +  ze  :  x  +  3<?  :  a  +  :  x  +  se  :  See. 
Here  x  •-{-  x  -{-*  5 e  cl  -j-*  e  cl  '■j-'  4e  “  cl  -j-  ze  ~}~*  cl  -}-  3^  &c. 
And  if  the  Number  of  Terms  be  odd;  the  Sum  of  the  two  Ex¬ 
tremes  will  be  double  to  the  middle  Term,  &c.  As  in  Corot .  1. 
Chap.  6.  before  mention'd. 

CO  NSECTARY  I. 

Whence  it  follows,  (and  is  very  eafy  to  conceive)  that  if  the 
Sum  of  the  two  Extremes  be  multiplied  into  the  Number  of  all  the 
Terms  in  the  Series,  the  Produdl  will  be  double  the  Sum  of  all  the 
Series. 

Now  for  the  eafier  refolving  fuch  Quedions  as  depend  upon 
thefe  Progreflional  Quantities. 

p*  ^=the  fird  Term,  as  before. 

I  y  :=  the  lad  Term.  , 

Let  i  e  =:  the  Common  Excefs,  &c.  as  before. 

|  Afcthe  Number  of  all  the  Terms. 

=  the  Sum  of  all  the  Series,  viz,,  of  all  the  Terms. 

Then  will  a  -f"  y  x  N  =  2 S',  by  the  precedent  Confeftxry  : 

That  is,  Nx  +  Ny  =  z$.  Confequently  ~  S’,  the  Sum  of 

2 

all  the  Series,  be  the  Terms  never  fo  many.  Thirdly ,  In  thefe  Se¬ 
ries,  it  is  eafy  to  perceive,  that  the  common  Difference  (e)  is  To 
often  added  to  the  lad  Term  of  the  Series  ;  as  are  the  Number  of 
Terms,  except  the  fird;  That  is,  the  fird  Term  (a)  hath  no  Diffe¬ 
rence  added  to  it,  but  the  lad  Term  hath  fo  many  times  (e)  added 
to  it,  as  it  is  didant  from  the  fird. 

Confequently,  the  Difference  betwixt  the  two  Extremes,  is  only 
the  common  Difference  (e)  multiplied  into  the  Number  of  all 
the  Terms  lefs  Unity  or  1. 

That  is,  N • —  iXe=)  — •  a,  the  Difference  betwixt  the  two 
Extremes,  viz.  Ne  —  e  ~y  — x. 

CO  NSECTART  2. 

Whence  it  follows,  that  if  the  Difference  betwixt  the  twro  Ex¬ 
tremes  be  divided  by  the  Number  of  Terms  Lefs  i.  the  Quoti¬ 
ent  will  be  the  common  Difference  of  the  Series. 

•  y  ci 

To  wit,  7— 

N~— 1 

B  b 


Now 
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3lgebta*  Part  11. 

Now  by  the  help  of  thefe  two  ConfeHaries ,  if  any  three  of  the 

aforefaid  five 

Parts  (viz-  a.  y.  e.  N.  S-)  be  given  ;  the  other  two 

may  be  eafily  found. 

Thus, 

1 

Nx~\~Ny  ^ 

And 

z 

y  —  i  —  e  >  Al  tef°re-  * 

N— I  J 

i  xN  — •  i 

3 

y  —  a.  =:  He  —  e 

5  +  e 

4 

y  —  tt  +  e  =  Me 

4  *6-  e 

5 

v  ■  x  — j—  e 

— - =  N  The  Number  of  Terms. 

I  XT 

6 

Ni  -1-  Ny  =  zS 

6  — -  Na 

7 

Ny  —  zS  —  Na 

7  -r-  N 

8 

6  — yN 

9 

Na=:zS- —  Ny 

9  ~~N 

10 

=s  *  The  JirJi  Term. 

6  -r-  a  *4“  y 

II 

-  =:  N  The  Number  of  Terms, 
a  +  y 

and  ii 

Iz 

y —  a-re  2  S’  .  . 

- - — : —  Per  Axiom  7. 

e  a  -p  y 

iz  X  a  ~\~y 

13 

x'~aa  +  *+  y  =  zS 
e 

I3-6-T 

14 

— - —  —  =  S  The  Sum  of  all  the  Series- 

ze  z 

I4X  ze 

I? 

yy  —  ax  ae  4~  ye  =:  zSe 

15  — ae 

16 

yy  * —  -j-ye  —  25/  • — •  ae 

16  —ye 

17 

yy  —  ax  =3  2 Se  —  ae  — ye 

17^ 

18 

yy  —  ax  rr 

- -  =  e  1  he  Common  Difference. 

zS  • — '  a  —  y  JJ 

3  r-f-  X 

19 

Ne  • —  e  +  a  —  y  The  laft  Term. 

1 9  *-{-  e 

zo 

Ne  -I-  x  e. 

20  —  Ne 

zl 

y  e  —  Ne~:  a  The  jirjl  Term. 

&c. 

mk 

In  like  Manner  you  may  proceed  to  find  out  any  of  the  five 
Quantities  (a.  e.  y.  N.  $.  )  otherways,  viz-  by  varying  or 
comparing  of  thefe  /Equations  one  with  another,  you  may- 
produce  new  ./Equations  with  other  Data  in  them  ;  the  which 

I  fhall 
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I  (hall  here  omit  purfuing,  and  leave  them  for  the  Learner’s 
Praftice. 


Sed.  a.  Of  Quantities  in  dBconuttUal  Proportion. 


Geometrical  Proportion  continued  has  been  already  defined  in  Sell.  2. 
Chap.  6.  Pm  1.  And  what  is  there  laid  concerning  Numbers  in 
rf  may  eafily  be  applied  to  any  Sort  of  Homogeneal  Quantities 
that  are  in  . 

The  molf  natural  and  fimple  Series  of  Geometrical  Propor¬ 
tionals,  is  when  it  begins  with  Unity  or  i. 

As  1  .  a  .  aa  .  aaa  .  aaaa  .  as  .  a6,  Szc.  in  —• 

For  1  :  a  :  :  a  :  aa  : :  aa  :  aaa : :  aaa  :  aaaa,  &c. 

j  U  III  llll  1 *  ^ 

Or  a.  b .  — - - - -  &c.  are  Terms  in  -ff 


For  4  :  l 


III 

aa 


III 

aa 


l 4  £4 


•  &c« 


That  is,  when  all  the  middle  Terms  betwixt  the  two  Extremes 
are  both  Consequents  and  Antecedents,  that  Series  is  in  Geometrical  Propor¬ 
tion  continued. 

Therefore  in  every  Series  of  Quantities  in  ~~  all  the  Terms  ex¬ 
cept  the  Laft  are  Antecedents ;  and  all  the  Terms  except  the  Eirft 
are  Confequents- 

But  llniverfally  putting  a  the  firft  Terrain  the  Series,  and  e  the 
'Ratio,  viz.  the  common  Multiplier,  or  Divifor,  then  it  will  be 

a  •  ae  .  aee  .  aeee .  aeeee  .  ae*  .  ae6  .  &c.  in  -fr 


Ct  Ct  d  Ct  Ct 

Or  a .  —  — .  —  .  — .  &c.  are  in  -rr  Deer. 

e  ee  eee  eeee  es 

aaee 

For  a  :  ae  :  :  ae :  — ? — =  aee,  See. 

a 


&  ft  dd  CL  Ct  it  Ct 

And  a:~  : :  —  :  —  t=  —  a:  —  See. 

e  e  aee  ee  e  ee  eee 


I.  In  any  of  thefe  Series  it  is  evident,  that  if  three  Quantities 
are  in  -H-  the  Re&angle  of  the  two  Extremes  will  be  equal  to  the 
Square  of  the  Mean. 

As  in  thefe,  a :  ae .  aee  here  ax  aee  ==  ae  X  ae.  =  aaee.  Szc. 

B  b  i 


Or 
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CL  A  CL  CL  CL  ACL 

Or  a.< — . —  here  alfo,  ax —  := —  X  —  =: —  &c. 
e  ee  ee  e  e  ee 

II.  If  four  Quantities  are  in  -ff  the  Redangle  of  the  Extremes 
will  be  equal  to  the  Redangie  of  the  Means. 

As  in  thefe,  a.  a&.  aee .  aeee .  here  a  X  ae1  ss aeX  (tee.. 

CL  (L  CL  Ct  CL  CL  Ct(L 

Or  a  . — . —  . —  here  alfo  a  X  —  := —  X — = — See. 

e  ee  eee  eee  e  ee  eee 

Confequently,  If  there  are  never  fo  many  Terms  in  the  Series 
of  -r  the  Redangle  of  the  Extremes  will  be  equal  to  the  Red¬ 
angle  of  any  two  Means  that  are  equally  diftant  from  thofe  Ex¬ 
tremes. 

As  in  thefe,  a  .  ae  .  aee  .  aeee  .  aeeee  .  aes  &c. 

viz.  aes  X  a  =;  ae 4  X  ae.  Or  aes  X  a  =  aeee  X  aee  z=zaae5  • 

III.  If  never  fo  many  Quantities  are  in  it  will  be.  As  any 

one  of  the  Antecedents  is  to  its  Confequent  \  So  is  the  Sum  of  all  the 
Antecedents,  to  the  Sum  of  all  the  Confequents. 

| ~a.  ae .  aee .  aeee  .  aeeee .  aes ,  &c.  Increafing. 

As  in  thefe, <J  a  a  a  a  a 

\a  —  .  —  .  • —  .  — — ■ .  —  &rc.  Decreafing. 

^  e  ee  eee  eeee  es 

a  :  ae  :  ;  a  ae  -j~  aee  -[-  ae*  ^  •  to  *i-  &ee  -(-*  aez  +  +  ae* 

CL  A  A  A  A  CL  CL  CL  CL  CL  CL 

Ora'.' —  \\a- 1 - }-  —  - 1 - 1 - - f-  ■ — *■}-  —  -J-  — 

e  e  ee  eJ  e4  e  e  ee  e3"  e 4  es 

viz.  a  X  ae  -j-  aee  “}-* ae1  -}-  ae^  ,r\-aes  z=:aeX  a ae  aee  ae3  *-j-4e4 

That  is,  the  Redangle  of  the  Extremes  is  equal  to  the  Redangle 

of  the  Means;  Per  Second  of  this  Seel. 

L  m 

Note ,  The  Ratio  of  any  Series  in  ~  increafing  is  found  by  di¬ 
viding  any  of  the  Confequents  by  its  Antecedent. 

Thus,  a)  ae  (e  Or  ae)  aee  ( e  &c. 

But  if  the  Series  be  decreafing.  then  the  Ratio  is  found  by  di- 
vidingany  of  the  Antecedents  by  its  Confequent . 

Thus,  — )  a  0  Or  —  )  —  (e  &c. 

e  &  e 


CON - 
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consectart. 


Thefe  Things  being  premifed,  fuch  Equations  may  be  deduced 
from  them,  as  will  folve  all  fuch  Queftions  as  are  ufually  pro- 
pofed  about  Quantities  in  Geometrical  Proportion  4r.  In  Order  to 
that 


Let 


The  Firfi  term.  .  7  b  f 

The  Common  Ratio .  $ 

The  Laji  Term. 

The  Sum  of  all  the  firms. 


Then  S' —  y  t=s  the  Sum  of  all  the  Antecedents. 
And  5*  —  a~  the  Sum  of  all  the  Confe^uents. 


Analogy. 

I 

a  :  ae : :  y  *  S — Per  the  III.  of  this  Secf. 

1  V 

2 

|  s  &  —  &a  •=:  aeS  * —  aey 

2 

3 

S —  a  =  eS — ey 

3  +  ey 

4 

S-\~ey  —  a  z=zeS 

4  —  S’ 

5 

ey—^a^eS — S 

-r-e —  I 

6 

^  =:5*  The  Sum  of  all  the  Series. 

e  —  1 

•~-S  y 

7 

,5*  « — •  CL  , 

—  e  The  common  Ratio. 

S  —  y 

5  +  A 

8 

ey  =  eS  +  a*—S 

8 

9 

eS+a—S  The  MTerm_ 

O  ^ 

4  +  * 

Io 

S  +  ey  =  eS  a 

O 

I 

Co 

rta 

II 

S-\-ey — eS^a  The  firft  Term. 

Note,  The  V  fet  in  the  Margin  at  the  fecond  Step,  is  inftead 
of  Ergo;  and  imports  that  the  Redlangle  of  the  two  Extremes  in 
the  firft  Step,  is  equal  to  the  Rediangle  of  the  Means.  And  fo  for 
any  other  Proportion. 

Sedt.  3.  Of  ^atmonical  Proportion. 


Harmonical  or  Mufical  Proportion  is,  when  of  three  Quantities 
(or  rather  Numbers)  the  Firfi:  hath  the  fame  Ratio  to  the  Third, 
As  the  Difference  between  the  Firft  and  Second,  hath  to  the  Diffe¬ 
rence  between  the  Second  and  Third.  As  in  thefe  following. 


Suppofe  a,  b,  c  in  Mufical  Proportion , 


Then 

I 


1 

2 


a:  c ::  b  —  a  : c— -b 
cb — 'ca=;ac~~bx, 


2 


I 
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2.  Cd 
3  -r«  2<T — 'b 

3  +  b* 

^  —  cb 
7  -r*  2  <2 — ‘C 


4 

5" 

<> 

/•r 

/ 

3 


c=:  zdc 
cb 


bd 

.  —  a  The  firfl  Term. 

2  c  —  b 

2 CLC  =5  *-)“<  ^ 

=:  b  The  fecond  Term. 

c  4"*  * 

2tfc —  cbzzzbx 

t=.c  The  third  Term. 


id, 


—  I 


If  there  are  four  Terms  in  Mufical  Proportion,  the  firft  hath 
the  fame  Ratio  to  the  Fourth,  as  the  Difference  between  the  Firft 
and  Second  hath  to  the  Difference  between  the  Third  and  Fourth. 
That  is,  Let  d.  b.  c.  d  be  the  four  Terms,  &c. 


3 


Then 
1  7 
2  4"*  da 

zd  c 


3 


2  4 -  ca 
6—d.b 


zd 


1 

2 

3 


$ 

6 

7 

8 


a:  d  :  :b —  a:  d — c 
db  —  da-=da  —  ca 
db  =5  2  da  — ca 
db 

~  a 


2d  —  c 
2  da 


b=z- 


ca 


db'^car=:  2  da 
car=.zda — *  db. 
2  da  —  db 


a 


ca 


zd 


CHAP.  VII, 

r\ 

Of  Proportion  JDtsjumf,  and  how  to  turn  /Equations 

into  .analogic#,  &c. 

* 

Proportion  Disjunct ,  or  the  Rule  of  Three  in  Numbers  is  already  explain’d 
in  Chap.  7.  Part  1.  And  what  hath  been  there  laid  is  applicable  to 
all  Homogeneous  Quantities,  viz,,  of  Lines  to  Lines,  &'c. 

Sect.  I. 

It  i our  Quantities  (viz,'  either  Lines,  Superficies,  or  Solids) 
be  Proportional :  The  Rectangle  comprehended  under  the  Extremes, 

*  •  •  is 


Ch.  7.  Of  fe?opo?tiottal  £luantitteg.  191 

is  equal  to  the  Rectangle  comprehended  under  the  two  Means, 
(1 6  Euclid  6.) 

For  Inftance,  Suppofe,  a .  b.  c .  d.  to  reprefent  the  four  Homo- 
geneal  Quantities  in  Proportion, 
viz.  a :  b  : :  c :  d.  Then  will  ad  ^  be. 

For  fuppofe  £  ==:  2 a  then  will  d^ic 

And  it  will  be  a  :  2  a::  c:  2  c.  Here  the  Ratio  is  2. 

but  a  X  ic-=-ia  xc.  viz-  ica^iac 
Or  fuppofe  5=  $a  then  willd:=3c 
And  it  will  be  a  :  3a: :  c :  3c.  Here  the  Ratio  is  3*. 
but  a  X  3<r=:  34  Xc.  z/i£.  340  ;=;  3#. 

Or  Univerfally  putting  e  for  the  Ratio  of  the  Proportion,  viz* 
making  then  will  d=:ce 

And  it  will  be  a  :ae  : :  c  :  ce 
but  a  X  ce  c=s  ae  X  c  viz.  ace  =  aec. 


Confequently,  ad~bc  which  was  to  be  proved. 

Whence  it  follows,  that  if  any  Three  of  the  four  Proportional 
Quantities  be  given,  the  Fourth  may  be  eafily  found. 

Thus, 


let 

1 

a  :  b  : : 

1  V 

2 

ad  ;=  be 
h 

2  -r»  d 

3 

a=T 

.  ad 

2  -r -C 

Z 

4 

11 

a.''  1 

2  -r  0 

5 

C~~b 

be 

2  -7-  a 

6 

'  ’  a 

z~U 

1 7 

a 

T~ 

c 

« 

b 

d 

Or  2  -r*  ac 

I8 

It= 

Then 


L 


If  four  Quantities  are  Proportional,  they  will  alfo  be  Propor¬ 
tional  in  Alternation ,  Jnveyfion,  Composition^  J)ivijion}  Conversion,  and  Mixtly. 
Euclid*;.  Def.  12,  13,  I4>  15,  16. 


That 
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   %  * 


That  is,  if 
Then 
And 
Alfo 

4? 

Or 
6? 
Again, 
8  V 
Or 
10  7 
And 

H  v 

Laftly 
14  V 
1?  ± 


2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 
16 


a  l  b  1 1  c  l  d  be  in  Dire  ft  Proportion,  as  before. 

a  :  c  : :  b:  d  Alternate.  For  ad  =  be 

b  l  a  ::  d  :  c  Inverted.  For  ad  =  be 

a  +  b  :  b  :  :  c  *\*d  l  d  Compounded. 

da  bd  =3  k  +  £d  That  is,  <zd  =  be,  as  before. 

£  -f-  c  :  e  :  :  6  +  d  :  d  Alternately  Compounded . 

#d'-}-’cd:=:  k  -(-cd  That  is  ad^=.bc. 

a  —  b  l  b  : :  c  —  did  Divided. 

ad  —  bd~bc' —  bd  That  is,  ad  =- be. 

a  —  c  :  c  :  :  b  —  did  Alternately  Divided . 

ad  —  cd  =  k —  cd  That  is,  ad=zbc. 

a  l  b  +  a  l  l  c  l  d  Hh;  c  Converted 

ad  -dr  ac  ~  be  ac  That  is  ad  —  be. 

a*\~b  1  a  —  b  1 1  c  ~f-  d  l  c  —  d  Mixtly • 
ac  —  ad  ~f-  be  —  bd  =■  ac  *}-*  ad  *— ■  be  —  bd 
zbce=zzad’,  Thatlis,  ad=rh  As  atfirft. 


Note ,  What  has  been  here  done  about  whole  Quantities  in  Sim¬ 
ple  Proportion ,  may  be  eafily  perform'd  in  Pr actional  Quantities  5  And 
Surds ,  &c. 

For  Inftance,  If  —  :  1 1  and  it  be  required  to  find 

c  f  c 

the  fourth  Term. 

did  *  *  cc 

it  will  be  — 7 - the  Re&angle  of  the  Means ;  which  being  divi- 


fc 


ah 


ded  by  the  firft  Extreme  — -  it  will  become 

c 

ah  v  dd  • —  cc  Me  —  ccc  dd  cc 


T} 


h 


(■ 


ahfc 


ahf 


the  fourth  Term. 


Or  if  h\  \Zbd-\-*bc.i  1  i/hd~\-hc  :  to  a  fourth  Term. 
Then  is,  y 'Sd  +  kx  y/hd-\-hcz=zhd-\-  he  the  Reft  angle 
of  the  Means,  And  h)  £d  +  k  (d -f*  c  the  fourth  Term. 
That  is,  h  1  yfhd~\~hc  1  :  y'kf+k  :  d  +  f  &C. 


Sed.  2.  Of  SDupUcate  and  triplicate  Proportion. 

The  Proportions  treated  of  in  the  laft  Se&ion,  are  to  be  under* 
flood  when  Lines  are  compared  to  Lines,  and  Superficies  to 
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Superficies  ;  or  Solids  to  Solids;  viz.  when  each  is  compared  to 
that  of  its  like  Kind,  which  is  only  called  Simple  Proportion. 

But  when  Lines  are  compared  to  Superficies,  or  Lines  are  com¬ 
pared  to  Solids,  fuch  Comparifons  are  difiinguifhed  from  the  for¬ 
mer,  by  the  Names  of  Duplicate  and  Triplicate,  (&c.)  Propor¬ 
tions;  fo  that  Simple,  Duplicate  and  Triplicate,  e^Tc.  Proportions 
are  to  be  underftood  in  a  different  Senfe  from  Single,  Double, 
Triple,  &c.  Proportions,  which  are  only  as  1,  2,  3,  &c.  to  1; 
but  thofe  of  Simple,  Duplicate,  Triplicate,  life.  Proportion,  is 
that  of  a  .  aa  .  aaa  &c.  to  1.  Or  if  the  Simple  Proportions 


be  that  of  a  to  b ,  whofe  Ratio  or  Exponent  is  —  or 


according  to  Euclid's  Way. 

aa 


a 


Then 


±  y  ± 

b  b 


bb 


is  the  Exponent  of  the  Duplicate 


And  y  X  y  X  y  —  y  is  the  Exponent  of  the  Tr.  Prop.  ^ 


&*c. 


And  if  there  are  Three,  Pour,  or  more  Quantities,  in  ~~  as 
1.  a.  aa .  aaa.  a4.  as,  &c.  (AS  in  the  firfb  Series  Seft.  2.  of  the 
laft  Chapter.)  Then,  that  of  the  Firfi  to  theThird,  Fourth  and 
Fifth,  &c.  (viz.  I  To  aa .  aaa  .  aaaa .  as )  is  Duplicate,  Triplicate, 
Qaadruplicate,  M.  of  the  Firfi:  to  the  Second,  (viz.  of  iTor,) 
And  by  Inverfion.  that  of  the  Third,  Fourth,  Fifth,  is  Duplicate, 
Triplicate,  &c.  of  that  of  the  Second  to  the  Firfi  (a  To  1)  per 
Vef.  io.  Eucl.  But  the  Nature  of  thefe  Proportions  will  appear 
more  evident,  and  be  eafier  underfiood  when  they  are  applied  to 
Practice,  and  illufirated  by  Geometrical  Figures.  Further  on. 


Sed.  3.  How  to  turn  Equations  into  j3naloijfe0. 

1'  *-  V  V 

From  the  firfi  Section  of  this  Chap,  it  will  be  eafy  to  conceive 
how  to  turn  or  difiolve  Equations  into  Analogies  or  Proportions. 

For  if  the  Re&angle  of  two  (or  more)  Quantities,  be  equal  to 
the  Re&angle  of  two  (or  more)  Quantities;  then  are  thofe  four 
(or  more)  Quantities  Proportional.  By  the  1 6  Euclid  6. 

That  is,  if  ab~dc.  Then  is  a  :  c  : :  d  :  b  . 

Or  c :  a  : :  b  :  d  &c. 

.  ^r01?  whence  there  arifes  this  general  Rule  for  turning  Equa¬ 
tions  into  Analogies. 

C  C 


JRuU. 
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Divide  either  Side  of  the  given  y. Equation ,  ( if  it  can  be 
done)  into  two  fuch  cPartsy  or  Fatfors,  as  being  multiplied 
together ,  will  produce  that  Side  again  'y  and  make  thofe  two 
Parts  the  two  Extremes.  Then  divide  the  other  Side  of 
the  y Equation  {if  it  can  be  done)  in  the  fame  Manner  as 
the  Firft  was,  and  let  thofe  two  'Parts  or  FattorSy  be  the 
two  Means. 

For  Inftance,  Suppofe  ab'Fad  —  bd. 

Then  a  :  b  : :  d :  b  4-  d.  Or  b  :  a  : :  b  +  d :  d  See. 

Or  taking  ad  from  both  Sides  of  the  Equations,  and 

It  will  be  ab~bd  —  ad.  Then  a  :  d  : :  b  —  a  :  b. 

Or,  b:  d  ::  b—a  :  a  Sec. 

Again,  Suppofe  aa-\- zae^iby  — 

Here  a  and  a^2e  are  the  two  Fadlors  of  the  firft  Side  in  this 
./Equation;  for  a^ieXa t=zaa zae. 

Again,  y  and  ib~Fy  are  the  two  Fa&ors  of  the  other  Side. 

Therefore,  a  :  y  : :  zb*F y  :  ie. 

'  Orzb  *Fy ;  a-j-ze :  :  a  :  y  See. 

When  one  Side  of  any  /Equation  can  be  divided  into  two  Fa&ors, 
as  before;  and  the  other  Side  cannot  be  fo  divided,  then  make  the 
Square  Root  of  that  Side  either  the  two  Extremes  or  the  two  Means. 

For  Inftance.  Suppofe  be  +  bd  =: da ~Fg. 

Then  b  :  \/da-j-g  ::  y/ da~fg  ‘  c-\-d. 

Or  >/ da  g  f.  b  \  c  •F* d'.  */ da  g.  See. 

CHAP.  VIII. 

Of  feuSflittttloir,  and  the  Solution  of  ^ttatyatlc 

./Equations. 

Scft.  i.  Of 

When  new  Quantities  not  concerned  in  the  firft  ftating  of  any 
Queftion,  are  put  inftead  of  fome  that  are  engag'd  in  it,  that  is 
called  Subftitution. 

For  Inftance,  If  inftead  of  y/k  •— «  dc  you  put  or  any  other 
Letter. 

That  is,  make  =  / k  —  dc. 


Or 
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Or,  Suppofe  aaA^bi' — ca-^da~dc,  inftead  of  6*—  c-J-dput  s, 
or  any  other  Letter  not  engaged  in  the  Queftion, 

Viz.  sz=zb  —  c~\*d  Then  aa -{-  ix :=: dc 

That  is,  if  c  be  greater  than  b  +  d,  it’s  =:  dc. 

But  if  b^d  be  greater  than  c?  Then  it’s  ax-\-ia  —  dc. 

And  this  Way  of  Subftituting  or  putting  of  new  Quantities 
inftead  of  others,  may  be  found  very  ufeful  upon  feveral  Occafi- 
ons;  viz.  in  order  to  make  fome  following  Operations  in  the 
Queftion  more  eafy,  and  perhaps  much  fliorter  than  they  would 
be  without  it,  as  you  may  obferve  in  fome  Queftions  hereafter 
propofed  in  this  TraCt. 

And  when  thofe  Operations,  in  which  the  fubftituted  Quanti¬ 
ties  were  aflifting  or  ufeful,  are  performed  according  as  the  Nature 
of  the  Queftion  required,  you  may  then  (if  there  be  Occafion) 
bring  the  Original  or  firft  Quantities  into  the  Equation,  in  the 
Place  (or  Places)  of  thofe  fubftituted  Quantities,  which  is  called 
Reftitution,  as  you  will  fee  further  on. 


Sedfc.  2.  The  Solution  of  SDuabtatlc  (Equations. 


When  the  Quantity  fought  is  brought  to  an  Equality  with  thofe 
that  are  known,  and  is  on  one  Side  of  the  Equation,  in  no  more 
than  two  different  Powers  whofe  Indices  are  double  one  to  ano¬ 
ther,  thofe  ^Equations  are  called  Quadratic  Equations  AdfeCted; 
and  do  fall  under  the  Confideration  of  three  Forms  or  Cafes. 

Cafe  1.  ax~\-  iba~dc.l>  C  a4 -]- 2&a2  =:d/r. 

Cafe  1.  aa —  zba  —  dc.?-  And  <a4 —  2 bxz~dc. 

Cafe  3.  ibx’ — >a&~dc.y.  £ibaz> — a*~dc. 


Alfo 


a6  ^  zba*  =dc. 
a6  —•  ib  a*  dc. 
2 ba*  • — a6  ~dc. 


And 


a3  -J~  2 ba*z=zdc. 
a8  —  zba^^dc. 
zba4  — a3  =  dc. 


When  there  happen  to  be  more  Terms  in  one  of  thefe  Kind 
of  -/Equations  than  two,  and  the  higheft  Power  of  the  unknown 
Quantity  is  multiplied  into  fome  known  Co  efficients;  you  muft 
reduce  them  by  Divifion;  as  in  Sect.  4.  of  Chap.  and  for  the 
Fractional  Quantities  that  may  arile  by  thofe  Divifions,  Subftitute 
another  Quantity  doubled. 

For  Inftance,  Let  baa  +  caa  —  ca  da  =  dc  -f-  cb. 


Then  aa  — 


— *  da  f  dc  cb 

b  c 


make 


b  4-  d 
C  c  2 


b-\-c 


=  2  X. 


And 
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And  if  you  pleafe,  for 


dc  ~f~c& 
b  +  c 


put 


Then  will  aa  —  zxx  —  z  be  the  new  ^Equation,  equal  to  the; 
other,  being  now  fitted  for  a  Solution. 

Now  any  of  thefe  three  Forms  of  Equations  being  thus  pre¬ 
pared  for  a  Solution,  may  be  reduced  to  fimple  Powers  by  cart¬ 
ing  off  the  fecond  or  lb weft  Term  of  the  unknown  Quantity; 
which  is  done  by  Subftitution,  thus  always  take  half  the  known 
Co-efficient,and  add  it  to  (in  Gafe  i.)  or  fubtraft  fit  from  (in  Caf$ 
2.)  its  fellow  Faftor;  and  for  their  Sum,  or  Difference,  fubftitute 
another  Letter.  As  in  thefe. 


Let 

Put 

2  2 

3  —  1 

4  +  dc 

$  UJJ  2 

2  and  6 -■ 

7  —  b 

I 

** 

3 

4 

y 

7 

8 

aa  +  zba  =:  dc  Cafe  1* 
a~\-  b  ^=e 

clcl  -}-  zba  *-}-  sc  e? 
bb  :=  ee  —  dc 
ee  ~  bb  dc 

e  =  W  dc 

+dc  Per  Axiom 
^  c=  -y/  ^  *-)-  dc  *.  —  & 

Again. 

Let 

I 

aa  —  1  ba  =  dc  Cafe  2. 

Put 

2 

11 

-a 

1 

2.  ©•  2 

3 

ax  — •  2  ba  bb  2=  ee 

3  —  1 

4 

bb  —  ee  — -  dc 

4+dc 

y 

ee  =  dc  && 

5  WJ  2 

6 

e  ■=:  \/  dc bb 

2,  6 

7 

a  —  b  —  y/ dc  -j~  bb 

7  +  b 

8 

a  ~  b  */ dc  -j-  bb 

»  v  ▼  # 

In  Cafe  3.  From  half  the  known  Co-efficient  fubtraft  its  fel¬ 
low  Faftor. ' 

Thus, 


Let 
Put 
2  2 

1  +  3 
4 r  d(' 


1 

2 

3 

4 

5 


dc 


2  ba  —  aa 
b  —  a~e 
bb  — -  zba  -j-  aa—ee 
bb  —  dc  -}-  ee 
te  — — «  bb  dc 


5  % 
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5  WJ  2 

6 

e  =  y/  bb  • —  dc 

7 

b  —  a  ■=.  y/  bb  —  dc  • 

7  +  a  i 

8 

i  b  =:  a  -f-  ^  bb ' —  dc 

8  - —  y/ 

z 

[  a  —  b  —  Vbb  —  dc 

And  this  Method  holds  good  in  thofe  other  Equations,  where^ 
in  the  higheft  powers  are  a 4,  as,  a* ,  &c?.  As  for  Inftance, 


Let 

I 

a6  4-  zba1  'zza do  Cafe  i. 

Put 

2 

+ 

II 

2  Z 

3 

as -+->  zba*  A^bbz^zee 

3  —i 

4 

bb  —  ee‘ —  dc 

4  -f-  dc 

S 

tez=,bb- dc 

5  UJU  2 

6 

e  r=  y/SS  +  dc 

2,  6 

7 

<z3  -[-£  =:  ^bbA^dc 

7  ~~b 

8 

a 3  s=i  y/bb~\-<dc  — b 

8  iuj  3 

9 

a  s=s  *  y/^i/bb  dc  :  b 

The  fame  may  be  done  with  all  the  reft,  Care  being  taken  to 
add,  or  fubtratt,  according  as  the  Cafe  requires. 

But  all  Quadratic  Equations  may  be  more  ealily  refolved  by 
completing  the  Square  which  is  grounded  upon  the  Confedera¬ 
tion  of  railing  a  Square  from  any  Binomial,  or  Relidual  Root, 
(See  Seft.  <.  Chap.  I. 

Viz-  If  a +&  be  involved  to  a  Square,,  it  will  be,  aa-\*  zb a  ~\~bb 
And  if  a  • —  b  be  fo  involved,,  it  will  be,  aa  —  zba  bb 
V/hence  it  is  eafy  to  obferve,  that  aa “j-  zba^dc.  Cafe  i. 
And  aa  < — i baz=zdc.  Cafe  z.  are  imperfett  Squares,  wanting 
only  bb  to  make  them  complete.  And  therefore  it  is  that  if  half 
the  known  Co-efficient  be  involved  to  the  fecond  Power,  and  the 
Square  be  added  to  both  Sides  of  the  Equation,  the  unknown 
Side  will  become  a  complete  Square. 


Thus, 


Let 
But 
l  “]~  z 

3  IW  z 


1 

2 

3 

4 


Here  half  the  Co*efficient  zb 
is  l,  which  being  fquared,  is 


aa*- f-  2  ba  —  dc. 

bbz=z.bb  £bb. 
aa  2 ba  -f-  bb  —  dc  -f-  lb  Cafe  I. 

a  -}■*  b  =  y/ dc +  As  before. 


Again. 
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Again. 

Let  I 

i 

44  —  iba  s=s  dc  Cafe  2. 

But  1 

a 

s=:  £6 

I  +  a 

3 

&&  ==  dr  -j-'  bb 

3  iw  2  1 

4 

a b  As  before. 

But  in  Cafe  3. 

you  muft  change  the  Signs  of  all  the  Terms  in 

the  ./Equation, 

Thus 

I 

2 bi—~ax~dc  Cafe  3. 

1  + 

;  a 

—  2  bd~—*dc 

Then 

3 

aa — zba-\-bb,=ibb'-~  dc  &c. 

And  this  Method  of  completing  the  Square  holds  true  in  thofe 

other  ./Equations. 

?  0 

Viz. 

I 

2^4  —  dc  Cafe  1. 

For 

• 

a 

bb^bb  As  before. 

I  +  2 

3 

ibid,  +  bb~dc  +  bb 

3  iu»  a 

4 

cut  b  ^  f  dc  bb 

4  —•& 

S 

<U  ~  f  dc  -j-  bb  :  —  b 

f  UJJ  1 

6 

&  —  f :  dc-1)-^ :  —  &  And  fo  on  for  the  reft. 

Or  let 

I 

a6  ibau^dc  As  before,  Cafe  1. 

And 

2 

bb  “  £6 

I  +  a 

3 

i?5  -f“  “I**  bb  dc  *-}-  bb 

I  iw  z 

4 

aaa  -j~  b  =  f  dc  *-}-  bb 

4  —  b 
* 

5 

Add  m  f  dc  *•-}—  bb  *  —  b 

5  IUJ  3 

4 

d  =  3  y/  :  -y/  dc  ££  .*  —  £  &C. 

COROLLARY. 

Hence  it  is  evident ,  that  whatsoever  Method  is  ufed  in 
folving  thefe  (or  indeed  any  other) \  ^Equations,  the  Kef  nit 
will  fill  be  the  fame,  if  the  Fork  be  true ;  as  yon  may 
cbferve  from  the  Operations  of  this  Section  :  For  both  thefe 
Methods  here  propofed give  the  fame  Theorems  in  their  re- 
fpeflive  Cafes  for  the  Value  of  (a). 


Thus 


1  ■  |  |  I.  II  I  > 
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Thus,  when  aa -\~iba  z=z  dc  Then 

Theorem  I.  a,  =  \f  dc  ft*  bh  :  —  b 
And  when<^  —  2 ba=z  dc  Then 


Theorem  z.  a  z=s  b  ft  a/  dc  4"  bb 
Again,  when  2 ba~aa~dc  Then 

-■  ■  ■  ■  4 

Theorem  3.  a  =s  b  —  A/bb  • —  dc  .  / 

The  Theorems  may  be  eafily  raifed  for  the  reft. 

If  the  known  Co-efficients  (of  the  fecond  or  loweft  Term)  be 
any  Angle  Quantity,  as  aa^ba=:dc,  &c.  Then  is  \  b  its  half, 
and  £  bb  will  be  the  Square  of  that  half  :  That  is,  bbxbb~b  bb. 
And  then  the  Work  will  Hand 


Thus,  1 
ICQ  * 


2  UW  2  3 

3  ' —  ib  4 


a.1  ft  bit  =:  dc 

act  ft  bn  ft  |  bb  t=s  dc  ft  ?bb 
^  ft  —  a/  dc  ft  7fbb 

a  =3  a/ dc^bb :  —  bb.  And  fo  for  the  reft. 


Note,  C  □  placed  in  the  Margin  ggainft  the  fecond  Step,  figni- 
fies  that  the  imperfeft  Square  aa  +  £m  in  the  firft  Step,  is  there 
compleated,  viz,,  in  the  fecond  Step. 

Now  by  the  fielp  of  thefe  Theorems ,  it  will  be  eafy  to  calculate 
or  find  the  Valufe  of  the  unknown  Quantity,  ( a )  in  Numbers. 

Example  I. 

Suppofe  aa  ft  iha  —  z.  Let  &  =16  And  4^44* 

Then  a~\/z^bb: — b  Per  Theorem  1. 

But  £,ft&fr=;  4^44  ft  z<)6  =  4900  And\/  4900  =  79 

Confequently  at=t  70  —  16,  viz.  =:  54- 

But  every  Adfe&ed  ^qhation,  hath  as  many  Roots  (or  rather 
Values  of  the  unknown  Quantity)  either  real  or  imaginary,  as 
are  the  Dimenfions  (viz.  the  Index)  of  its  higheft  Power;  and 
therefore  the  Quantity  a,  in  this  Equation,  hath  another  Value 
either  affirmative  or  negative;  which  may  be  thus  found. 

The  given  ./Equation  is  aa  ft*  32**  =3  4^44,  and  its  Root  az=  S4 

Let  thefe  two  ./Equations  be  made  equal  or  ^/Equated  to  ©,  viz . 
to  Nothing.  * 

Thus, 
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Thus,  xxA^  32 x- — -  4^44  =  o  And  a  74  ==:  o. 

Then  divide  the  given  Equation  by  its  firft  Root,  and  the  Quo¬ 
tient  will  fliew  the  fecond  Value  of  a. 

Thus,  a  —  74  =5  o)  *w  +  3ia  —  4644  =  0  (a  +  86  =:  o 

ax  • —  j4<« 

~j~'  8  6d  — ■ —  4644 

^  St>x  — "4^44 


(o) 

♦  • 

Hence  the  fecond  Value  of  ^is==< — 86,  Or86:=  =  £  which 
feems  impoffible,  viz,,  that  an  affirmative  Quantity  fhould  be  equal 
to  a  negative  Quantity  ;  yet  even  by  this  fecond  Value  of  a,  and 
the  fame  Co-efficient,  the  true  (or  firft)  ./Equation  may  be  formed. 


Thus,  Let 
1  ©•  2 
1  x  32 

1  +  3  ■ 


1 

2 

3 

4 


x  • — -•  —  8  6 

acL^^77>c)6,  viz.  • — 86  X—  86  ~  +  7396 
32(2=:;— -27  5"  2 

7,10.  1=4644  As  at  firffi 

—— — — .  i.  **  ■  1— 1—  ^ 


Example  2. 


Suppofe  |  1 
I  C  □  I  2 
2  ryj  2  3 

3  +  7,7  4 


^ —  qi  =  948,77  Then  per  Theorem  2. 
—  74  +  =3  948  77+  V  96 1 

*  —  l  (Or  3,  7)  ==:  \/  cf6j  =5  3 1 

*  —  31  +  3>  5  =34-  5 


Again,  for  the  fecond  Value  of  1, 

Let  an —  7 a  —  948,  75  =  0.  And  a  • —  34,  7=0 
Then,  £  ~  34,  7  =  0)  ax  —  7^ —  948,75  3=:  o  (a  -f-  27, 7  :=  o 
Confequently  this  fecond  Value  is  a  =  • — .27,  5 
which  will  form  the  original  Equation,  —  7(2=3948,77  if  it 
be  ordered  as  the  laft  was. 

Example  3. 

Suppofe  3^  —  xx  =3  243  Then  per  Theorem  3, 

^3=18  —  y  324. —  243  half  Squared  is  324  &c. 

That  is.  (2=3  18—  y7  81  but  /  81  ==  9 

Therefore  4=  18  —  9=39.  Now  this  third  Form  is  called  an 
ambiguous  Equation,  becaufe  it  hath  two  affirmative  Values  of 
the  unknown  Quantity  (a),  both  which  may  be  found  without 
*uch  DiVifion,  as  was  ufed  before, 


*  For 
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For  in  this  Cafe,  a  =  18  +  s/  81,  viz.  a  =  18  -J-  9  =  27. 
Or,  4=  18 '—9  =  9,  As  before;  And  both  thefe  Values  of  a  are 
equally  true,  as  to  forming  the  given  Equation;  ( 

Viz,.  %6cl—'ML'=z  243.  For  if  4  =  9?  then  aa=>  81,  and  364  =  324; 
but  324—81  =  243,  therefore  4  =  9. 

Again,  If  4  =  27,  then  will  44  =  729  and  364  =  972  : 

But  972  —  729  =  243,  confequently  it  may  be,  4  =  27. 

Now  either  of  thefe  Values  of  4  may  be  found  by  Divifion,  as 
thofe  were  in  the  other  two  Cafes,  one  of  them  being  firft  found 
by  the  Theorem. 

Thus,  Let  3 6a,  — ao,  —  243=0  And  9  —  4  =  0 

Then  9  —  4  =  0)  364*—  44  —  243  =  0  (4 —  27  =  0 

94  —  id _ 

274  —  o — 243 

274  ' — 243 
(o)  (o) 

Hence,  if  4 —  27  =  0  Then  4  =  27  As  before.^ 

Notwithftanding  ail  Quadratic  Equations  of  this  third  Form 
have  two  Affirmative  Roots,  (as  in  this)  yet  but  one  of  thofe 
Roots  will  give  a  true  Anfwer  to  the  Queftion,  and  that  is  to  be 
chofen  according  to  the  Nature  and  Limits  of  the  Queftion*  as  fhall 
be  (hewed  further  on. 

SCHOLIUM. 


From  the  Work  of  the  three  lajl  Examples^  it  may  be 
olfervedy  that  the  Sum  of  both  the  Roots ,  will  always  be 
equal  to  the  Co-efficient  of  their  rejpeffive  JEquationSy 
with  a  contrary  Sign . 

Thus.  In  Example  1.  aa  +  324  =  4^44 

Here  4  =  $*2  Add 

And  4  =  —  S6S 


In  Example  2. 

Here 

And 


2  4=  —  S1 
44  —  74  =  94^7? 

a  =  34>5  2.  Add 

a  = — 27, f  ^ 


2  4' 


In  the  hft  Example ' 
Which  was  changed  into 

Here 

And 


:  +  7 

3  6  a aa  ■ — -  243 
aa> —  364=—  243 

*=  9  l  Add 
1  =  27  S 

24=  3.^ 

•  D  d 


Hence 
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Hence  it  is  evident,  that  if  either  of  the  Roots  be  found,  the 
other  may  be  eafily  had  without  Divifion. 

If  the  Contents  of  this  Se&ion  be  well  underftood,  it  will  be 
eafy  to  give  a  Numerical  Solution  to  any  Quadratic  ./Equation, 
that  happens  to  arife  in  refolving  of  Queftions,  &c.  And  as  for 
giving  a  Geometrical  Conftru&ion  of  them,  I  think  it  not  proper 
in  this  Place  *,  becaufe  I  here  fuppofe  the  Learner  wholly  ignorant  of 
the  fipft  Principles  of  Geometry,  therefore  Ifliall  refer  that  Work 
to  the  next  Part. 


CHAP.  IX. 

Of  JSuatpCW,  or  the  Method  of  Refolving  fBtoblemg ;  'Ex¬ 
emplified  by  Variety  of  Numerical  £[}  tie  Along. 

N.  B.  Here  I  advife  the  young  Learner  to  make  ufe  al¬ 
ways  of  the  fame  Letters ,  to  reprefent  the  fame  Data  in 
all  Queftions. 

i4« 

pt+cs=:j  Their  Sum. 

"  a. —  e  =: d  Their  Difference. 
aet=z'p  Their  Produft; 


Then  let 


2  Their  Quotient. 


a&-\*ee=zz.  The  Sum  of  their  Squares. 

\jui  —  ee^x  The  Difference  of  their  Squares. 


Any  two  of  thefe  fix,  (s,  d,  p,  q,  z,,x)  being  given,  thence  to  find 
the  Reft  5  which  admits  of  fifteen  Variations,  or  Queftions. 

jflDttefllcm  i.  Suppofe  s  and  d  were  given,  and  it 
were  required  by  them  to  find  a.  e .  p.  q .  z.  and  x. 


let^ 

i! 

an<f  fuppofe  - 

&~£iThen 

1+2  i 

i* 

A 

N 

II 

'+ 

11 

4  *-  *  .  '  V 

1 

3-^r 

5  ~t~  J, 

—  2itf  Here  a  is  found. 

2. 

I  * - -  l 

s 

i  2e=:s— 

5  -r*  4 
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5-7-7 

6 

f—  : d 

e —  ~  '! — -2.4  Here  e  is  found. 

4  X  6 

7 

ss  —  dd 

ae —  —  P  =3  5 1 84.  Here  £  is  found. 

4  "4-  6 

8 

1 1  s  d“*d 

~  — ’  ^  —  1  —  9  Here  2  is  found. 

4  ©"  2, 

9 

S5  — j—  2Sd 

&&  — —  * — <  46656. 

6  ©■  2 

Io 

1  ■/  ■ 

ss  * —  isi  +  cfd! 
ee  =  =5  576. 

9  •“f"’  1°  j 

II 

*r 

^  1  ss  -f-  dd 

^—3,. — .  47232.  *,  found. 

9  —  Io  | 

12 

**  —  ee  ~  sd—  x—  46080.  x  found. 

2.  Let  s  and  p  be  given  }  To  find  the  Reft . 


That 


is,  | 

I  ©•  2 
2X4 
3  —  4 

$  UJJ  1 

I  +  6 


7-4-7 

I  —  6 

9  4-7 

S  -4  Io 

8  ^  i 

lo  ©•  2 


1 

2 

3 

4 

5 

6 

7 

8 

10 

11 

12 

13 


1  -j-  e  —  S.  —  240 
ae  —  p  ~  5184 


}<* 


uere  a,  e  *d, 


aa  +  2<fc?  +  ee  =  ss  2=3  57600 

4^1=4^=:  20736 

^  —  2rf<?  +  ee= ss  —  4^  =:  36854 

4  — -  e  ss —  4.pz=zd=:  I92 

2 a  t=5S  +-/  SS  — . 4/> 

.  _  S  +  /  ss  —  4p 


Hence  ss  2I6. 


2?  ~  s  —  yfjj  —  4p 


_ $  —  \As  —  4 P  .. 

e  _ - Hence  e  s=;  24. 

2  T 


* _ s  +  y'ss  —  4^ 

T - ~7—  —  2  —  * 

s  —  y  SS  —  4p 
_ SS-H  \fss  —  4p'. 

Uflt  •  1  •  *n " -  p 

2 

.  SS  —  S\As  — 4 p  . 
ee  =; - : »— 1  p 


D  d  2 


1 2  +13 
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Il+IJ- 

14 
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JJUlcttton  3-  Suppofe  s  and  q  are  given ;  To  find  the  Rejf* 
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flDtUfltCtl  4.  Let  j  and  z  be  given  j  To  find  the  Rejf . 
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— -H. - - — *Qthe  8  and  io  Steps  here, 

1  being  the  very  fame  with 
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jUtUtUon  6.  Suppofe  d  and  p  are  given  •  To  find  the  Reft. 
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Qucflioil  7.  Let  d  and  q  be  given j  To  find  the  Rcjl. 
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7X8 
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flUutfliOU  8.  Siippofc  d  and  z  given  j  To  find  the  R.ejt* 
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V  z  *>' —  dd  :  —  d 

9  "r*  2 

Io 

2 

8  X  lo 

II 

Z,' — ■  dd 
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flQttettion  p 

\ 

.  Ltf  ^  and  #  be  given  ^  To  find  the  Rejt* 
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JtSHttftiOtl  10.  Let  p  and  q  be  given  ;  To  find  the  Rejt* 
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2CUt cfl ion  13.  Having  q  and  z  given  ;  To  find  the  Rejfa 
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Thefe  fifteerf  Qjieflions  are  propos'd  in  Do£tor  Pelt’s  Al^ehra; 
but  he  purfues  only  the  firft  QuefliotV  throughout,  and  breaks  off 
in  the  other  Fourteen,  after  the  Values  of  what  I  call  a  and  e  are 
found.  But  I  have  proceeded  in  every  one  of  them,  to  find  the 
Values  of  all  the  unknown  Quantities,  becaufe  they  afford  fuch 
Variety,  as  being  well  obferved  bv  a  Learner,  will  be  found  very 
lifeful  in  the  Solution  of  molt  Qpeflions. 

tfote. 
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Note,  I  have  chofe  to  ufe  the  fame  Numbers  for  the  refpe&ive 
Value  of  each  Quantity  throughout  all  the  Queftions,  becaule  they 
will  be  more  fatisfa&ory  in  proving  the  Work  than  various 
Numbers  would  have  been.  Not  but  that  any  Numbers  may  be 
taken  at  Pleafure,  provided  that  the  Number  reprefented  by  a ,  be 
greater  than  that  by  e,  &c.  I  have  omitted  the  Numerical  Cal¬ 
culations  purely  for  the  Learner  to  pra&ife  on. 

flQmfUon  1 6.  There  are  two  Numbers ,  the  Sum  of  their 
Squares  is  2368;  And  the  Greater  of  them  is  in  Propor¬ 
tion  to  tbs  Left)  As  6  To  1.  What  are  thofe  Numbers  ? 


Letat= 

2  the  Greater  Number ,  e  —  r/;e  Lejfer,  and 

s,  =2:2368. 

Then 
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2  V 
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Irf  ~  6e 
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3©-2 
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aa^i6ee 

1  —  4 

5 

ee^=z —  $6ee 

f  +  $6ee 
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37  ee~z, 
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6  -r-  3  7 
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1 
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37 

aap  ee~i  348 

3-  5? 
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4  —  48 

48 : 8 : :  6 : 1 

fDttcHion  \  y.  There  are  three  Numbers  in  Gontinued'Pro - 
portion ,  the  Sum  of  the  Extremes  is  156,  and  the  Mean  is 

yi'  JVhat  a^e  the  two  Extremes  ? 

/  /  t 


To  it  is,  Suppofe  a .  m .  e  in  —r  and  m  “  72. 


a-^e  =  s=-  156?  By  the  Queftion. 
a  :  m  \  \  tn  :  e  3  Quere  a.  e. 
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4 
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2  a  ~  ^  y  is 
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2  I  4 


Part  II. 
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io 
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J  ->■*  \J  55  • —  4 mm 


®UeCUon  1 8.  There  are  three  Numbers  in  ^  their  Sum 
is  74,  and  the  Sum  of  their  Squares  is  1924*  What  are 
thofe  Numbers  ? 

•  b  >  . 

That  is,  4,  e,  y  are  in 

4  +  =  5^=  74 


Then 
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4  :  p : :  e :  y 


4  ay  —  ee 
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8  di  - j-  24y  4-jry  =  z,  ‘■f"  ep 
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No/e,  In  all  Q11  eft  ions  ahem  Continual  Proportionals,  Neither 
Arithmetical  or  Geometrical)  when*  three  Terms  are  fought,  the 
Mean  is  eafteft  found  fit  ft  (as  above;  )  and  if  all  the  Terms  be  af¬ 
firmative,  then  ftis  equal  whether  the  firft,  or  laft  Term  be  the 
greatefr. 

SDurflion  1 9.  T here  are  three  Numbers  in  +?  their  Sum  is 
76  •  and  if  the  Sum  of  the  Extremes  be  multiplied  into  the 
Me/.Uy  that  'Troduil  will  be  1 248*  What  aretbofeNawfers  ? 

Viz* 


Chap.  9.  Of  jftumetical  jfilttefttong.  2 1 5 

4  :  e : :  e :  y  7 

4+  e  +  y  =  J  ^  76rfy  rfoQueftion. 
de  +jrc  — />  =  I248J 

ayr=-ee 

de  +  ed  *-1 -ye  =  sc 
ee  =  se — p 
ee — -if= — 'p 
ee  —  se  +  £  JS  =  -4  ss  —  p 


e  —  i  S  V  —  P 

e—  is  +  -/  iss—  p  =: 

*  +  7  =  52 

4<ty  r=  4fe  =  2304 

44  24y  77  ==:  2704 

44  *—  247  +  77  =:  400 

4 • — y  —V  400  ==  20 
24  s=s  52  ~J~  20  =  72 
4  =  36  ?  SOr 

>  —  52.  —  =  i*S  £and 


Per  Tbeor.  3. 
Cbdp.  8. 


4  =3  l£ 
7  ==  3^ 


N.  B.  If  you  take  e  =  is  +  V  —  p  =s  72  (at  the  loth  Step) 
Then  it  will  be  7 6 — 52  2=  24  =  4  -|-y,  which  is  impoflible,  viz,- 
that  the  Mean  fhou'd  be  greater  than  the  Sum  of  the  two  Extremes. 

Therefore  it  mull  bee  a  js  ~y/$u—p  —  24.  (See  Pag,  ioi. 

flDttetfton  20.  There  are  three  Numbers  in  Arithmetical 
QrogreJJion,  the  Firjl  being  added  to  twice  the  Second,  and 
three  times  the  T bird,  their  Sum  will  be  62  *  and  the  Sim  of 
all  their  Squares  is  275  ;  JVhat  are  thofe  Numbers  ? 

Suppofe 

And  1 

Then 
a  —  4 

$  -7-  T 
6  —  e 

4  '  7 

8©-2 
7^2 

0  +  10 


1 

2 

3 

4 

5 

6 


9 

fo 

i 

II 


d.  e,y  in  Arithmetical Progrejp on, 

^  2e  per  Sect.  I.  Chip,  6* 

le  ~}~  iy—6i  ■ —  2? 

^  +  7  “  3 1  —  e 

7  —  31—  Jf 
a  —  de  —  31 
44  =5  i^ee 
77  ==  9*1  * 
i  ^  +77  = 


248?  + 

—  1 2  4?  4*  £ 

2Cfff  * —  +  152  2 


3—11 


2  l6 

3tt#ebta.  Part  11. 

3—  11 

I2 

ee  e=;  372e  •—  2oee  —  I647 

1 2  +  2oee 

13 

2lee=  372e —  1647 

13  —  37« 

14 

2lee  - —  372?  .=  —  1647 

14-^41 

If 

ee-1}4  5f* 

ij  ca 

16 

ee—  'f»  e  +  3|f4  =  3  If4  —  sfs  =  *V 

16  IUI  2 

17 

e  —  *V  —  f  The  Mean. 

*7  Hh  6t 

18 

e  =  V  ±  f  =  ?  Or  8f 

18  X  4 

4e  2=  16  Or  8y 

8,  19 } 

20 

^  —  36^  —  31  =  s  Or  34y—  31  —  3t 

18  x  I 

I21 

2e=  18  Or  1 7\ 

7>  ** 

22 

^=33 1  —  18=13  Or  31  —  i7fc=c  13^ 

^DttEflion  21.  There  are  three  Numbers  in  Arithmetical 
c ProgreJJion *  the  Square  of  the  firJiTerm  being  added  to  the 
tproduff  of  the  other  two  is  57  6  :  The  Square  of  the  Mean  be- 
ing  added  to  the^roduB  of  the  two  Extremes^  makes  612/ 
And  the  Square  of  the  l a  ft  Term  being  added  to  the  QroduB  of 
the firjl  into  the  fecond\  is  792  :  What  are  thofe  Numbers  ? 


Suppofe 

Then* 


1 

2 

3 

4 


a,  e,  y  In  Afith.  Progref  As  before. 
aa  ye  =  57 6  9 
ee  +  yd  =3  6 1  z  >  By  the  Queftion. 
yy  " 4"  791  j 


i  V 

f 

jXe 

6 

2  +4 

7 

7  —  6 

8 

3  —  ee 

9 

9X7) 

Io 

$  Io 

II 

5^-2 

I2 

II,  12 

13 

1 3  *T  4ee 

I4 

I4  y" 

*5 

Ij  UU  1 

16 

8, 

17 

Io, 

18 

I7  —  1$ 

19 

cL~\~yz=zze  Per  Sect.  I.  Chip.  6. 
ae  ye  ^  zee 
id  “4"  ye  -f-  yy  *-]-*  de  =;  1 36S 
cut  -p  yy  =:  1 368  -  2ee 

ya-=z  6  iz  —  ee 
ryi  =  1224  —  2ee 

40  T  274  4-/7  =^2^91  —  \ee 

iXA  -}~  1 yCL  -Jhyyzi=i  4^ 
qee~.  2  J92  —  44?e 
See  =:  2J92 
ee=  324 

e  !=  -/  324:=:  18  The  Mean. 

00  “h  >7  “  1 368  - — iee—  720 
7ya  z=:  1224 — 2ee^57^ 

00  —  27a —.720  —  5 76  =:  X44 


/ 


I  vw  2 
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>  ■'  I  WJ  2 

20  1 

a  —  yezze.fi  144=12 

$+zo 

*4 

ia  =  2e  4~ Iz  5=5  48 

2- 1  — r*  2 

22 

'  V 

s-< 

c 

* 

1! 

*3 

?4  =  12 

5  -  12 

U3 

y  =  ie  —  24  =  12  < 

?7  — *4 

S&ttCfHou  Zi.’Tis  required  to  find  two  finch  Numbers , 

Sum  ofi  their  Squares  may  be  8226^  and  their  cProdu3 
being  addedtothe  Square  of  the  Lejfier ,  6921-. 


1 

2 

«  +  fe=8»«|?Qlere(lande 

ae- r*ee^=:69zl?\  ^ 

1—2 

3 

44  ~ —  4e  =3  1 307 

w 

1+ 

4 

4e  =  44  —  1305" 

5 

44  130? 

4  -7*  A 

4 

5  &  2 

6 

44 - 26104,1  “]-*  170302? 

44 

I  - - 

7 

=  8226,5  - — 44 

7 

8 

tf4 26  1 044  “f-1  I763027 

— — - =  8226,5'  —44 

44 

00 

9 

44  — '261044*4"  1703025'  2=  82  26,544  —  44 

c>  H-  44 

Io 

244  —  26 1 044 4"  1 70302 5  =  8226)5 

Io  + 

1 1 

244  —  I08  36,544  = —  1 70302  5 

i  r  —  2 

12 

44 - 54I8  2  544  “ - 851512,5 

1 2  CQ 

13 

44— 5418,25444-733958.26561=6487845,765625 

I  3  U/J  2 

14 

44  — 2709,125  =  y  6487845,765625  =  2547,125 

14 -f*  *7  &c. 

IT 

44=2709,125  +  2547  125 

Suppofe 

16 

44=  2709,125  +  2547,125  =  5256,25 

Then 

17 

4=  /  5256,25  =  72,5 

And  5, 

18 

44  4"I305  525625- — '1305 

?  = ! — —  = - - - —  =  54,5 

Or  let 

4  72  5 

19 

44  =  2709,125  —  2547,125  =  162 

Io  tw  1 

20 

4=-^/  162  =  12.72  &C. 

Then 

2  I 

s—  l6z  ~~  ,?0?  Which  is  i mpcjfible. 

12,72 

Therefore 

And 

I  . 

*  H  ^  As  at  the  17th  and  18th  Steps. 

This  Queftion  may  be  perform'd  with  ids  Trouble,  b y  Sub jtituting 
Letter 5  for  rhe  known  Numbers- 

Tu kax  !  te  *  £*  Then  let  — pksi^=aA  —  xe,  &c. 

F  f 


Quejliott 


2  I 


Part  a 


jSnufiton  23.  It  is  required  to  find  three  fuch  Numbers, 
that  the  Sum  of  the  Firfi  and  Second ,  being  multiplied  with 
the  Third, may  be  3782,4;  and  the  Sum  of  the  Second  and 
Third ,  multiplied  with  the  Firfi,  ?nay  he  59944?  ^f°->  that 
the  Sum  of  the  Firfi  and  Third,  being  multiplied  with  the 
Second,  may  be  52,456. 

Let  a,  e,  7  reprefent  the  three  Numbers. 

'  -<?7=t  37814  ==•  b  ? 

59244  ^  cSQuere  a,  e,  7. 

\y?  =  51456  =3  cfj 


Then 


1 ; 

I  5 


I  +  i  +  5 
Let 


4  -+-  i 

6  —  3 

7 

6  — •  2 

6  —  I 


4 

5 


6 

7 


io 


8 

2 

Io 


*4*  4“  +ye  =?  &  H-4  c  Hb  ^ 

=  &  4* f  4"  d 

1  1  T  H*-W 

4-  £7  4-7^  =  - 


de 

ay 


7=: 


■4 

2  d 


S  X  II 


II 


2/2 

7<?  —  e 


ae  =:  — 

z, —  2  b 


~ib 


za 


12 


%  li 
15  X  4  M 
14 

I  5  uu  2 

II 


8, 


13 

14 

1 5 

16 

17 

18 


^  —  2d  z,  ■ — 1  2b idz,—* bz, 4*4 M 


2/2  2/2  4/2/2 
-  2C  Z,*, - zdz,  — 2'fe44« 


2  4/2/2 
2z>dd  •—  4C/2/2  ^  - — •  zdz  —  1^.41  4^ 

idu  —  zbz,  4  4 bd 

—  55W  • 


ai 
a  z 
e~- 


iz,  — •  4  e 
/  55^9^  =  235 
£,  • — *  ib 


id 

z> —  id 


id 


=  158 

96 


fiDUtefttOtl  24.  ’Tis  required  to  find  two  fuch  Numbers , 
that  their  Sum ,  being  fubtraBed  from  the  Sum  of  their 
Squares,  may  learoe  14.  dnd  if  their  Troduft  be  added  to 
their  Sum ,  it  may  make  14. 

Let 
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Let  a  and  e  be  put  for  the  Numbers,  and  let  y  t=aa  -}-*e 

Then  | 


1  +y 

2  <~  y 

4X2 

3  +  5 
6  wj  z 

But 


5? 

10 

11 

1 2 


7,  8, 

9  ©*  2 

IO+> 

11  c  n 

1 2  WJ  2 

13—  4 

Confequent 
3,  14 

*7 

16— ■  17 

l8  UJJ  2  j  I  9 

15  4^  *9 .2° 
23-^2  21 
iy  —  2, 1 1 22 


14 

15 

16 

17 

18 


thc  ^im- 


aa  +  ee  =  1 4  +  .y 
I4  — y 

at  4”*  lae  4“  ee  =  42-  ~rmy 
a  4-  e  =s  */  42  —  y 
a+e  =y  By  Subftitution  above. 


—  ^42.—  y 

yy=fA*~y 
yy+y  =  42, 

yy  +y  +  ?  =  4i  +  -*—  4*5i 5 
13  yy+k- 4*,M  =  6,7 
y  =  6,y  • —  ^  =6 
+  e  ==  6  By  Restitution  from  above. 
aa -j-  ee  ^  14  +  6  =  20 
2^e  ==28 ' —  1 2  ^=5  16 
aa  —  ite  4~  ee  =;  4 
cl  * — \/  4  =  2 

__  C  If  a=:  4  And  e  =  z 

za  '  T.  r  jThen  aa  +  ee*—  a  —  e  =  i4 
4^4  Proof  jAnd  X  +  ^  +  e  =  i4 

e  6  4  2  £  According  to  the  Quejiion. 


Queftion  25.  Three  yen  difcourfmy  of  their  Money,  faith  theFirji  if  lool. 
were  added  to  my  Money ,  it  would  be  as  much  as  both  your  Money  put  together  j 
/ aid  the  fecond  Man ,  if  loo  1.  were  added  to  my  Money ,  I  Jhouid  have  twice  as 
much  as  both  you  have]  faith  the  third  Man ,  if  loo  1.  were  added  to  my  Money , 
/  Jhouid  have  then  three  times  as  much  Money  as  both  you  have How  much 
Money  had  each  Man  > 

Let  a  reprefent  the  firft  Man’s  Money,  e  the  Second,  anuy  th? 
Third  ? 


Then 


ifd  +  loo  ==  e  4"  v  ft 
i  e  +  loo  =:ia  +  iy  >  By  the  Quejiion . 
7+100— 3^  +  3?  J 


1  —a 

2  —  e 

3  ~y 

4,  ^ 

7  ± 

7^8 

9  +  4<*  Io|644"e: 


Qiiere  x3  e,  y. 


4+* 
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3liflreto  Part  II. 


4  H-  i 

io  X  4 
12 —  II 


il 
I  2 


13 


14 


24  +  4^  —  IS  =  100 

2,4<J -4- =^4S  :=:  400 

zia'=^2S  =  200 


I  oo 
1 1 


6a 

% 


T5 

16 


e 

y 


=  5  —  £4  =  loo  —  5°t°  =  sf°T°  =  45is?  * 
= =za  +  e^  W  +  5  °t°  =  W°  =*3** 

Firft  p  C  $>/  •  1$  •  5  /r 

Sfecoad  S  ito  Had  <45  /  .  9  5  .  i-iVd* 

Tlrird  \  £  6  3  /  .  1 2  5  .  8  T*f  d. 


Queftion  26.  Three  Men  have  each  fieh  a  Sum  of  Money ,  r/;4f  if  the  firft 
And  fecond  Mens  Money  be  added  to  half  of  what  the  third  Man  hath ;  r/w  ik/w 
wi//  92  1.  if  rfo  /econi  4«i  third  Mens  Money  be  added  to  one  third 
Pan  of  the  firft  Man  s  Money ,  that  Sum  will  be  92  1.  Ltf/t/y,  if  one  fourth  Part 
of  the  fecond  Mans  Money  be  added  to  the  firft  and  third  Mens  Money,  that  Sum 
will  alfo  be  92  1.  How  much  was  each  Man's  Money  ? 

Put  a  for  the  rirft  Man's  Money,  e  tor  the  Second,  and  y  for 
the  Third. 


c 

I 

Then  1 

2 

<- 

3 

l,  1 

4 

1 

4  —  e 

5 

X  a  X  3 

6 

4- 

7 

|  *<i 

X 

1 

8 

8  • —  7 

9 

5?  — •  4 

Ic 

IO  -r*  7 

!  I 

3  X  4 

I* 

Il  ~~  1 

13 

13-  7- 

1 4 

14  x  3 

*5 

15  -7-  13 

1 6 

II 

I? 

7  -r-  3]  18 


a-^eAy  |;y=sp 

e~*ry  —ir’ By  the  Queftion  And  $  =  ?j. 
ie-\-‘a*j-y  =  5J 

a  4-  e  +  ky  =  \a  +  e  +y 
^  4-  4-  v  =  ja  4“ y 

6a +  37  =  24  + 

44  4^2  37 

4  +  3c  +  37  =  3s. 

4  4-  xe  =25  3s  —  4rf 
Se  —  3s—  54 
-  3*' —  ** 

3 

e  *4"  44 -j-* 47  =t  45  3^8 

3I44-37  =  35=  27  6' 

3I-4  +44=  35—  276' 

114 -j-  124=  95  =  828 

s a  =  -S*  =  -Vj  =  3^  A  The  Man’s  Money. 

13 

j  T  3  ^ 

g  2=;-— ~ — -  =  *£  =  32  l.  The  id  Man’s  Money. 

7  =  —  =  *f4  =  48  /.  The  3d  Man’s  Money. 

2 


•*%  mb* 


Queftion 
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Qi  eftion  27.  Four  Men  walking  abroad  found  a  Pur fe  of  Shillings  only , 
out  oj  which  every  one  tool \  a  Number  at  an  Adventure  5  afterwards  by  comparing 
their  Numbers  together  they  found  >  that  if  the  Firft  took  27  Shillings  from  the 
Second ,  it  would  make  his  Number  equal  with  what  the  Second  had  then  left,  if 
the  Second  took  30  Shillings  from  the  Third ,  his  Money  would  then  be  triple  to  what 
the  Third  bad  left.  And  if  the  (bird  took  40  Shillings  from  the  Fourth ,  his  Money 
would  then  be  double  to  what  the  Fourth  had  left.  Lajtly ,  the  Fourth  taking  50 
Shillings  >re  n  the  Firjl ,  he  would  then  have  three  times  as  much  at  the  Firft  hid 
left,  and  $  shillings  more • 

JTis  required  to  tell  how  many  Shillings  each  Man  had  ?  put  a 
for  the  firft  Sum,  e  the  Second,  y  the  Third,  and  u  the  Fourth* 


Then  < 

1 

2 

? 

j 

A 

) 

<2  2  4  ~  e  — . 

3o=3_y  - —  90C 
y  40  =2H —  8oT 
«  +  50=34— 145  J 

1  +  i5 

5 

a  +  50  r:  e 

2 - 30 

6 

3V — 1  iio  =  e 

<.  6 

7 

4  +  30=:  37* —  If2  Q 

7  •~j-4 1 20 

8 

4  +  I7o  =:  37 

8  -r-7 

9 

__  4+170 

1 

0  l 

Io 

y  3 

v  =  zw  —  1 20 

9,  Io 

II 

+  *7° 

iu — •  1 20  = 

3 

4+J70  1 

2tf  = - - f*  120 

II  120 

I2 

1  « 

I 

13 

.1 

U  —  ■ 

4  so 

14 

* 

tf  =  34  —  1 97 

13,  14 

15 

3^—i9?  — — 

15  XT 

16 

i8ti — 1 170  =54+530 

-H 

** 

h 

174  =  1700 

17  —  17 

18 

1  —  loo  The  ift'J 

by  the  5 

1 9 

e  —  1 50  Second  f 

by  the  5? 

20 

y  =  90  Third  C  < 

by  the  i4 

2 1 

«=  105  Fourth  j 

Qu  cftio  a 
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Queftion  28.  Four  Men  have  each  a  Sum  of  Money  which  being  put  all  to¬ 
gether  maizes  250  Founds.  And  if  to  the  firfl  Mans  Money  be  added  8  Pounds 
it  will  bejufi  as  much  as  the  fecondMans  Money  decreafed  by  8  Pounds,  and  as 
much  as  8  times  th e-  third  Man's  Money ,  and  but  as  much  as  one  eighth  Part  of 
the  fourth  Man's  Money ;  How  much  had  each  Man  ? 

Let  a,  e ,  y,  u  reprefent  the  Four  Mens  Money . 


Then- 

2+  b 
3  b 

3  xt 

44*  *  +  * 

l  —  a 

7,  8 

9  X  b 
io  4- 


by 

by 

by 


ii  — 
the 
the 
the 


4 

5 


I 

i 

3 

4 

5 


a  4*  e  4"*y  4"1 11  ^  s 

a  +b  ==  e  —  b 
yb  ~  z=sa  4-  b 


7 

8 

9 

10 

11 

12 

13 

14 


by  the  Queftion.  Lets  —  250 
and  5=8.  Or  any  Other 
Number  at  Pleafure. 


a  4~  2  5=e 

^  4"  £ 


Becaufe>y5  =  ^4“  ^ 


« 


#  =  ba  4~  bb.  For-^-  =  a  4*  b 

e  4"  y  ‘4*  M  =:  a  4”  1b  4 — +  ba  +  bb 

b 

e  4-*y  4" u  — 1 a 

a  4“  ib  4" — -7- —  4“*  b(t  4"*  bb  s  — *  a 


ba  4-  2  bb  4-^4~*54-  bba  4**  bbb  z=z  bs  ba 

zba  bba  4 ~  a=.bs  —  bbb  —  2 bb  • —  b 

*  ~  bb  +  7b+\  ~  16>691^i>  &C- 

e  =4  4~  ib  ==  32.^1358,  &C. 
a  4"  5 

—  3.086419,  &c. 


|y 

I 


5 


1 5  \u  =  ba  4-  55  =  197  530864,  &c. 


That  is 


s. 

13 

13 

1 

10 


d. 

9,92592 

9,92592 

8,74056 

7,40736 


Confequentlv  ^4"^4-y4“K=::  249  •  #  19  •  11,99976 
which  (bon Id  be  juft  250/.  the  Sum  propoied  in  the  Queftion, 
Now  what  it  wants  of  that  Sun  proceeds  from  the  Im perfection 
of  the  Decimal  Parts  being  not  continued  on  to  more  Places, 
which  would  have  brought  it  nearer  the  Truth,  tho*  not  perhaps 
cxa&Jy  io.  Vile  St  cl.  5.  chap.  5.  Pan  1. 

Queftioa 
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Queflion  29.  Several  Merchants  enter  into  Partnerjhip,  every  one  put  into 
the  Stock  65  times  as  many  Pounds  as  there  were  Partners  \  with  that  Stock  they 
traded ,  and  gain'd  as  many  Pounds  per  loo  1.  as  there  were  Partners -  Now  if 
iol.  1  os.  be  added  to,  and  [ubtraHed  from  their  Gain,  the  Product  of  that 
Sum ,  and  Difference  will  be  6491 1.  6  s.  3  d. 


Quere ,  How  many  Merchants  there  were,  &c. 


Le£ 
I  X  65 
2  X  a 

.  And 
Viz.- 

5  —  To 7s 

*  X,  7 


8  X  10000 

9  + 


Jo 


8 

9 

10 

11 

1 1  WJ  6  I  2 

12  X  6j  13 


4115 


1 

2 

S 

4 

5 

6 


a  ==  The  Number  of  Merchants. 

65a  Every  one's  Sum  he  put  into  Stock* 
6$aa~  The  whole  Stock. 

loo  :  a  : :  6^aa  :  — ■  ■  by  the 


loo 


loo 
6  5  aaa 


The  whole  Gdm. 


loo 

6\aaa 


100 


+  10,5 


I<M 


110,25  by  the  Queftion, 


1 0000 

,6 


4225^°  —*  I  102 500  ^=^4^13X25 
4225^^  2=66015625 
66015625 

5  . - - — -s=:  15625 


a 


4225 


d  =  5  3/ 15625  =2  5  The  Number  of  Merchants. 
65^==  325.  The  Number  of  Pounds  each  put  in 


Queflion  30.  Three  Merchants  join  Stocks  together  ;  thefirft  Man's  Stock 
was  lefs  than  the  fecond  Mans  by  1 3  1.  The  fecond  and  third  Man's  Stock  was 
I75 1.  in  trading  they  gain  48  1.  more  than  their  whole  Stock  was 'y  the  fir  ft  Man's 
proportional  Part  of  the  Gain  was  78 1.  What  was  each  Man's  Stocked  Part 
•/  the  Gain} 

Let  ay  e ,  y  reprefent  each  Man's  Stock. 

a  + 1 4" y  =:  s  The  whole  Stock. 

5-^48^=  The  whole  Gain. 


a e y  ~ 
,t=T  \71  +  •* 


6,  2 


324 


6,  i 

7 

But 

8 

s  V 

9 

^—784 

io 

10  CO 

II 

II  WJ  2 

12 

II  •—  ~s 

13 

3. 

14 

4—14 

IJ 

Then 

16 

Again 

17 

Proof -5 

18 

19 

18  —  19 

20 
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j  +  48  :=:  223  -| -a 

17 5  ~\- a  :  zi 3  -rf  - a  : :  a  .*  78  Per  Quell. 

<w4-  22 ix  =■  78^  — 13^0 
xx  +  14  $x  =3 13650 

+  1454  +  5256,25  =5  18906,25 
X  +  7M  — V'  18906,25  =  137,5 
*  =  1.3™  — 72,5  =  £y 
e  =;  4  +  13  =  7^ 

7—97 

65 :  78  :  .*  78  :  93  /.  izr.  =re’j  —  —  - —  Gain. 
65 :  78  ::  97  :  1  1 6  /•  Sj.  =/j  —  —  —  Gain. 

1 16/.  8  j.+  93  /.  rz  s.  -{-  78  /.  =;  288  /.  The  Gain. 
65  +  78  -f"  97  —  240.  The  whole  Stock. 

288  —240  =48.  The  Gain  more  than  the  Stock. 


Queftion  31.  A  Fxtber  at  bis  Deatb  left  bis  three  Sons  all  bis  Money  in  this 
Manner  y to  the  Eldefibe  gave  half  of  it,  warning  s  Pounds',  to  the  Second  be 
gave  one  third  of  it,  and  1 4  Founds  more ;  to  the  Toungejl  be  gave  the  Remainder , 
which  was  Iefs  than  the  Share  of  the  fecond  Son  by  82  Pounds )  IVhat  was  each  Sons 
Share  ?  c  J*. 


Let  Ay  eyj  be  the  three  Shares,  and  z,  =  the  whole  Sura. 


Then' 


2  +  3  +  4 


;  '  1,  5 


6X7  7 

7  x‘rj  8 

8  ±  I  9 
2,  9  to 

3?  9  n 

4»  .9  12 


(2  +  f  +  7=  Z, 

az^Jzz,  —  44 
e  —  1^,  +  14 
y  =  i^+ 14  —  82 


By  the  Question- 


a  +-*  +  y 


^  I  Zj  • 

—  +  —  —  9* 
3  1 


i  *v 

4  ’ 

:> 


+  9^ 

2 


.  J  i  A 

w 


6^ 
^  = 
4  s= 


2  94 


V 


- iSj 

—  T 

—  ■  S|S 


i  3^ 

=■  2  s,  -j - 

2  '  \v,-o  ‘j 

-4^+  3«.  —  588 

5S8.  The  whole  Sum  that  was  left. 

*  *  *  —  - - -  The  Elded  Son's  Share. 

The  fecond  Son’s,  &\c. 
I r  8 .  The  Ynonerefl  &: 


'  44 
+  l  4  dsz  z  l  Q, 

+  14  —  8  2  := 


C. 


Quell  ion  32.  .-4  Man  playing  at  Hazard  or  Dice,  won  the  firli  Throw  juft 

fo  rttitfb  Money  as  be  had  in  his  Pockety  the  fecond  Threw  be  won  the  Square  Root 
of  what  be  then  had  and  five  Shillings  more ;  the  third  Throw  be  won  the  Square  of 
all  be  then  had-,  afte>  which  bis  whole  Sum  wxi  1 1 2  L  16  s.  fVhat  Money  bad 
ke  when  be  begat}  to  vlxj  2 

i  ;  v  Suppofe. 


) 


l 
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Suppofe 
I  X  2 
And 
2+3 

4  ©•  2 


1 

2 

3 

4 

5 


4  +  ? 


6 


4  =  His  firft  Sum. 

icl  =  His  Sum  after  the  firft:  Throw, 
f  +  -J 24  =  The  Winnings  at  the  2d  Throw. 
24  +  5  +  Via,—  The  Sum  after  the  2d  Throw. 
444  +  2  2<i  +  2.5  +  \/  2^ :  +  10  y'  24  The  Win¬ 

nings  at  the  3d  Throw;  and  therefore 
444  -J-  244  -f*  30  ’-j-*  4^  V"  24  “]-*  1 1  %/  24:^  22  5  6  Sb. 


But  to  avoid  thefe  Surd  Quantities.  Jet  us  inftead  of  luppofing 
4=:  the  firft  Sum,  make  a  fecond  Trial. 


Viz.  let 
I  X  T 
Then 

2  +  3 
4  ^  2 


4  +  ? 


1 

2 

3 

4 

£ 


244  =  The  firft  Sum. 

444  =  The  Sum  after  the  firft  Throw. 

24  -|-  5  =  The  Sum  won  at  the  fecond  Throw. 

4 44+  24  4"  5  ==;  His  Sum  after  the  2d  Throw. 
I644  +  I643  +  4444  -f-  204 25  =  The  Win¬ 
nings  at  the  3d  Throw;  And  therefore 
I644  +  I643  -)^4844  +  2  24-)-  30  =  2256  Shillings. 


Yet  again,  to  avoid  thefe  high  Equations,  let  us  make  a  third 
Suppofition ;  Thus, 


The 

1 

~  =  The  firft  Sum. 

1X2 

2 

4( 

44  =  The  Sum  after  the  firft  Throw. 

Then 

2  +  3  rr 

3 

4 

4-|-  5  =  The  Winnings  at  the  2d  Throw. 

44  +  4+  5  —  The  Sum  after  the  2d  Throw. 

Subfti. 

5 

e  =  44+4+5 

5  &  2 

6 

ee  =  The  Winnings  at  the  3d  Throw.  Then 

f  ^ 

7 

ee  +  e  =  22  56  Shillings  by  the  Queftion. 

7  CO 

8 

ee+e+  0,25  =  2256,25 

8  wj  2 

9 

+ 

O 

vJ 

il 

t* 

ON 

II 

4>- 

•  5  —  0,5 

Io 

e  =  47 

5,  io ' 

II 

44  +  A  +  ?  =  47 

II  — 7 

I2 

44  4  41 

1 2  CQ 

13 

44  +4  +  0,25  =4225 

I  wj  7 

14 

4  +  0,5  =/  42j25  = 

Vn 

c 

O 

1 

I* 

I  4  ^  6 

15  ©"  2 

16 

44=  36 

16  —  » 

17 

44  ‘  „  ^The  Shill,  he  had  in  his  Pocket 

2  ^  cwhen  he  began  to  play. 

Note,  In  refolving  of  this  Queftion,  I  have  made  three  diffe¬ 
rent  Suppofitions  for  the  Thing  fought;  purely  as  an  Inftance  to 
fhew  the  young  Learner,  how  well  he  ought  to  confider  the  Na¬ 
ture  of  the  Queftion,  when  he  firft  States  it,  and  make  choice  of 
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reprefenting  the  Thing  fought,  fo  as  to  avoid  running  it  into 
Surds  if  poffible  viz*  as  in  the  firft  Suppofition  of  a=z  the  firft  Sum, 
,fNot  but  that  fuch  ^Equations  may  be  folved,  as  (hall  be  (hew* 
ed  in  the  next  Chapter.  However,  it  is  molt  like  an  Artift  to  per¬ 
form  Things  of  this  Nature,  the  neareft  and  eafieft  Way  they  can 
be  done. 

^iteflion  3 3.  Suppofe  there  were  two  equal  Circles,  whofe 
Peripheries  (viz.  Circumferences )  are  divided  into  44310 
equal  Parts',  and  that  thofe  Circles  were  fo  placed  upon  one 
Axis ,  as  to  move  the  contrary  IVay  to  each  other •  andfuppofe 
one  of  them  to  move ,  hut  one  of  thofe  equal  Parts  the  firft  Day , 
two  Parts  the  fecond  Day ,  three  Parts  the  third  Day, 
and  fo  on  in  Arithmetical  Progreffion,  viz.  1,  2,  3,  4,  5, 
& c.  And  the  other  to  move  every  Day  the  Cubes  of  thofe 
Parts ,  viz.  1.8.  27.  64.  125,  &c.  of  the  fame  Parts * 
■How  many  Parts,  and  how  many  Days  miift  each  Circle 
move,  before  the  fame  two  Points  meet  that  were  together 
when  they  began  to  move? 

In  order  to  give  a  ready  Solution  to  thisQueftion  (or  any  other 
in  this  Kind)  it  will  be  convenient  to  premife  this  Lemma. 

3lcmma* 

The  Sum  of  any  Series  of  Cubes  whofe  Roots  are  in 
Arithmetical  Progreffion  ( the  firfi  Perm, and  common  Dif¬ 
ference  being  Unity  or  1)  is  equal  to  the  Square  of  the 
Sum  of  all  thofe  Roots . 

As  in  thele, 

Terms  in  Arith.  See.  Their  Cubes. 

1  1 

2  8 


3  *7 

4  ^4 

5  Hf 

6  21 6,  SCO 


2 1  x  2 1  ^  441  Sum  of  their  Cubfcs. 


Let 
Then 
Confequen. 
2  CQ 


1 

2 

3 

A 

I 


a  =  The  Slim  of  all  the  Parts  the  ifl  Circle  moves. 
aa  ”The  Sum  of  all  the  Parts  the  id  moves, 

+  =  44310  By  the  Queft.  (per  Lem. 
aa  a  +  °j2 5  =  443  io;2 


4  WJ  i 
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4  wj  2 
5  — -o>s 
6  &  2. 


5 

6 


a  44310,25  =  210, 5 

_ _  C  the  Number  of  Parts  the  firft 

c  Circle  rauft  move. 

^  _  S  The  Number  of  Parts  the  2 d 

*=3  44100  £  Circl(,  moyes< 


Next  to  find  the  Number  of  Days  they  moved,  there  is  given* 
the  firft  Term  1,  the  common  Differences  1.  And  the  Sum  of 
all  the  Terms  s  210,  thence  to  find  the  laft  Term,  which  in  this 
Cafe  is  the  fame  with  the  Number  of  all  the  Terms. 

Let  as  1  the  firft  Terms,  e  s  1  the  common  Difference,  and 
$  s  2 10  the  Sum  of  all  the  Terms,  to  find  y  s  the  laft  Term.  As 
per  Sect.  I.  Chip.  6 . 

Then  _yy  +  ey—  25  +  aa  —  ae  by  the  16th  Step,  Page  1 Z6. 

That  is,  yy  +  ys2io  X  2  =  420,  &;c. 

Hence  jazo  the  Number  of  Days  required. 


I  (hall  now  proceed  to  give  an  Example  or  two  of  the  Method 
ufed  in  arguing  about  unlimited  Queftions,  viz,,  fuch  Queftions 
which  admit  of  various  Aniwers,  fuch  as  thole  in  Alligation  Alter¬ 
nate ,  promiied  in  Page  117. 

In  order  to  fhofren  that  Work,  it  will  be  convenient 
for  the  Learner  to  know  the  two  Signs  of  Comparifon  > 
And  <.  The  Sign  >  is  of  (Breatct  than,  As  b  >  a  figni- 
fes  that  b  is  Greater  than  a .  1  he  Sign  <  is  of  Hcffct 

ttjan.  As  b  <  d  Jignifies  that  b  is  Lefjer  than  d \  &c. 

Example  r. 

SDnefllOtt  34.  A  Tobacconif  hath  three  Sorts  of  Tobacco, 
viz.  one  of  2  s.  8  d.  the  '-Pound,  another  of  20  d.  the  Pound , 
and  a  third  Sort  of  16  d.  the  Pound ;  of  thefe  he  would 
make  a  Mixture  to  contain  $6Poundthat  may  be  fold  for 
22  d.  the  Pound:  How  much  of  each  Sort  may  he  take  ? 

Let  a—  the  Quantity  of  that  worth  32  Pence  the  Pound, 
that  of  20  Pence  the  Pound,  And  y  —  that  of  1 6  Pence  the  Pound  \ 

OC  viz.  each  Quantity  multi- 

Then  a  f  e  f  y  1 6  f)  plied  into  its  own  Price,  e- 

And  322  -f  zoe  T  l^y  —  l23i  C  J 3 uah  their  Sam  multiplied 

_j  £into  the  mean  Price. 

G  g  2 
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This  QueRion  being  thus  Rated,  it  appears  by  Rule  I.  Pa&e  17 6. 
that  it  is  capable  of  innumerable  Anfwersj  becaule  for  any  one 
of  thefe  three  Letters  A  •  e  .  y  .  there  may  be  taken  any  Number  at 
Pleai'ure,  provided  it  be  lefs  than  56.  But  although  that  may  be 
truly  done,  yet  there  are  feveral  Ways  of  arguing  about  thele 
Sorts  of  QueRions,  which  will  limit  or  bound  them  to  all  their 
proper  or  poRible  Anlwersin  whole  Numbers.  Thus, 


Let 

And 


1 

2 


a,  + '  *  * +*  y  £  As  above. 

3 ioe-f-  I6y  —  1232  5 


I  — A 

2  —  32 A 

3  x  is 

4  —  J 
<5-4 
3  —  7 


3 

4 

5 

6 

7 

8 


e  + =  56  —  A 
2oe*-f-*  l6y  =  1 232- —  324 
I6e  +  167=  8  96 —  1 6A 
=  33  6  —  16  & 

e  =  84  —  4 a  Hence  4  <  V=sii 
30 —  28  Hence  a  >  238  —  9y 


Prom  the  two  laR  Steps  it  appears,  that  the  Quantity  fignified 
by  a ,  ought  to  be  lefs  than  21,  and  Greater  than  9} ;  That  is,  any 
Number  betwixt  9}  and  21,  may  be  taken  for  the  Value  of  a.  Con- 
fequently  there  may  be  Eleven  Anfwersto  this  QueRion  in  whole 
Numbers. 

Suppofe  a  r=z  io  Then  e  —84  —  40  =44  Ptr  7th  Step. 

And  y  t=:  30  —  28  =  2  Per  8th  Step. 

Again,  if  ^=11  Then  + —  44^40  Per  7th  Step. 

And  y  '=  33  • —  28  =  5:  Per  8th  Step.  And  io  on  for  the  Reft, 
which  will  be  as  in  the  following  Table. 


A 

e 

>  1 

a 

e 

y 

A 

e 

y 

. 

IO 

44 

1 

2  i 

14 

28 

14 

18 

12 

2  6 

I  l 

40 

s  * 

15 

2-4 

17 

19 

8 

19 

I  2 

3^ 

8  I 

16 

20 

10 

20 

4 

Sz 

13 

32 

11 

17 

16 

-  > 

Thus  it  will  be  eafy  to  find  out  and  coiled  all  the  limited  An¬ 
fwersto  any  QueRion  (of  this kind)  wherein  there  are  only  three 
Quantities  propos'd  to  be  mix'd  :  But  when  there  are  more  than 
Th  ree,  then  the  Work  requires  a  little  more  Trouble  5  becaufe 
the  ftngle  Limits  of  all  the  Quantities  above  Two  muR  be  found. 
Tint  is,  if  there  are  four  Quantities  concern'd  in  the  QueRion,  the 
Limits  of  two  of  them  muR  be  found  j  If  five  Quantities  are  con¬ 
cern'd  then  the  Limits  of  three  of  them  muft  be  found,  As 
in  the  following  QueRion. 
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^DtlEftioU  35*  Suppofe  it  were  required  to  mix  four  Sorts 
cf  Wines  together ;  viz.  one  Sort  worth  Js.  4d.  the  Gallon  5, 
another  Sort  worth  4  $•  7d.  Gallon  ;  a  third  Sort  worth 
3  s.  8  d.  the  Gallon  }  and  a  fourth  Sort  worth  2.  s.  9  d.  the 
Gallon  ;  How  much  of  each  Sort  may  be  taken  to  make  a 
Mixture  of  63  Gallons,  fo  as  that  the  whole  Quantity  may 
be  fold  for  5  s.  6  d.  the  Gallon  5  without  Lofs,  Sec. 

Firft  let  all  thefe  feveral  Rates,  and  the  mean  Rate,  be  reduced 
to  one  Denomination,  viz,,  into  Pence. 


7  $.  4  d.  =:  88  d. 
3  S.  8  d.  =:  44  d. 


4  5* 
2  J. 


Then  put  a  £=:  the  Quantity  of  that  worth  88  d.  the  Gallon  ; 
e  ==  that  of  5 y  c£.  the  Gallon ;  yes  that  of  44 d.  the  Gallon  3  and 
that  of  33  d.  the  Gallon. 


Then 
And 
1  — a 
2  - —  884 

3  X  71 

4  ' —  f 

— r*  1  i 

3  x  7? 
8  —  4 
5>~HT7 


I 

1 

3 

4 

y 

7 

8 

2 

Io 


0  +  e  +  «  =  £3  By  the  Queftion. 
884  +  447  +  33«  =  4158  =  <53  X  6$ 

5^  +  447  +  3S«  —  41 5 8  —  884 
33* 4“  33)'  +  33«  —  2079—  334. 

22.e  +  1  iy  =  2079  —  5;  54 
2e  +7  189 — 54  Hence  4  <  r=  37^ 

y5*  +  5  5y  +  —  3465  —  St* 

J  ly  -f4  22M  334  —  <593 

7+2/*  =534 — '6 1  Hence  4  >  =s  2 1 

,  * 


Prom  the  7th  and  loth  Steps  it  appears,  that  the  Quantity  of 
that  Stfrt  of  Wine  denoted  by  4.  enuft  be  lets  than  37#  Gallon.*, 
and  greater  than  21  Gallons  :  That  is,  it  may  be  4  ==  any  Num¬ 
ber  of  Gallons  betwixt  21  and  37^. 

Whence  it  follows,  that  there  may  be  collected  16  Anfwers- 1® 
this  Queftion  from  the  Limits  of  4  only. 

Next  to  find  the  Limits  of  s,  y,  and  u. 


■Suppofe 

1 1 

But 

1 2 

12  —  2e 

*3 

Again 

14 

14  —  e 

iy 

I5  —  I3 

16 

a^n  Then  will  54=;  no.  And  34==^ 
2 189  —  54=379  Per  7th  Step. 

7  =  79’ —  ie  Hence  e  <  V  =  3 9i 
e+y  +  «  =^3  —  *  =41  Per  third  Step. 

7  -j-  u  =  4 1  — :  e 
=  38  Hence  e<  38 


From 


;3lpbta. 
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a3 


o 


Suppofe 

17 

But 

18 

18  — '  ie 

1 9 

Again 

20 

20  •*— e 

2 1 

2 1  •— 19 

22 

Prom  the  13th  and  I6th  Steps  it  appears,  that  if  1  =s  zz 
then  t  s=  3?  .  7?  «—  ze  —  I.  And  u  =  e  —  28  =2  I. 

Again, 

4  =  23  Then  115,  And  16=269 
ze  -\~y  =2 1 89  —  5*4  =  74.  Per  7th  Step* 

74  —  2e  Hence  e  <  =2  37 

*  +7  +  «=  £3*— •  4  =  40.  Per  3d  Step, 
y  -{-  u  =2  40  *—  e 

u=ze  —  34.  Hence  e>  34* 

From  the  19th  and  nd  Steps  it  appears,  that  if  az=zz$.  Then. 
t  may  be  either  3?  or  3 6. 

Once  more  for  a  further  iUujlmiort. 

a  —  iAr  Then  5^  =  120.  And  34  ^72 
ze  ^  y  22  189 —  ^0,2269.  Per  7th  Step. 
yz=.69~ze.  Hence  e  <  V  =s  34? 
e+y  +  M  —  ^3 —  tf  —  39  Per  3d  Step. 

y  “j-  «  —  39  —  e 
w  =  e  — -  30  Hence  e  >  30. 

appears,  that  if  <2:=  24,  Then  e  may  be  either 
31.32.33.  Or  34.  viz.  it  irtay  be  any  Number  betwixt  3oand  34^ 
by  the  25th,  and  28th  Steps,  from  whence  the  Values  of  y  and  u 
may  be  eafily  found. 

'e  =  31  :  Theny  =  7-  And  11=21 

\e  =  32  .  y  —  y  .  ir=^z 

\e  =  33  •  y— 3*  «.=  3 

.« *==  34  .  1 .  a  =5  4 


Let 
But 

14  «— -  2ff 

Again 
2.6  —  e 
27  — if 
From  hence  it 


*3 

24 

26 

2-7 

28 


That  is,  if 


Proceeding  on  in  this  manner  with  all  the  other  fingle  Values 
of  4,  th/re  may  be  found  above  120  Anfwers  to  this  QueYfion  in 
whole  Numbers:  And  if  you  pleafe  to  puj  a  =  Fra&ions,  there 
may  be  found  an  indefinite  Number  of  Anfwers ]  whereas  the  Rule 
of  Alligation  in  Vulgar  Arithmetick  affords  but  only  one  Anfwer 
in  Fractions;  to  wit,  that  of  a~  314-.  er=2  to?.  y 2=  io£.  «  —  1  c^. 
As  may  be  eafily  try'd,  per  Rule  Page  ny,  &c. 

Thefe  two  Examples  being  well  underftood  (efpecially  if  the  laft 
be  thorowly  puyliFd)  may  fuffice  to  fhew  the  Method  of  limiting 
the  Anfwers  to  all  Sorts  of  Queftions  of  this  kind,  I  fhall  therefore 
conclude  this  Chapter  of  Queflions,  with  giving  a  Solution  to  the 
enigma  (or  Riddle)  propofed  (but  not  anfwered)  by  Mr.  tfobn 
JfCerfey,  in  theClofeof  the  appendix  to  his  Arithmetic  fa  which  affords 
feveral  pretty  Queftions,  the  Solution  whereof  will  difcover  a  cer¬ 
tain  Sentence  confifting  of  three  Words,  which  mull  be  found  by 
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the  Help  of  Figures  placed  (or  fuppofed  to  be  placed)  over  the 
Twenty  Four  Letters  of  the  Alphabet. 

T'hus  ^  ^  .2.  3*4*  S'* ^*7*  &c.  Called  Indices* 

1  nus  %  a  .b.c.d  *e  -f-g.  &c.  to  the  laft  Letter. 

So  that  if  the  Index  of  any  Letter  be  once  found,  the  Letter  to 
jvhich  it  belongs,  isconfequently  known. 


The  (Enigma. 


I.If-the  Difference  between  the  Indices  of  the  fecond  letter  of 
thefecond  Word  5  and  the  third  Letter  of’the  firft  Word,  be  mul¬ 
tiplied  into  the  Difference  of  their  Squares,  the  Product  will  be 
57 6.  And  if  their  Sum  be  multiplied  into  the  Sum  of  their  Squares, 
thatProdudl  will  be  2336,  the  Index  of  the  faid  third  Letter  being 
$he  Greateft. 


Let 

And 


Then 


1 

2 

3 

4 


a  s=The  Greaterlndex,  or  that  of  the  3d  Letter# 
e  =  The  Leffer,  or  that  of  the  2d  Letter. 
d' — eX  ad' — ee ~  1767  n  ■,  ^  n • 

«  +  «  X  «  +  re  =  *3  jtf  <  ^  the  0?'®*°* 


3  X 

4  X 

S 

6  +  7 
8  wj  3 

4  —  a  +  e 

9  ©-  2 
II  —  Io 

10  — « •  1 2 
13  WJ  2 

9  +  *4 
15-^2 
9  16 


1 

6 

7 

8 

9 

10 

11 

12 

13 

■  14 
■15 

16 

17 


aaa  —  aae dee eee  zzz  ij6 
ddd  4-*  dde  4-  dee  4-*  eee  =  23 35 
i44e  4-  24ee  s=3  17^0 
444  4-3^^+3^e+  ffe  =  4096 
4  4^  e  =: 5  409^  =:  I^T 

aa+ee=^-=  *t|«;=S  14# 

44-e 

44  4-  24?  4"'  ce  2=5  2  5:6 
24e=  IIO 

44 1 —  ide  4-  ee  t=  36 

4- — e=  v  7,6  =:  6 

242=2  22  p  GFrotn  hence  it  dppedrs ,  that  the  3 d  Letter  of 
a=zn>  Jtbe  lft  Word  is  /,  4»d  */;e  2d  Letter  0/  fta 
e  =  SJCzd  Word  ise . 


.Note,  J/7  fo  fet  the  Letters  (as  they  he  comp 

found)  in  their  proper  Places,  it  may  he  convenient  to  fupply 
the  vacant  Places  with  Stars. 

Tl  SFirfl  Word.  Second  Word,  Third  Word. 

2  **/**  ******  ***** 

*.  Tht 


4 


- — — - - — - - - 
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2.  The  Indices  laft  found,  are  the  two  Extremes  of  Four  Num¬ 
bers  in  Arithmetical  Progreflion,  the  lefter  Mean  being  the  Index 
of  the  firft  Letter  of  the  third  Word  ;  and  the  greater  Mean  is  the 
Index  of  the  fourth  and  laft  Letter  of  the  firft  Word. 

Viz.  ?•  7.  9 •  II  are  the  four  Terms  in  Arith.ProgreJJion. 

Whence  it  appears,  that  G  (whofe  Index  is  7)  is  the  firft  Letter  of 
the  third  Word;  and  that  i  (whofe  Index  is  9)  is  the  fourth  or 
laft  Letter  of  the  firft  Word;  which  being  placed  down,  will  ftand 
thus,  Gif  ^ if, 

3.  The  fecond  Letter  of  the  third  Word,  is  the  fame  with  the 
third  Letter  of  the  firft  Word;  and  the  fifth  Letter  of  the  third 
Word  is  the  fame  with  the  laft  Letter  of  the  firft  Word. 

Whence  the  Letters  will  ftand  thus,  *  * //.  *  e  *  *  *.  Gl  *  *  i *. 


4.  The  Sum  of  the  Squares  of  the  Indices  of  the  firft  and  fecond 
Lettersof  thefirft  Word  is  520.  And  the  Produft  of  the  fame  In¬ 
dices  is  feven  Ninths  of  the  Square  of  the  greater  Index,  which  is 
the  Index  of  the  faid  firft  Letter. 

Let  a  s=3  the  Greater,  and  e  =  the  lefifer  Index. 


Then 

And 


1 

2 


t  i  According  to  the  Urn. 


2  —  CL 

3  ©•  2 

I  -  4- 

r  x  *7 

6  -}-*  4  Qdil 
7-r-  130 

8  VJJ  2 

h  9 


3 

4 

? 

6 

7 

8 

9 

Io 


e  — *  -$cl 
ee  :=  %\cll 
aa=z'$ 20  •—  \\cla 
8 1  clcl  ==  42 1 20  — 

13044==:  42 1 20 

— *  1 75'  ’—32,4 

4  =  ^324  =  18  It’s  Letter  is  j : 
e  =  J4  5=  14.  It's  Letter  is  0. 


Hence  the  Letter  will  ftand  thus,  Soli.  Gl.  *  *  1 

The  Difference  between  the  two  laft  Indices ,  is  the  Index  of  the 
firft  Letter  of  the  2d  Word;  viz.  18  — 14  =  4  being  the  Index  of 
the  Letter  D. 

Then  the  Letters  will  ftand  thus.  Soli.  De  *  *  *.  Gl.  *  *  i  *. 

6.  The  third  and  laft  Letter  of  the  fecond  Word,  alfo  the  third 
Letter  of  the  third  Word,  are  the  fame  with  the  fecond  Letter  of 
the  firft  Word. 


Hence 
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Hence  the  Letters’ will  Hand  thus,  Soli  Deo  Glo  i 

,t  _  4  ,  •  ♦  - 

7.  The  Sum  of  the  Indices  of  the  fourth  Letter,  of  the 
third  Word,  and  the  fixth  or  laft  Letter  of  the  fame 
Word,  being  added  to  their  'Troduti  is  35.  And  the  Dif¬ 
ference  of  their  Squares  is  288.  The  Index  of  the  laif 
Letter  being  the  leaft. 

Put  a  the  Greater,  and  e  —  the  Lefler  Index ,  as  before* 


Then 

And 

I  —  a 
3-Ha  +  T 

1  +  s 

6  X  aa  See. 

7  ± 


I 

I- 

3 

4 

5 

6 

7 

8 


ae - j-  a  T  e •  35” 

aa- — >ee=: 


ai}» 


the  Data. 


ae  ez=z  • — > a 

A  —  ^ 

e  — , —  For  exa*T  I  =  ae  T»  e 

a  +  1  1  1 

izi<)  —  70a aa 

cs  —  1  1 

aa  ~p  1 a  -p  1 
«  =  i8g+ 

aa  -f-  za  -p  1  4 

Ja4  -j"  1a3  iBBaa-h  576a  d"  2  88  ft-  1 22  7 

£  ■ — •  70a  T1  aa 

a4-]- 2a3  — z88aa— ■  $o6az=z  15 13 


This  laji  /Equation  being  refolved  according  to  the  Me~ 
thod  which  Jhall  be  jhewed  in  the  next  Chapter ,  it  will  be 

2  c _ ,  ^ 

a=:  17.  If  s  Letter  r  ;  /rw#  4^  Step  —  —  1 

the  Index  of  the  Letter  a . 

*  . 

Then  tllefe  two  Letters  being  placed  according  to  the 
Ddta  above,  are  all  that  are  required  by  the  /Enigma  to 
complete  thefe  Words, 

Soli  Deo  • Gloria . 


H  h 


CHAP. 


234 


^luebta. 


Part  II. 


CHAP.  X 

.  v-»  •  • 

The  Solution  of  #Dfetfetl  (Equations  in  Numbers. 

1  s,',; 

• 

'  Before  we  proceed  to  the  Solution  of  Adf 'eft e d /Equations,  it  may 
not  be  amifs  to  fhew  the  Inveftigation  (or  Invention)  of  thofe 
7 beorems  or  Rules  for  extrading  the  Roots  of  Ample  Powers,  made 
ule  of  in  Chapter  n.  Parr  i. 

I  fhall  here  make  Choice  of  the  fame  Letters,  to  reprefent  the 
Numbers  both  given  and  fought  *,  as  in  my  Compendium  of  Algebra, 

# 

‘G,  always  denote  the  given  Refolvend. 

I  _  S  any  Number  taken  as  near  the  true  Root 
r  c  as  may  be,  whether  it  be  greater  or  le/s. 
r-the  unknown  Part  of  the  Root  fought,  by 

1  1  _ _  .1%  «  /-*!**  mm  *  X-V  r>  «  M  /*  ,f/l  S>aA  />  s*  A  J  _ 


Viz .  Let< 


'which  r  is  to  be  either  increafed  or  de- 
.  creafed . 

Then  if  r  be  any  Number  lefs  than  the  true  Root  it  will 
be  r  +  e  =  the  Root  fought. 

But  if  r  be  taken  Greater  than  the  true  Root  it  will 
then  be  r  —  e  =  the  Root  fought. 

And  put  D  for  the  Dividend  that  is  produced  from  G, 
after  it  is  lejjen  d  and  Divided  by  r  &c.  ( into  the  Co-ejfi- 
cients  of  Jdjetfed  S. Equations )  according  as  the  Nature  of 
the  Root  requires. 

Thefe  Things  being  premifed,  we  may  proceed  to 
railing  the  Theorems . 

Sefiion  I. 

I.  For  the  Square  Rooty  viz.  aa—G.  Quere  a. 

r  d~  e~i 

rr  T  ire  d“  ee  =  aa  =  G 
ire  -h  ee  =  G  —  rr  Ca  11  i  t  Z7,  viz-  V  ~G  —  rr 
J)  CThis  (hews  the  ift  Method  of 

■s  extrading  the  Square  Root 9  Seel. 
C  ?•  Cb.  ii.  Pan  i. 


Let 

i  i 

i  *■""*  rr 

Then 


3 


i 

i 

3 


ir  + 


i  r  G ' —  TT 

re  +  iee— - -  =:  D 


Which  gives  this  Tfnorem 


+ 1 


•=*ff 


The 
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The  Arithmetical  Operation!  of  both  thefe  Theorem  you  have  in 
the  Examples  of  Scttion  2.  Page  lit.  To  which  I  refer  the  Learner, 
fuppofing  him  by  this  time  to  underftand  them  without  any  more 
Words  than  what  is  there  expreft. 

II.  To  extraSf  the  Cute  Root ;  viz*  aaa  —  G*  Quere  a . 


Let 

1  3 

2  —  rrr 

3  3r 

eee 


1  I  r  +  e  =  a  Suppofing  r  lefs  than  the  true  Root . 

2  j  rrr-}-  3rr<?T  lw\~ece~aaav=iG 

3  $ne  “h  3^ee  “1-  eee  —  G  —  rrr 

,  ,  eee  G —  rrr  _ 

4  re  -t—  ee  H—  —  =  — ; - :=  D 

3  r  3r 


Let  —  be  reje&ed  or  call  off,  as  being  of  fmall  Value: 

Then  it  will  be,  re-\-ee  =  D,  which  gives  this  following 

/ 

V 


ttljeorem 


-j-  e 


By  this  Theorem  or  Rule,  the  1  ft  and  2d  Examples  in  Cafe  I.  Page  132. 
are  perform'd;  the  which  being  compared  with  this  Theorem  may 
be  very  eafily  underftood. 

Again,  Suppofe  aaa=zG,( as  before)  And  let  r  be  taken  greater 
than  the  true  Root. 


Then 

I  3 
2± 

3  —  3r 


1 

2 

3 


r  —  e  =  a  -  ^  eee  being  reje&ed 

rrr  —  yrre^^ree  ~  £3  =  G  £ as  above. 

3  rre — 3  ree-=-rrr — -G  , 

rrr  —  G 

re  —  ee  =;  - - r=  D 


Which  gives  this  ^IjCOrcm  =:  e 

By  this  Theorem  the  third  Example  in  Cafe  2.  Page  133.  is  perform’d. 
III.  To  extra#  the25iquaBratc  Rooty  viz.  a 4  =  G.  Qqere^r. 

r-\-e~a  Suppofing r  Lefs  than  J uft . 
r4  A-rrre  -j-  frree  =  iz4^C  5 Rejecting  all  the 
tnre 6rree  —  G  —  r4  /Powers  of  f  as  a* 


Let 

1  4 

2  — r4 

3  -r*  2  rr 


1 

2 

3 


2re“)r  See  =3 


G 


v4 


=  D 


box 


irr 


p  p 

Which  gives  this  1£!)rorem  7  Tr‘  u  "7  ~ 


H  h 


*y 


23 6 _ Algebra, _ Parr  II. 

By  this  Theorem  the  Biquadratc  RooPbf  any  Number  may  be  extracted. 
But  as  I  have  already  laid,  Page  134.  thofe  .Extractions  may  be  ve¬ 
ry  well  perform'd,,  by  two  Extractions  of  the  Square  Root.  VideEx* 
ample  Page  135. 

IV.  T o  cxtratf  the  feutfoliti  Root,  viz.  a'  —  G.  Quere  a. 

If  r  be  taken  lels  than  juft,  then  r-\-e=^a.  As  before. 

And  Which  gives  this  —  e 

By  this  Theor.  the  Sur fit  id  Root  Examp.  1.  Page  13 6,  is  extracted. 
Bus  if  r  be  taken  greater  than  juft  3  Then  r  —  e~a. 

And  —  =  V.  Which  gives this  tEtjfOjCtrt 

By  this  laft  Theorem  the  Example  in  Page  137  is  periorm'd. 

T  prefume  it  needlefs  to  purfue  the  railing  of  t he fe  Theorems, 
for  extracting  the  Roots  of  ftmple  Powers  any  further  3  becaufe 
the  Method  of  doing  it  is  general  how  high  foever  they  are  3  and 
therefore  it  may  be  eaftly  underftood  by  fiac  is  already  done. 


Notwithftanding  I  have  already  fhewed  the  Solution  of  Quadra¬ 
tic  ./Equations  two  feveral  Ways,  viz,,  by  calling  oft  the  lotveft 
Term:  And  by  completing  the  Square,  Eide  Seftionz.  Page  195  &c< 
Yet  ic  may  not  be  amifs  to  fhew,  how  thole  /Equations  may  he 
refolved  into  Numbers  by  this  Univerfal  Method  of  continued  Series , 
wherein  if  the  nrft  r  be  taken  equal  10  the  iirft  true  Rootorlingle 
Side  of  the  Reiolvendj  And  every  fingle  Value  or  e  as  it  becomes 
found)  be  ftill  added  to  it  for  a  new-r.  Then  thole  Roots  may  be 
extraded  without  repeating  a  fecond  Operation,  As  before  in  the 
fingle  Powers. 

Cafe  1.  Let  aa-fi  ibaz=:G.  "Tis  required  to  rind  the  Value  of  a. 


1  r  •-{“  e  rrr  a 

2  rr  -re  -f ~  ee  ~  aa 

3  2 hr  -f~  ?  be  2 ba 

4  rr  ibr  -j-  2 re  +  -be  4-  ee  =  aa  4*  2 ba  =  G 

5  2 re  -fizbe-fi  ee  G  — rr —  zbr 

6  re  +  be  +  iee  2=  i  G  —  irr  — hr  rr:  D 

Which  gives  this  ‘Sptjtcjem  -y  —* 

c  r  -f~b  +  ie 


Put 
1  2 

1  X  zb 

2  +  3 
4  —  rr  &X. 

5  -T-a 


Suppofe 
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Suppofe  b  =  3^4  And  G . — •  38692,867 
If  rr=<?ooo  Then  rr=  36000000  And  zbr  =  4368000 
But  36000000  4368000  =40368000  >  38692865  =  G 

Therefore  the  Pirft  r  <  6000.  Let  r  ■=  5000  Then 
ift  r  =  5000  1 934643M  4:^ 

S3  364  >--1432000,  = 


ift  r  +  £  =  73^4 
^  400 


5026432,?  =Z)(8oo=e 
461 12 


I  Dii/i/or  5764) 
2d  r  -f-  b=z  6164 
+  *<?  =  3o 


2  Vivifor  6 194) 
3d  6224 

+  4e=  3>7 


41523  (^o  =  c 

371^4 


4359  (  7=e 

435.92,7  - 

• - —  867  =e 

(°) 


4 


/ 


3  Vivifor  6227 ,5 

5=3  5867  =  *  As  was  required. 

Cafe  i •  If  ^ —  2 ba  =  G  Then  proceeding  as  above,  there  will 
CD 

atife  this  Theorem^— ~^jfTTe  “  e*  ^C‘ 

And  in  Cafe  3.  zba  —  aa  ==  G  you  will  have  this 

■JrWew  - — — "r  &c*  As  above.  , 

e  b  — -  r « — 

x 

I  think  itneedlefs  to  trouble  the  Reader  with  the  Work  of  thefe 
two  Theorem s  in  Numbers;  becaufe  if  the  laft  Fximple  of  Cafe  1.  be 
underftood,  the  other  will  beeafy.  Not  but  that  the  Method  of 
completing  the  Square  is  very  ready  and  eafy,  as  you  may  obferve 
by  the  Work  in  feveral  Queftions  of  this  Chapter. 


#  Serf  ion  3. 

In  the  Solution  of  all  Adfedted  ^Equations,  that  are  above  for 
high  er  than)  Quadratics,  it  will  be  the  beft  way  to  take  r^the 
next  neareft  Root  of  the  ./Equation:  And  then  it  wi]Lber-}-e=^ 
jf  r  be  Ids  than  juft  ;  Or  r — e  =  rfif  r  be  greater  than  juft  (as  ac 
the  Beginning  of  this  Cbap.) 

And  all  the  Powers  of  the  unknown  Part  of  the^  Root  (viz,  e) 
above  its  Square  (je)  are  to  be  rejected  or  c»ft  off;  As  before 

in 
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in  railing  the  Theorems  for  thefimple  Powers.  And  therefore  it  is, 
that  to  i’upply  the  Want  of  thole  Powers  (above  ee  in  the  7 heorem) 
the  Operation  mutt  be  repeated:  As  in  the  Example  of  extracting 
the  Cube  Root.  Page  *33.  viz.  when  the  Figures  in  the  Root  confift 
of  more  than  three  Places,  ( Vide  Page  140,  and  141.) 

Suppofe  uu  +  ba  =  G.  Quere  a. 

Let  I  r  +  e  =  a  viz .  Let  r  be  fuppofed  Lft  than  juft . 

I  ©•  3  z  rrr $rre ireei=z  aaa 
1  X  b  3  br^be-ba 

z  -}-  3  4  rrr+£r  +  3rre  +  £>e  +  $ree  =  a1  +  ba  =  G 

4-^3*  5  jrr  + j&+re  +  — +ee  =  —  . 

<  *—  &C.  6  re  +  —  4-  ee  =3  —  —  {rr  — -  {b  =  D 

j  '  3r  3r  v  4 

C  ff _ _ 

Which  gives  this  Theorem  <r  1  1  ^ 

C  3r 

But  if  r  be  taken  greater  than  juft,  Then  it  will 
be  '  G 

be  re  H - ee  =  irr  +  i& - =*  D  Which  produces  this 

3r  3r 

V 

- - - e 


Theorem 


ir  + —  —  e 
3r 


By  either  of  thefe  two  Theorems  the  Value  of  a  may  be  eafily 
found.  Or  rather  otherwife'as  in  the  following  Example. 


Let  aaa  +  14*=  5:875714 
-Stippole  the  Fiift  r  =  90 


Here  b  =:  14. 

,  r _  _  .  _  Then  r3  =2  719000  >  5879H 

without  the  14  x  90  being  added  to  it  :  Therefore  r  <(  50 
Again,  Suppofe  r  ==  So  Then  r3  =  511000  And  14  r  ==  1910 
But  912000  +  joio  —  s  19320  <  587914  Hence  >  So,  but  nearer 
to  it  than  90.  Therefore 

1  r  +  e  =  a  tefs  than  juft 

2  rrr  +  <rre  +  3r£>e  — 

3  24r  +  x-!'P::::'^2.4‘* 

4  J  5 1 1000  4“  192001?  +  240^  = 

5  j  I920  +  14?  — .  i4i 
e  j  5 1 392°  “4“  1 9Z z4e  +  z4-?ee  *-=:  58 79I4 

7  j  19124^  +  2-4oees=;  73994 

8  j  80,1  e  +  ee  =3  308,3 1  =3  P 

I 


it  mufl  he 
I 

?  X  2+ 
2,  in  Numb, 
in  Xu  mb. 

4+5 
—  5 13912 

7  -4-  440 


nf: 


S0,l  +  £  ' 


Otfrtt  ifits 
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Operation  80,1)  308.31  —  Z>  (3,7,  —  e 

+  e=>3  2493 


I.  Vivifor  83,1)  59,01 

+  6  =  ,7  5866 


Firft  r : 

+  e: 


80, 

:  3.7 


2.  Vivifor  83,8)  ,3*  r  +  e=:83,7 

Or  rather  new  r  =:  83,7  for  a  fecond  Operation,  which  being 
involved  and  tryed  (as  above)  will  be  found  Greater  than  juft  3 
Therefore 

’  r  —  e  =  4 
nr  —  377*6  +  3r?e=:  444 
247*  —  246  =  2-44 

586376,253  —  21017,076  +  2.5  i,iee  =  444 
2008,8  —  246  :=  244 

588385,053  —21041,07^+  »5I>I«  —5^7^14 
21041,076  —  251,166  =  471,053 
83,7955?  —  ee  s=  1,87595778  =  0 

D 

e 


it  muft  be 
1  ©-j 
I  X  14 
2,  in  Numb. 
3, in  Numb. 

4  +  5 
6  +  _ 

7  Hr  *si>i 


8 


1 

2 

3 

4 

5 

6 

7 

8 


83>7955  —  ? 


2.  Operation  83,7955)  1,87595778  (,0223  =e 


—  6  — » 

,02 

1,67551° 

I.  Vivifor 

83.7755) 

,2004477 

■—  g  E— 2 

,002 

,1675470 

2.  Vivifor 

83.7735) 

,03290078 

—  6  — 

,0003 

,02513196 

3.  Vivifor 

83'773*) 

,00776882 

Having  once  found  half  the  Places  of  Figures  for  the  Value  of 
e y  it  will  be  needlefs  to  form  New  Divifors  (as  above);  for  the 
reft  of  the  Figures  may  be  as  truly  found  by  plain  Divifion  only. 
Thus  . 

The  laft  Divifor  is  83,7732)  ,007768820  (,0223  =  ?Z  Add 

7^39588  (,0000927  s 


Laft  r  =  83,7 

—  6=  ,0223927 


229232O 

I675464 


,0223927  — t 


r  —  6£=s  83,6776073=4 


6  T  f 8  < 60 

5864I24  &C. 


But  if  more  Exa&nefs  be  required,  you  may  make  the 
New  r  =  83,6776073  And  proceed  with  it  to  a  third  Operation ; 

which 


3llire!bta» 


which  will  afford  Twenty  Seven  Places  of  Figures  for  the  Value 
of  a.  That  is,  every  Operation  will  produce  triple  the  Places  of  Fi¬ 
gures  to  thofe  of  the  Precedent  r.  And  this  tripling  the  Places 
of  Figures  in  the  Root,  at  every  Operation,  holds  good,  and  is 
to  be  obferved  in  the  Solution  of  all  Adfe&ed  Equations  (how 
high  foever  they  are)  according  to  this  Method  of  refolving  them. 
See  Page  141. 


Example  2.  Suppofe  aaa  —  ba  ss  G.  Quere  a. 
If  r  +  e~a  Then  re 

_r 

D 


\be  .  \G  ,  *.  j  _ , 

l~  +  ee  —  7--  4.  \b  —  \n  = 


which  gives  this  Theorem^, _ — 4-e 

/  r 

But  if  r  —  e  —  a  Then  +  ce  — |rr==D 


which  gives  this  Theorem 


+  e 


Or  you  may  proceed  other  wife,  as  in  the  laft  Example • 


•  •  • 

Let  aaa  —  643 84  =  104785688  Here  b  =  6438 
Suppofe  the  Firft  r—500.  nr  =  I25000000  and  br  =  3219000 
Then  125000000  —  32I9000  —  121781000 
But  121781000  >  104785688  Therefore  r  <  500 
Again,  Suppofe  r=z  400  w  —  64000000 .  and  br~  2575200 
Then  will  64000000  —  2575200-^142800 
But  61424800  <  104785688  Hence  r  >  400 

Confequently  r  is  betwixt  400  and  500.  But  500  is  the  next 
neareft ;  Therefore,  Let  r  =  500  being  Greater  than  juft.  * 


Then 
i©-  3 

I  X  b 

2.  in  Numb. 

3,  in  Numb. 

4,  —  X 

6  + _ _ 

7“^  1 S00 


1 

2 

3 

4 

$ 

6 

7 

8 

9 


r  —  e  —  a 

nr  —  3  ne  3 ree  =  aaa 

br> — >be  —  ba 

1 2  5 000000  - — '75 ooooc  I  fooec  2=:  aaa 

3219000—  6438c  64384 

1 2 1 781 000  —  743562c-}-  l5©oef  =:  104785688 
743562c X 5occe :=  I69953I2 
495*  —  **  ==  U330  =  D 
_  P 

~”*495--* 


Operation 
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Operation  495)  11330  (23,8  =  e 


20 


91° 


I  •  Divifor  475) 


2.  Divifor  472) 


1830 

1416 

4 1 4,0 
■377  6 


Firft  »•:=:  50s 
—  e=s  *3-8 


r  —  e  =  476,2  =  * 


Let  Newrt=47£  for  a  2d  Operation.  Then  r3  =1107850176  and 
br  =  3064488  But  107850176  —  3064488 =: 104785688  the  fame 
with  the  Refolvend.  Confequently  a  =  476  juft. 

Example  3.  Let  ba  —  oat  ~G.  Queretf. 

IF  r  +  e  =  4  Then  — re—*ee~?—  +  \rr  ~  \b  =:  D 

f  r 

which  gives  this  tfjeorem^jb 

Mi 

r 

D  ~-e 


8 


But  if  r 


Then 


re 


I-JS  4-  T  yy 
—  ee=: - p  ^rr 


which  gives  this  Theorem 


M 

r 


Or  otherwife  as  before  in  the  two  laft  'Examples.  Thus 

*  *  •  ■ ,  1  .  - 

Let  1234*64  —  aaa  =  12272861  .  Here  b  =s  .  1234*0. 

Suppofe  the  Firft  r  =  200  Then  rrY  ==  8000000  .  and  &r=:  24691200. 
then  24691200  —  8000000  =  16691200  but  16691200  >  12272861  • 
therefore  r  is  here  lefs  than  juft,  becaufe  the  higheft  Power  is  — , 
or  Negative. 

Again,  Suppofe  r  =  300  then  r3  ==  27000000  and  br  =  37036800 
Then  37036800——  27000000=:  10036800  1 227286 1  Confequently, 

r  <C  300  and  r  200 

Letr  =  300  .  being  the  next  neareft,  but  more  than  juft. 


Then 

.  1^3 

I  X  b 

2,  in  Numb. 

3,  in  Numb. 

*  —  4 
6  — _ 

7  “r-500 

I  -r*  &C. 


1 

2 

3 

4 

5 

6 

7 

8 


r  —  e  =:  4 

rrr  —  3rre  +  3m  =:  444 
br—~be'=zbx  . 

27000000  —  270000c  -j-  9C0CC 
37036800 — -123456c 

10036800“}-  146544c  —  90occ  =  ^2272861  i 
146544?  —  9oocc  =  2236961 
162c  - —  ee  ~  2484 :=  D 
D 

e  ~~~  1 61— e  li  operation 
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Operation.  162)  2484  (i  6,6 
—  <»=  10  I52 


=  e 


TL.Vivifor  1 5  2)  564 

*—  c  —  6  8-7^ 


Firft  30O 
—  e=  16,6 


2.  Vivifor  I46)  88,0 

*7,6 


r  —  e—  283,4  =  a 


Or  New  r  =2  283  which  being  involved,  67V.  will  appear  to  be 
the  true  Root.  That  is,  4  =  283-  juft. 

Note,  Thefe  are  ufually  called  the  three  Forms  of  Cubic  Equa¬ 
tions  ;  and  in  the  Solution  of  the  third  or  laft  Form,  viz,,  ba< — 444=Gr, 
you  may  meet  with  fome  feeming  Difficulties;  efpecially  in  making 
Choice  of  the  Firft  r  becaufe  this  Equation  is  an  ambiguous  Equa¬ 
tion,  and  hath  two  Affirmative  Roots,  viz.  a  Greater  and  Leffer 
Root,  But  having  once  found  either  of  them,  the  other  may  be 
eafily  obtained  by  Divifiononly  ;  As  in  the  Quadratic  Equations 
Vide  Chapter  8. 

As  for  Inftance,  in  the  laft  Example,  a  =  28  j 
And  1234564  —  aaa—  12272861.  Make  thefe  two 

Equations  = o.  To  wit,  Let  a  —  283=0. 

And  —  444+  1234564  — 12272861  s=s  o. 

Then, 4 —  283)  —  444  +  1234564 — 12272861  (—  an 

- — 444+ 28344 


283  ax‘ 
283  ML' 


123456^ 

8008 


<-* 


+  433^7* — 12272861  (  +  433^7 
+  433674 — I227286I 

(O)  (O) 

Hence  it  appears  that  • —  ax  — '2834+  43367  =  0 
Confequently  ax  +  2834  =43367  this  Equation  being 
Solved,  4=s  110,2722  &c.  which  is  the  leffer  Root  of  the  aforefaid 
Equation  bx  —  axx  =  G  &c. 

After  this  manner  all  the  poflible,  and  impoffible  Roots  of  any 
Equation  may  be  eafily  difcovered,  any  one  of  its  Roots  being 
©nee  found.  I  fhall  therefore  omit  inferring  more  Examples  of 
that  Kind. 

Suppofe  axx  +  baa  +  ca  =  G.  Quere  4. 

Le,t  bi=z  74,^=28729.  and  £=560783 

Bv  Trial  (as  before)  it  will  be  found  that  the  next  neareft  r  =  4o 

being  fomething  lefs  than  juft. 

•  i  Therefore 
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Therefore 
1  X  c 
i  ©-  2  :  x  b 

l  ©  3 

2,  in  Numb. 

3,  in  Numb. 

4,  in  Numb, 
f  +  6  +  7 
8  ~-f3I <*2 

9  -r*  U>4 

r 

Io  -T* 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 


Operation.  100,2) 
+  c:=  I 

I.  Vivifor  101,2) 
+  <?=  >f 


cr-J-cc  = 

brr  ^  ibre  -j-*  bee 

rrr  +  3yyc  +  %re€z=:aaa 

349160  +  8729c 

118400  +  f9z°e  +  74ee 

64OOO  *4"  48oOff  -j-  I2QCC 

53 1560  +  1 9449^ "“H  I94ec=  $6 07S3 
1 94496/  ^  I94^==:  29l23 
100,2c  -f-  cc  =  15  3>o6 ~D 

_ _ 

100,2  +  e 

iJ3><*  (m  =  * 

101,2  Firitr=;4o 

- -  +  if 


fi,86 

50, 8? 


r  +  c  =;  4l?5 


2,’.  Vivifor  Icl. 7  I,ol  #  *  ,  ,  .  ,  ,  .  . 

Or  New  r^4i.f  for  a  fecond  Operation,  which  being  duly  inr 

vplved,  &c.  will  be  found  more  than  juft. 

1  r  —  e  —  a 

2  cr  —  ce  ~ca 

3  hyy  — •  ibre  “f-  bee  ~ 
v.  4  ^yy — 3yyc  +  3yce=r=:  aaa 

Thefe  being  turn'd  into  Numbers,  &c .  As  above,  they 
will  be  20037  75c — 198, $ee=z  390,375  —  —  —  w*?j.c^  °e^nS 

Divided  by  198,5  the  Co-efficient  of  cc  —  —  will  become 

100.946c >-*- ee"=-  1,966624  & c.  ~  V . 

Operation.  100,946  1,966624  (,019=  e 

r—e=:  ,oi  *  1,00936 


I. 


Vivifor 
—  e  =3 


100,936) 

,009 


2.  Vivifor  100,927) 
*  Here  I  proceed  by 
plain  Divifion,  with¬ 
out  forming  New  Di* 
yifors. 

Laft  y  =  41, 5 

—  e  =  ,0194847 


957264 

908343 
■  1  -  ♦ 
*  4892I0 
403708 

855020 

807416 

476040 

403708 


• 

(,0004847 
,0194847  =  e 


41,4805153  —  a 


72  3320&C* 

1  i 


2. 


T 


ti 
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Part  II. 


Let  the  laft  Aquations  in  the  /Enigma,, 
for  a  Solution. 


.  9*  be  here  propgfed 


Viz.  axat  -f-1  bxaa  —  cax  — da  =  G 


h~z,  c  =  i88  .  d  ~$o 61  and  G  5=1513  Quere  &, 

By  Tryals  it  will  be  found,  that  the  next  neareft  r  =  io  being 
fomething  more  than  juft. 


Therefore 
I  X  d 
i  ©•  i  :  x  c 
i  O'  3  :  x  b 

I  <§>*  4 


I 

z 

3. 

4 

* 


r  • —  e~x 
dr  —  de  =  di 
err  —  zere  cee  = 
brrr  > — 3  brre  -f-  3  bree  = 
r4  4rrre  -f-  6rree  =  aaaa 


Thefe  being  turned  into  Numbers,  and  thofe  duly  collected,  ac¬ 
cording  as  the  Signs  c>f  the  Aquation  direft,  they  will  become 

50680*—  22374?+  1 21  zee  =  i?i$*  which  being  all  divided  by 
2231  the  Co-efficient  of  ee ,  will  become  ioe  —  ee  =  2,1  ^ZD, 


operation,  io)  22  (3  =  * 

—  «  =  3  2 1 

Vivifor  7)  i 

Firft  r  —  20 


r  *—  e  =  17  —  4  juft.  See  the  End  of  Chap,  9* 

By  what  hath  been  already  done,  about  the  Solution'  of  thefe 
few  Aquations  (being  carefully  obferved,)  I  prefume  the  Learner 
willeafily  conceive  howto  proceed  in  the  Solution  of  all  Kinds  of 
Aquations,  -be  they  never  fo  high,  or  adfe&ed;  therefore  I  fhall 
not  here  propofe  many  various  Examples,  but  only  take  them  as 
they  tall  in  Courfe  when  I  come  to  the  next  Part,  wherein  you 
will  (perhaps)  find  fuch  Aquations  with  their  Solutions  as  arenot 
common. 


CHAP, 
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CHAP.  XI. 


Of  Simple  Sntttctt,  annuities  or  cPetiJionSy  &c. 

Interejt  or  the  Ufe  paid  for  the  Loan  of  Money,  is  either 
Simple  }  Or  Compound • 

Sefiion  1.  Of  Simple  Juttttfl- 

Simple  Intereft,  is  that  which  is  paid  for  the  Loan  of  any  Principal 
or  Sum  of  Money,  lent  out  for  fome  Time,  at  any  Rate  per  Cent. 
agreed  on  between  the  Borrower  and  the  Lender  9  which  accor¬ 
ding  to  the  Laws  of  England  ought  to  be  fix  Pounds  for  the 
Ufe  of  loo  l.  for  one  Year,  and  twelve  Pounds  for  the  life  of  locrfL 
for  two  Years.  And  fo  on  for  a  greater,  or  lefler  Sum,  propor¬ 
tional  to  the  Time  propofed. 

There  are  feveral  Ways  of  computing  (or  anfwering  Queftions 
about)  Simple  *Intereft\  as  by  the  Single,  and  Double  Rule  of  Three 
(SeePage  96  &c.)  others  make  ufe  of  Tables  compofed  at  feveral 
Rates  per  Cent.  As  Sir  Samuel  Moreland  in  his  Doctrine  of  Intereft.  both 
Simple  and  Compound,  which  is  all  perform'd  by  Tables}  where 
in  he  hath  detected  feveral  Material  Errors  committed  by  Doctor* 
Newton ,  Mr.  JCerfey  upon  Wingate  and  Mr.  Clavil  &c.  in  theBunnefsof 
Computing  Incerelt,  &c,  by  their  Tables,  too  tedious  to  be  here 
repeated. 

But  I  fhall  in  this  Traft  take  other  Methods,  and  fhew  that  all 
Computations  relating  to  Simple  Intereft,  are  grounded  upon 
Arithmetical  Progreflion;  and  from  thence  raife  fuch  General 
Theorems,  as  will  luit  with  all  Cafes.  In  order  to  that, 

CP  —  Any  Principal  or  Sum  put  to  Intereft. 

-  The  Ratio  of  the  Rate,  per  Cent- per  Annum. 

^et  j  The  Time  of  the  Principal's  Continuance  at  TnterdK 
£^:=The  Amount  of  the  Principal,  and  its  Intereft. 

Note,  the  Ratio  of  the  Rate,  is  only  the  Simple  Inteieft  of  I& 
for  one  Year,  at  any  given  Rate ;  and  it  is  thus  found. 

Viz,.  loo  :  6  :  :  1  :  o,c£  —  the  Ratio  at  6 per  Cent,  per  Ann? 

Or  100  :  7  :  :  1  :  0,07  =  the  Ratio  at  7  percent.  &c. 

Again  100  :  7  5  :  :  *1  :  <^075  —  the  Ratio  at  7  and  \  per  Cent . 

And  if  the  given  Time  he  whole  Years;  then  t~  the  Number  of 
thofe  Years:  But  if  the  Time  given,  be  either  pure  Parts  of  a  Year, 
or  Parrs  of  a  Year  mix’d  with  Years ;  thole  Parts  mu  ft  he  turn’d  in* 
fo  Decimals}  and  then  t  =*  thofe  Decimals,  &x.  Now  the  Common 

Parts 
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Parts  of  a  Year  may  be  ealily  turn'd  or  converted  into  Decimal 
Parts,  if  it  be  conlidered 

CDay  is  the  Parts  of  a  Year  =  0,00174  fere 
That  One < Month  is  the  Part  of  a  Year  =  0,0833333  &c. 
^Quarter  is  the  £  Part  of  a  Year  =  0,25 
Half  a  Year  ==  0,5  And  three  Quarters  :=  0,75" 

Thefe  Things  being  premifed,  we  may  proceed  to  railing  the 
Theorems. 

Let  R=s the  Intereft  of  il.  for  one  Year.  Asbeforp. 

Then  2R:=  the  Intereft  of  1 /.  for  two  Years. 

And  3 R  =  the  Intereft  of  1  /.  for  three  Years. 

4R  =  the  Intereft  of  1  /.  for  four  Years,  And  fo  on  for 
any  Number  of  Years  propofed. 

Hence  it  is  plain,  that  the  Simple  Intereft  of  one  Pound  is  a  Se* 
ries  of  Terms  in  Arithmetical  Progreftion.increafing ;  whole  firft 
Term  and  common  Difference  is.R.  And  the  Number  of  all  the 
Terms  is  x .  Therefore  thelaft  Term  will  always  be  *R  =  the  Inte¬ 
reft  of  1 1.  for  any  given  Term  fignified  by  t . 

Th  5  As  one  P°un(*  •  Is  to  l^e  Intereft  of  1  /.  : :  So  is  any 
hen  £  Principal  or  given  Sum  :  To  its  Intereft. 

That  is,  1 U:  tR  :  :  P  :  pRP  —  the  Intereft  of  P.  Then  the 
Principal  being  added  to  its  Intereft,  their  Sum  will  be  the 
Amount  required  :  Which  gives  this  general  Theorem. 

Theorem  tRP  -f-  P  ==:  A 

From  whence  the  three  following  Theorems  are  eafily  deduced. 

A  _  cA  —  P 


Theorem  2. 


Ir 


R+  I 
Theorem  4 


=  P.  Theorem  3. 


RP 


t? 


Thefe  four  Theorems  refolve  all  Queftions  about  Simple  Intereft. 

0ttttttOtl  i .  JVhat  will  23  6l  1  os.  Amount  to  in  3  Tears ,  t 
Quarter y  3.  Months ,  and  18  Daysy  at  6  per  Cent,  per  AntL 

Here  is  given  P  =:  z$6  5.  R  =;  o,oX  .  And.  x  —  3,4X599 
For  3  Years  :=:  3,  Qiiere  A.  Per  Theorem  1. 

one  Quarter  =:  0.25 

2  Months  :=o.  1^6X7  =  0,083  3  3  X  2 
18  Days  =  0,04932  =s 6,00274  x  18 


Hence  t  =  3,4^  99 :  X  o,oX  ~  0,2079594 R 
Then  0.2079?  94  x  25^,5  =  53  34i?8<<  RP 
And  53,34*58*  -f-  ?■  =  309,841 58*  =f  RP  +  P-  ^ 

That  is,  309,84158*  =  305} /.  ios.  20  A  being  the  Anfv/er  required* 

>■  ,  -  £luc8ton 

/i'-p-  ^-  r 


✓  Sh  4^  *  * 


-4/  * 
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^acfllon  2.  What  (Principal  or  Sum  being  put  to  Inte - 
rejly  will  raife  a  Stock  of  305)1.  1 6  s.  iod.  in  three  Years, 
one  Quarter,  two  Months  and  18  Days  y  at  6  per  Cent,  per 
Annum  ? 

Or  the  fame  Queftion  otherwife  Hated  thus. 

What  is  305?  1.  16  s.  10  d.  due  3  Tearsy  one  Quart ery  2 
Months  and  1 8  Days  hence ,  worth  in  ready  Money  y  Aba~ 
ting  or  Difcounting  6  per  Cent.  &c. 

Here  is  given  ^:=  309,841586  R  =  0,06  t  =  3,46599  (found  as 
before)  Thence  to  find  P.  Per  Theorem  v* 

Firft  3,46s 99  X  0,06  =2  0,2079594  t  R 
Then  1  ^  l  2°79 5 94)  309,841586  =v4  (256,5=2? 

That  is,  2*56,5  =  256/.  10  5.  theAnfwer  required. 

^Dueflion  3.  At  what  Rate  of  Inter  efy  per  Cent ,  &  c. 
will  256I.  10  s.  Amotmt  to  309 1.  16  s.  10  d.  I#  3  Tears , 
Quarter  y'two  Months  and  18  Days.  • 

Here  is  given,  P  =  256,5,^  =  309,841586  and  r  =3  3,46599 
To  find  R.  Per  Theorem  3. 

Firfi:  309. 84I586  -—256,5  =3  53,341586  =  A  —  P 

Next  3,46599  X  256.5  =  889,026435  s=  t  R 

And  t R  =  889,02643 5 )  53,341586  (00,06  =  Ratio. 

Then  I/.  :  0,06  ::  100  :  6=  the  Rate  required. 

<DttcQiOn  4.  In  what  Time  will  256  1.  10  s.  raife  a  Stock 
of  (or  Amount  to)  305)!.  16  s.  10  d  .at  6  per  Cent.  &c. 

Here  is  given,  P  =2256,5  ^  =  309,841586  and  K  =  o,o6 
To  find  t  Per  Theorem  4. 

Firft  30984I586  — 256,5  =  53,341586  =>4 — P 
And  256,5  x  0,06  =  1 5 .  39  =  PR 
Then^  15,39)  53,341586  (3,46599.—  f 

That  is  t  =  3  Years  and  .46599  Decimal  Parts  of  a  Year  ;  which 
may  be  brought  into  Common  Parts  of  a  Year,  thus 
0,46599  And  0,08333)  0,21599  (2  Months. 

>—0,25  =  one  Quarter  ,16666 


0,21599  0,02074)  ,04933.  OS  Vdys. 

Hence  t  r=  3  Teirr,  one  Quarter ,  2  Months ,  18  Z><zysj  the  Anfwer 

required. 

It  mild  needs  be  eafy  to  conceive,  that  what  is  here  done  at  6 
perCent .  may  be  done  at  any  other  Rate  of  Intereft,  by  forming  the 
Ratio,  viz-  R  accordingly. 

fectjolium 
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feeljoliunt. 

Alrbo’  it  be  according  to  the  Laws  and  Cufiom  of  tnglinl.  to 
Compute  Intereft  at  the  Proportion  of  6  per  Cent,  (as  above)  yet  h* 
that  takes  up  Money  at  Intereft  for  any  Time  lefs  than  even  or 
complete  Years,  pays  more  Intereft  than  feems  reafonably  due,  ac¬ 
cording  to  the  tru&  Rules  of  Art. 

As  for  Inftance  $  If  ioo  /.  be  forborfi  at  Intereft  one  whole 
Year,  it  amounts  to  io 6 1.  But  (I  fay)  if  it  be  paid  at  the  half 
Year’s  End,  it  fhould  not  amount  to  103/.  As  appears  from  this 
following  Proportion. 

Let  the  Amount  due  at  the  half  Year’s  End  ;  Then  it  will 
be  10 o  '.ay.a:  10 6  the  Amount  at  the  Year’s  End.  Erfroati—  10600 
And  a  =  >/ 10600  z=z  ==  102 /.  19J.  1  \d.  which  is  lefs  than 

103  /.  by  io^d.  And  if  it  be  paid  in  lefs  than  half  a  Year’s  Time, 
the  Error  rtruft  needs  be  the  Greater. 

Section  2.  Of  Annuities  or  ^enfions  in  Arrears ;  Com * 

pitted  at  Simple  Intereft . 


Annuities  or  Penfms ,  &c.  are  faid  to  be  in  Arrears,  when  they 
are  payable  or  due,  either  Yearly  or  Half-yearly,  Isfc.  and  are  un¬ 
paid  for  any  Number  of  Payments.  Therefore  the  Bufinefs  is, 
to  compute  w'hat  all  thofe  Payments  will  amount  unto,  allowing 
any  Rate  of  Simple  Intereft  for  their  Forbearance,  from  the  Time 
each  particular  Payment  became  due  :  Now  in  order  to  that. 


’«== the  Annuity,  Penfion,  or  yearly  Rent,  &:c. 
p  Jt  —  theTime  of  itsContinuance,  or  being  unpaid. 

*  1  ifc:the  Ratio,  or  Intereft  of  1  /.  for  1  Year, 

the  Amount  of  the  Annuity  and  its  Intereft. 

Then  if  u  =  the  firft  Year’s  Rent,  due  without  Intereft. 

•And  «  “IheRent  Dueat  the  End  of  the  fectmd  Year’ 

And^Sche  Rental Due  at  the  End  of  the  tbird  Year' 
^11  the  Rerit.6^  f  Due  at  Enc^  oE  f°urth  Year* 

the  Rent^^  ^ue  at  tEe  En(*  r^e  fifth  Year. 

And  fo  on  for  any  Number  of  Years.  Hence  it  is  evident,  that 
K  f  2  Ru  +  3 Ru  4~  aRu  +  su  *=£  A  the  Sum  of  all  the  Rents  and 
their  Intereft,  being  for born  5  Years. 


From 
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From  whence  it  follows,  that  iRu-]^  3Ru-\~  4R11— .A —  tu. • 

Here  t =y.  Divide  by  u,  Then  R  +  2K  +  3R  +  4R=^— — 

Next  to  find  the  Sum  of  this  Progreffion  (See  Page  185.)  Thus 

Let  R  +  zR  -j- 3K  +  4K&c.=:  z.  Then  1  +  2+  3  +  4&C.  = — ~r 

Here  the  Sum  of  the  firft  and  laft  Terms  are  4  1  =  5  =  t 

And  the  Numbers  of  all  the  Terms  is  4  =  * —  1.  Therefore 

—  =  the  Sum  of  all  the  Terms.  That  is, 

Hence  nK~~tR  _  ^  Confequently  =  —  ~~tu 

1  ...  2  U 
Now  from  this  Equation  it  will  be  eafy  to  deduce  the  following 
Theorems. 


Theorem  ,.^=±R1±™  =  A.  0e  S™ 
neorem  z-\rfC~R  4 —t  =  u-  Thmem  3- 


—  xR:  +  t  U  —  A 
1 


Let  - - i  —  x.  Thenr  =  \h  ~~~  -j-  —  :  — Theorem  4. 

K  1  Ru  4  3 

^Dtteflton  1.  i/  230I.  Yearly  Rent  {or  ‘-Penfion^  &c.) 
forborn  or  unpaid  Seven  Years ;  bVbat  will  tt  amount  to 
in  that  Time ,  6  per  Cent,  for  each  Payment  as  it  be¬ 

comes  due ?• 

Here  is  given  «  =  250  .  t  =  7.  And  R  =  o,o6  To  find  A.  Per 
Theor.  1.  Firfl  250  x  7  =  1750  =  tu .  1750  x  7=  12250=^ 
Again  1225-0  —  1750  =  10500  =  ttu  —  tu-  And  X  0,06  =;  3 1  y 

Lafily  315:  -f-  1750  =;  2065  =  Viz.  2065/.  the  Anjveer  required. 


But  if  the  Annuity,  Rent  or  Penfion,  is  to  be  paid  by  Quar¬ 
terly  or  Half-yearly  Payments,  &Y. 

Then  ■e,fi£  =0,03  =  R  for  Half-yearly  Payments. 

And  =  0,015-  =  R  for  Quarterly  ;  Or  0,045  ^  R  for  Three- 
quarterly  Payments.  Example  of  Half-yearly  Payments. 

Suppofe  iso  l.  per  Annum,  to  be  paid  by  Half-yearly  Payments, 
were  in  Arrears  or  unpaid  for  feven  Years ;  What  would  itamount 
to  allowing  6 per  Cent. per  Annum  for  each  Payment  as  it  became  due. 

In  this  Example  there  is  given  u  =  12  5  = 2  k°  t  —  14  the  Num¬ 
ber  of  Payments;  And  R  =  0,03  =  2^.  Thence  to  find  A. 


Fir#  I25  X  14  =:  1750  — *  tu  .  ij  50  X  14=  24500  =  ttu. 

Again  24500  —  1750  =  22750  ~ttu-—tu.  Then  a2i30  =  11375 

K  k  And 
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And  1 1 375  x  0,03  =  34i?ij  Laftly  341,25  +  1750  =  2091,25, 
that  is,  A  =  2091 1.  5  j.  the  Anfwer  required. 

N.  B.  Hence  it  may  be  oblerved,  that  Half-yearly  Payments 
are  more  advantageous  than  Yearly: 

For  2091 1.  $  s.  >  20 65/.  by  26 1.  5  s.  Confequently,  Quarterly 
Payments  are  more  advantageous  than  Half-yearly  Payments. 

fiQltcfUon  2.  JVhat  yearly  Rent ,  Penfion,  &c.  being  for - 
lorn  or  unpaid  /even  Tears ,  will  raife  a  Stock  of  20651.  al¬ 
lowing  6  per  Gent,  per  Annum  for  each  Payment  as  it  be¬ 
comes  due  ? 

Here  is  given  A  =  20 6$  .  t  =  7  And  R  =  0,0 6*  To  find  ul 
Per  theorem  2. 

Firft  7  x  0,06  =2  0,42  =  t  R,  and  0,42  X  7  =  2,94  s=s  ttR . 

Then  ttR  tR  =  2,52 

Laftly  ttR  —  fR  +  2t  =  16,52)  4130  =  2^  (250  5=  «. 

That  is,  2  jo  /.  per  Annum,  See.  will  raife  2065;  /.  the  Stock  required, 

£Dttt£Ucn  3.  J;;  what  Time  will  2 50 1.  yearly  Rent ,  ra//* 
<2  SW&  of  2065 1.  allowing  6  per  Gent.  &c.  for  the  Forbear¬ 
ance  of  the  Payments  as  they  become  due  ? 

Here  is  given  u  s=s  250.  A  =^206$  And  R  s=;  0,06  To  find  t.  Pet 
Theorem  4.  Firft 

—•  =  ^§3-  =  33,3333  And  33,3333  —  1  =  3^,3333  —  I 

Then  16.16666  &c,  =  £  *,  261,3605  &:c.  =  £  xx. 

Again  4if-°  =  275,333  =2 A  Ru  And  275,3333  +  261,3605 

2#  * 

=  $16,691%  —  — — |-  £  **.  Then  536,6938=:  23,1666. 

Ru 

Laftly  23,1666 —  i6,T666  =  7  =  t  the  Time  required. 

^DtlEftiOU  4*  y  2 50 1.  yearly  Rent^  being  forlorn  feven 
Tears ,  will  amount  to  2065 1.  allowing  Simple  Inter ejt  for 
every  Payment  as  it  becomes  due}  what  mufi  the  Rate  of 
the  Inter  eft  be  per  Cent.  &c. 

Here  is  given  u  =  250.  A  =  2065.  And  *  =  7.  To  find  R  ■ 
Per  Theorem  3. 

Thus  ^  l22?°  •  4130=  2/4 

c — —  175°  •  3500=  zta 

ttu - =10500)  630=  2/4—  2f«  (0,06  =  R 

Then  1  :  0,06  : :  100  :  6  the  Rate  required. 
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Section  3.  The  |0£tfetlt  Worth  of  vMmuitiCS  or  '-T’etifiotis, 
&c.  computed  at  Simple  Inter  eft. 

The  Bufinefs  of  Purchafing  Annuities,  or  taking  of  Leafes, 
for  any  afligned  Time,  depends  upon  the  true  Equating  pf  the 
Principal  or  Money  laid  out  on  the  Purchafe,  with  the  Annuity 
or  yearly  Rent,  by  allowing  (or  difcompting)  the  fame  Rate  of 
Intereft  to  both  Parties.  Which  may  be  eafily  perform'd  by  du¬ 
ly  applying  the  refpeftive  Theorems  of  the  two  la (l Sections  together. 
As  will  fully  appear  by  the  following  Queftion. 

^Utftton  I.  What  is  75 1.  Tearly  Rent ,  to  continue 
nine  Tears ,  worth  in  ready  Money ,  at  6  per  Gent,  per 
Annum  Simple  Intereft  ? 

1.  Qer  Theorem  1.  of  the  laffc  SeStion ,  find  what  the 
propofed  Yearly  Rent  would  amount  to,  if  it  wrere 
lorborn  5)  Years  at  6  per  Cent. 

Thus  u  =  7?  •  t  9‘  And  K  =  o,c£  Qiiere  A. 
ttu  —  607$  Then*)  5400  (*7oo?Muli, 

tu.~  6 7$  R~  0,0 6  S 


837 


««  —  tu^S^oo  ,  itz, 

d -tu  —  67$. _ 

2.  Then  by  Theorem  2.  SeHion  1.  find  what  Principal,  being  put  to 
Intereft  for  the  fame  Time,  and  at  the  fame  Rate,  will  amount 
to  837  l  =  A . 

Thus  tR  =  0,5:4  =  9  X  0,0 6 .  tR  1  =  I-JH)  83 7  (f43,fo^4  P 
That  is,  ?  =  ^43  /.  ioj.  1  id-  Which  is  the  Worth  of  7$  /.  a  Year, 
as  was  required. 

From  the  Work  of  thefe  two  Operations,  (duly  confider’d)  it 

nrmft  needs  be  eafy  to  conceive,  how  the  two  Theorems  by  which 

they  were  perform’d,  may  be  combined  into  one. 

_  '  ttRu  —  tRu  d~  2 tu  .  .  _  ,  __  . 

Fori.-- - - =  A.  And  2.  PtR-\- P  A. 

2 

Confequently  PtR  +  P  =  —  And  from  this  Aqua- 

2* 

tion  may  be  deduced  the  following  Theorems . 

w  SttRu  • — tRtf  +  2m  „  _  «R  —  tR-\~zt  .■  w  n 

Theorem  I.  ^ - . — ! - =  p.  Or - —  -  :  X  u  =  P 

£  2*R  -f*  2  ,  2tR*d~2' 

By  this  Theorem  all  Queftions  of  the  fame  kind  with  the  laft  (wi¬ 
thal  above  may  be  eafily  and  readily  anfweredat  one  Operation. 

JC  k  %  Theorem 
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r 


Theorem  i 


S  zPtR  “1 -  iP  _  tR  -f-  r 

•  < - - =  m.  Or— - — - — 

CttR  —  tR+  zt  —  *R*-p  it 

.  y  2.P  —  2t^ 

Theorem  3.  *>~ - —  =  K 

Cl 


Let 


ttU — 'til —  iPt 

i? 


:xiP  =  «. 


zP 


R 


—  I  =  x.  Then  will  tt  Tx*  2=3  — 
a  Ru 


Which  gives  this  Theorem  4*^  +  ~  :  +  —  =  t 

By  the  fecond  and  third  Theorems ,  two  very  ufeful  Quefliommay 
be  eafily  anfwer’d. 

1.  As  for  Infiance  :  If  it  he  required  to  find  what  An¬ 
nuity  ,  or  yearly  Rent ,  &c.  may  he  pur  chafed,  for  any  pro - 
pofed  Sum ,  to  continue  any  ajfignedT ime ,  allowing  any  Rate 
of  Inter  eft. 

This  Queftion  may  be  anfwered  by  Theorem  2. 

2.  Again  :  If  it  he  required  to  find  how  long  any  yearly 
Rent , c. Venfion,or  Annuity ,  &c.  may  he  pur  chafed  (or  en¬ 
joy'd)  for  any  propofed  Sum ,  any  given  Rate  of  Inter efi* 

All  Queltions  of  this  Kind  are  ealily  anfwered  per 
Theorem  4. 

In  thefe  Oueftions  it  is  fuppofed,  that  the  Purchafer  or  yearly 
Rent,  is  to  commence  or  be  immediately  enter’d  upon.  But  if 
it  be  required  to  find  the  Value  or  Purchafe  of  any  Annuity  or 
yearly  Rent,  isfc.  in  Reverfion  ;  That  is,  when  it  is  not  to  be 
enter’d  upon  until  after  feme  Time,  or  Number  of  Years  are  paft  ; 
then  you  mull  firfi;  find,  what  the  Sum  propos’d  to  be  laid  out  in 
the  Purchafe,  would  amount  to,  if  it  were  put  to  Intereft.  during 
the  Time  the  Annuity,  &c.  is  not  to  be  in  prelent  Poffeffion  ;  and 
make  that  Amount  the  Sum  for  the  Purchafe  proceeding  with  it  as 
in  either  of  the  two  laff  Quefiions,  &c. 

Note,  From  the  firfi  Quefiion  of  this  Section  it  will  he 
eaCy  to  conceive  how  to  perform  the  ^Equation  of  CT ayments, 
between  Debtor  and  Creditor,  at  any  Rate  of  Inter  eft,  with¬ 
out  doing  any  Damage  to  either  c Party . 

That  is  when  feveral  Sums  of  Money  are  to  be  paid,  at  feveral 
different  Times,  to  find  the  Time  when  all  the  Payments  may  be 
t-uly  dilcharged  at  once:  As  if  one  Sum  were  to  be  paid  at  the  End 
of  two  Months,  another  at  lix  Months,  and  perhaps  a  third  Sum  at 
e:sht  Months  End.  And  it  w'ere  requir’d  to  find  the  Timewhen 
all  thofe  Sums  may  be  truly  dilcharged  at  one  Payment  without 
Lofs,  &c.  '  ,  CHAP. 
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CHAP.  XII. 

Of  CompounD  Intereft,  and  annuities,  &c. 


Compound  Tntereft  is  that  which  arifes  from  any  Principal  and  its 
Intereft  put  together,  as  the  Intereft  ftill  becomes  due;  lb  that  at 
every  Payment,  or  at  the  Time  when  the  Payments  became  due, 
there  is  created  a  new  Principal ;  And  for  that  Reafon  it  is  called 
Intereft  upon  Intereft,  or  Compound  Intereft. 

As  for  Inftance;  Suppofe  tool,  were  lent  out  for  two  Years 
at  6  per  Cent. per  Annum,  Compound  Intereft  :  Then,  at  the  End  of 
the  firft  Year,  it  will  only  amount  to  106  l.  As  in  Simple  Intereft. 
But  for  the  fecond  Year  this  10 6 1.  becomes  Principal,  which  will 
amount  to  ml.  7 s.  2 \d.  at  the  fecond  Year's  End,  whereas  by 
Simple  Intereft  it  would  have  amounted  to  butii2/. 

And  altho’  it  be  not  lawful  to  let  out  Money  at  Compound  In¬ 
tereft;  yet  in  purchafing  of  Annuities  or  Penfions,^.  And  taking 
Leafes  in  Reverfion,  it  is  very  ufual  to  allow  Compound  Intereft 
to  the  Purchafer  for  his  ready  Money;  and  therefore  it  is  very  re- 
quifite  to  underftand  it. 


Let  <A=z 


SeSfion  1.  Of  CotltpottUt)  Intereft . 

the  Principal  put  to  Tntereft. 
the  Time  of  its  Continuance, 
the  Amount  of  the  Principal  and  Tntereft.' 
the  Amount  of  1  /.  and  its  Intereft  for  1  Year,  at  any 
given  Rate,  which  may  be  thus  found. 


As  before. 


Viz.  loo  :  I06  :  :  1  :  i,o£  =  the  Amount  of  1  /.  at  6  per  Cent. 
Or  loo  :  107  .  :  1  :  1,07  =  the  Amount  of  1/.  at  7  per  Cent. 
and  fo  on  for  any  other  aftigned  Rate  of  Intereft. 


Then 


if  R  =3  the  Amount  of  1  A  for  one  Year,  at  any  Rate, 

RR  —  the  Amount  of  I  A  for  two  Years. 

RRR=z  the  Amount  of  1 1.  for  three  Years. 

R4  ==  the  Amount  of  iA  for  four  Years, 

Rs  =  the  Amount  of  1  A  for  five  Years.  Here  y 


For  1 :  R  : :  r  :  rr  : :  rr  :  rrr  : :  rrr  :  r4  : :  R4 :  R5  :  &rc.  in 


That  is 


As  one  Pound  :  is  to  the  Amount  of  one  Pound  at  one 
Year  s  End  :  :  So  is  that  Amount  :  To  the  Amount  of 
one  Pound  at  two  Year's  End,  <Fc. 


Whence 
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Whence  it  is  plain,  that  Compound  Intereft  is  grounded  upon 
a  Series  of  Terms  increafing  in  Geometrical  Proportion  conti¬ 
nued;  wherein  t  (viz,,  the  Number  of  Years)  does  aflign  the  Index 
of  the  laft  and  higheft  Term. 

Viz.  the  Power  of  R,  which  is  Rt. 

Again,  As  i  :  Rt  : :  P  :  PRt  t=s  A  the  Amount  of  P  for  the 
Time,  that  Rt  =  the  Amount  of  i  /. 

C  As  one  Pound  :  is  to  the  Amount  of  one  Pound 
That  is  •sfor  any  given  Time  : :  So  is  any  propofed  Prin¬ 
cipal  (or  Sum) :  To  its  Amount  for  the  fame  Time . 

From  the  Premifes,  (I  prefume)  the  Reafon  of  the  following 
Theorems ,  may  be  very  eafily  underftood. 

Theorem  I.  PRt  =  A  As  above. 

Frome  hence  the  two  following  Theorems  are  eafily  deduced. 

=  P.  Theorem  3.  =?  Rt» 

By  thefe  three  Theorems ,  all  Queftions  about  Compound  Inte- 
refts  may  be  truly  relolved  by  the  Pen  only,  viz •  without  Tables; 
Tho’  not  fo  readily  as  by  the  Help  of  Tables  calculated  on  Pur- 
pofe.  As  will  appear  farther  on. 

dttacllion  i*  Hrbat  vo ill  256 1.  i os.  Amount  to  in  feven 
Tearsy  at  6  per  Cent,  per  Annum.  Compound  Inter  eft  ? 

Here  is  given  P  =  116  5 .  t  =  7  .  and  R  =:  1,06  which  being  in¬ 
volved  until  its  Index  (viz.  7)  will  become  R7  1.50363 
Then  1,50363  X  256  5  ^  385,6811  z=zA~^=z  385  /.  13?.  7  ^d,  which 
is  the  Anfwer  required. 

dQtuQiOtl  2.  What  Principal  or  Sum  of  Money  muJI  be 
put  (or  let)  out  to  raife  a  Stock,  of  38  5 1.  13  s.  73d.  in  feven 
TearSy  at  6  per  Cent,  per  Annum  Compound  Inter  eft? 

Here  is  given  A  =3  383,6811  £  —  2 ,c6  and  *”7  To  find  P.  by 
Theorem  1. 

Thus  Rt  =  1.50363)  385,68112=;/?  '256,3  P. 

That  is,  P  2=2  255  /.  ios.  which  is  the  Principal  or  Sum  as  was  re¬ 
quired. 

jinuttton 
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^DuetUcm  3.  In  what  Time  will  256I. 10  s.  a  Stock 
cf  (or  amount  to)  385 1.  13  s.  y^d.  allowing  6  per  Cent, 
per  Annum  Compound  Inter ejl  ? 

9 

Here  is  given  256,5  ^=385,5 81 1  K=iJo^  To  find  *  by  the 

third  Theorem  %  Rt  z=~s*Si*~»«  =a  I, *0363, 
c  p  as«J>s 

which  being  continually  divided  by  R  =  1,0 6  until  nothing  remain^ 
the  Number  of  thofe  Divifions  will  be  c=  7  =  r. 

Thus  1,05)  1,50353  (1,41852  And  1,05)  1^41852  (1,33822? 
Again  i,o5)  1,338225  (1,252477.  And  fo  on  until  it  become 
i,o5)  i,o5  (1.  which  will  be  at  the  feventh  Divifion.  Therefore 
it  will  be  t  =:  7  the  Number  of  Years  required  by  the  Queftfon. 

fiDtteflion  4.  1/256  1.  10  s.  will  amount  to  ( orraifea 
Stock  of)  385 1.  13  s.  7^d.  in  /even  Tears  Time ;  What  muft 
the  Kate  of  Inter  ejl  be ?  per  Cent,  per  Annum. 

Here  is  given  P=  255,5,  Az=>  385*5811  and  t  =  7  Quere  R. 

by  Theorem  3.  —^=,Rt  =j  1.50353.  As  before  in  the  laft  Queftioni 

And  if  Rt  =  R7  s=s  1,50355  Then  R  s=5  ’y'  1,50353  which  may 
be  thus  extracted. 


Put 
I  ©  7 
2— r7 

3 -r* yrs 

4 


3 

4 


r  d~  e  ~  R  Then 

r 7  d*  7J',£5e  d  2irsee  =  R7  ^  1,50353  i=sCr 

7r5e  d  ilr5ee  G— - 7 

i*  C? —  rT  _ 

re  d  - : — =  x? 


D 


7r 


r  d  3e 


Let  r  =:  1  Then  Z?  ss  0,0719 


•  • 

Operation  r  =  l;oo)  0,0719  (0,0 5  =  e 
d  3e  ^  ,18  708 

Vivifor  1,18  (11)  to  be  rejected. 

Firfi:  r  —  1,00?  __ 
d  e=  o,o5Y  " 


I,o5=  R 


Then  I  :  o*o5  : :  loo  :  5  The  Rate  per  Cent .  required. 

The  firfl:  three  Queftions  may  be  much  more  eafily  perform’d 
by  the  following  Table,  which  is  only  the  Amounts  of  one  Pound 
for  Thirty  Nine  Years. 

That 
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That  is,  of  R.  RR.  RRR.  K4.  R* .  andfo  on  to  R3S>. 


3 

£4 

«-»■» 

II 

** 

The  Amounts 
of  1 1.  at  6  per 
Cent .  &c.  Com¬ 
pound  Intereft. 

1  & 

1 

II 

*■4 

jThe  Amounts 
of  1 1.  at  6  per 
Cent .  &c.  Com¬ 
pound  Intereft. 

£ 

«-** 

II 

tH- 

The  Amounts 
of  1 1.  at  6  per 
Cent.  &c.  Com¬ 
pound  Intereft. 

I 

I,c  6=R 

14 

2,2609039557 

27 

4,8223459407 

2 

1,1236  KK 

IT 

2,3965581931 

28 

5,1116866971 

3 

1,1 910I6  =R3 

16 

2,5403516847 

19 

5,4183878990 

4 

1,26247696 

17 

2,6927727857 

30 

5,7434911729 

1,3382255776 

18 

*'8543391529 

31 

6,088 1006432 

6 

1,4185191122 

19 

3>o*55995°*I 

31 

6,4533866818 

7 

1,5036302590 

20 

3,2071354721 

33 

6,8405898828 

8 

1,593848074^ 

21 

T399T636005 

34 

7,2510252757 

9 

1,6894789590 

22 

3,6035374166 

35 

7,6860867923 

Io 

1.7908476965 

23 

3,8197496616 

36 

8,1472519998 

II 

1,898298  5583 

24 

4,0489346413 

37 

8,6360871198 

I  z 

2,012196471  8 

25 

4,2918707197 

38 

9,1542523470 

r3 

2,1 32928  2601 

26 

4,5493829629 

39 

9,2  03507*878 

The  Title  of  this  Table  ihews  its  Conftru&ion,  and  its  life 
will  eafily  appear  by  an  Example  or  two. 


Example  i.  What  will  375 1.  10  s.  amount  to  in  nine  Tears 
at  6  per  Cent,  per  Annum,  &c. 

The  Tabular  Number  againft  9  Years  is  r, 689479  which  being* 
multiplied  with  the  Principal  37 5,9  will  produce  634,3993  &c. 
viz,.  6 34/.  8  s.  fere ,  being  the  Amount  or  Anfwer  required. 

Example  2.  What  \ Principal  (or  Sum )  rnujl  he  put  to  In¬ 
ter  eft  to  raife  a  Stock  of  634 1.  8  s.  in  nine  Tears  Time ,  at 
6  per  Cent,  per  Annum,  &c. 

If  the  propofed  Stock,  (viz.  634  4)  be  divided  by  the  Tabular 
Number  that  is  againft  the  given  Number  of  Years,  (viz.  9.)  the 
Quotient  will  be  the  Principal  (or  Sum)  requir’d.  Viz-  againft  9  is 

I  689474) 

Then  1  689479^  624,4  ($75,5  =  575  /-  ioj.  the  Principal  (or 
Sum)  as  was  required. 

Example  3.  In  what  Time  will  373I.  10  s.  raife  a  Stock 
of  (or  amount  to)  634 1.  8  s.  at  6  per  Cent.  &c. 

Divide 
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Divide  the  propofed  Stock  (viz-  634,4)  by  the  given  Principal 
(viz-  375,^)  and  the  Quotient  will  fhew  the  Tabular  Number  that 
ftands  over-againft  the  Time  fought. 

Thus  3 75,5)  634,4  (1,689479  See.  this  Number  being  fought  in 
the  Table,  will  be  found  to  Hand  againft  9  Years,  which  is  the  Time 
required. 

But  if  the  Quotient  cannot  be  truly  found  in  the  Table  of 
Amounts  for  Years,  as  above;  Then  take  out  of  that  Table  the 
neareft  Number  that  is  lefs,  and  make  it  a  Divifor,  by  which  you 
muft  divide  the firft  Quotient ;  And  then  feekthe  fecond  Quotient 
in  the  Table  of  Amounts  for  Days,  (which  isinferted  a  little  fur¬ 
ther  on)  and  it  will  aflign  the  Number  of  Days.  As  in  this 

Example* 

In  what  Itme  will  563 1.  .Amount  to  860 1.  at  6  per 
Cent,  per  Annum,  Compound  Interejl  ? 

Anfwer .  In  7  Years  and  pp  Days. 

Thus  763)  860  (1,52753  which  {hews  the  Time  to  be  more  (or 
above)  feven  Years;  For  over-gainft  7  Years  is  1,50363  which  being 
made  the  new  Divifor  : 

Viz •  1,50363)  1,52753  (1,01589,  (stc.  this  Number  is  the  neareft 
Amount  to  99  Days. 

'  T  >  1  -*  ’  f'  ■  r'  ■  •  ...  I  *  f~T 

Note,  If  the  Stock ,  ^Principal ,  and  Time  be  given  3  the 
Kate  of  Interejl  will  be  bejl  found  by  extrafiing  the  Rooty 
&c.  As  before  in  the  fourth  Qaeflion. 

The  next  Thing  that  I  {hall  here  propofe,  is  to  make  this  Table 
(which  is  only  calculated  for  the  Rate  of  6  pgr  Cent.)  ilniverfally 
ufeful  for  all  Rates  of  Compound  Intereft.  which  I  t pay  prefume 
to  fay,  is  a  new  Improvement  of  my  own  being  well  fatisfied  it 
never  was  published  before;  and  not  only  fo,  but  I  have  heard 
feveral  very  good  Artifts  affirm  it  was  impoiTible  to  be  done. 

The  Method  of  performing  it  is  briefly  thus,  Let  the  Dif¬ 
ference  between  i,o6  =  Rthe  Amount  of  1 /.  for  one  Year  (in  the 
Table)  and  anv  other  propofed  Amount  of  1 /.  for  one  Year; 
which, admits  of  two  Cafes. 

Cafe  1.  If  the  propofed  Rate  be  Greater  than  1,06  =  R, 
then  will  R  x  =  the  true  Amount  of  1 1 .  for  one  Year 
at  that  Rate. 


^ligrebta. 


25 
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Cafe  2.  But  if  the  propofed  Rate  be  Lefs  than  iyo6—R> 
then  it  will  be  R  —  x  =  the  Amount  of  i  /.  &c. 

Mfllre  I  h .  t «  •  2  «  C .  £  *—  3  d  •  t  4  ■/  &C. 

£  =g .  fcg  =  m.  ^dtn  = » .  -f/n  =  S  &c. 

Then  will  Rt + tKbx  +  gRcxx  f  mRdxxx  &c.  =3  the  Amount  of 
I/,  at  the  given  Rate,  for  any  Time  denoted  by  t.  In  Cafe  i. 

And  Rf  —  tRbx^gKcxx  —  mRdxxx  &c.=  the  Amount  of  i  /.  in 
Cafe  2. 

Which  is  no  more  but  this,  LetR  +  #  Or  R  — \x  (which  foever 
it  is)  be  involved  (as  dire&ed  in  Sect-  5.  Chap.  2.)  to  the  fame  Power 
or  Height  as  the  Index  t  the  given  Time  in  the  Queftion  denotes: 
reje&ing  all  the  Powers  of  x  above  xxx  Or xxxx  at  moft,  as  ufelefs. 

Then  multiply  that  Power  of  R  +  *  Or  R —  x  into  the  given 
Principal,  and  their  Product  will  be  the  Amount  required. 

An  Example  or  two  in  each  Cafe  will  render  all  ealy. 

Example  1.  Suppo/e  it  were  required  to  find  what  256 1. 
would  amount  to  in  fifteen  Years ,  at  8 1.  per  Cent,  per  An¬ 
num,  Compound  Inter eft?  Here  t  =  15. 

Firft  loo  :  108  :  :  1  :  1,08  the  Amount  of  1  /.  at  8 per  Cent. 

Next  1,08  — 1,06  sc  0,02  =  *.  And  R  +  x  =s  i,o8  As  in  Cafe  1. 

ThenRIS-f-  1  $Rt4x  +  105  RI3xx  +  4 55  Rllxxx&: c.  =  the 
Amount  of  1  /.  for  1  5  Years,  at  8  per  Cent . 

r  '  '  \  v  ■*  ••  ■ 

Here  #=:o,o2  .  xx s=s 0,0004  •  and  xxx'zz  ^000008 

By  the  TableK13  sc  2,3965:58 
X  1.5  RT4#=: 2,260904 X  15  X  ,02  sc  0,678271 

And<lo5  R^xxzz  2,132928  X  105  X, 0004  sc  0,089583 

C45I  R,'zxxx=z  2,012196  X  455  X  ,000008  :  ==0,007324 

ft 

*>  (  * 1  '  1  * 

Sum  =  3>I7I744 

Then  3,171744 x  256SC  811,966464  ~  A 
That  is,  8 1 1  /.  19  s.  4 d.  fere  Which  is  the  Anfwer  as  was  required. 

Example  2.  JVhat  will  365 1.  amount  to  in  feveti  Years y 
at  Four  and  a  half  per  Cent.  &c. 

lurft  ioo  :  1,045  *•  l  •  1,045  the  Amount  of  it.  at  per  Cent. 


Next 
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Next  1,06 — 1,045=0,015=*-  Confequently  R — *=1,045  as 
in  Cafe  2. 

Then  R7  —  7R5*  +  21  R5**— *  35  R4***  &c.  =  the  Amount  of 
1 /.  for  7  Years,  at  4^  per  Cent . 

Here  *  =  ,015.  **=,000225.  and  ***  =  ,000003375 

By  the  Table  R7  =  + 1,503630 
C  —  7R6*  =  —  0,148944 
And<  -}-2iR5**  =“1-0,00(5323 
C  —  35R4***= — 0,000141 
R7  ■*-7R^*-}-2lRs**  —  35R4***=  1,360868 

Then  1,360868  X  3 65  =  496,71682  =>4. 

That  is  496  /.  14  s.  3|d.  is  the  Anfwer  required. 

If  the  Reafonof  thefe  two  Operations  be  but  well  underftood,’ 
it  will  be  veryeafy  to  conceive  how  to  find  P,  the  Principal,  by 
having  A ,  t ,  and  *  given  (becaufe  R  and  its  Powers  are  always 
given  by  the  Table.) 

For  Rf  +  tKbx  +  gR'xx  +  niRdxxx  X  P  =  A  (as  above.) 

A 

Ther  for  ^  -|-  ^R^y  zRcxx  +  mK^xxx  ^ 

Or  if  A,  P,  and  t  be  given,  *  may  be  found. 

A 

For  R*  +  tRhx  *\+%JELcxx  +  mRdxxx  =  —  This  Equation  being 

folved,  (as  in  Chap :  10.)  the  Value  of  *  will  be  found;  and  then 
either  R  +  *,  Or  R  —  *  will  Ihew  the  Rate  of  Intereft,  &c. 

But  I  (hall  leave  the  Numerical  Operations  to  the  Learner’s 
Practice,  fuppofing  enough  done  to  fliew  how  all  Queftions  of 
this  kind  that  are  limited  by  whole  Years,  may  be  computed. 

And  if  the  Time  given  or  fought  be  not  terminated  by  whole 
Years,  but  by  Weeks,  Months,  Quarters  or  Half-Years,  &c.  for 
refolving  fuch  Queftions,  the  heft  Way  will  be  to  reduce  thofe 
Parts  of  a  Year  into  Days;  that  done,  find  an  anfwer  according 
to  the  Demand  of  the  Queftion  (and  agreeing  to  1  /.as before)  for 
thofe  Number  of  Days;  and  in  order  to  that,  it  will  be  requifite 
to  find  the  Amount  of  1  /.  for  one  Day,  (as  in  my  Compendium} 
of  Algebra,  Page  Ho)  which  I  fhall  here  infert. 

Put  a  =  the  Amount  fought,  then  it  will  be 

v  j,  >  •  ,  ,,  J  (  1  .  .  ' 

I  :  a  : :  4  :  aa  : :  aa  ;  aaa  : :  aaa  :  aaaa  rf  to  43<fs; 

'  1 1  5  Xhaf 


3lij9rebra. 
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f  As  one  Qound  *•  Is  to  its  Amount  for  one  Day 
^  .  j  : :  So  is  that  Amount :  To  the  Amount  of  two 

1  hat  is  S  Days  \ *.  And  fo  is  that  of  two  Days :  To  that  of 
• three  Days .  And fo  on  in  ~r  to  365  Days . 

Then  the  laft  of  the  Terms  will  be  cl 3  55  1=3  1,06 


Put 
1  ©■  365 
2,  in  Numb. 

3  ~  T 

4  —H  66430 


1 

2 

3 

4 

5 


r  e  =  rf.  And  let  r  ==  I 
y3  55  365  r3  44  ?  -)-,6643o  r3  53??  =43  55  ==;  l,or 

I  365?  +  66430??  =  1,06 
3<^ 5 e  -|- 66430c?  =  0,06 
,00549?’-)-??  t=s  0,0000009032  =:  D 

D 

e 


,00 


549  +  * 


•  •  •  •  • 

Operation  ,00549)  0,0000009032  (,oooI6t=ie 
+  e  =  ,00016)  .  55 


I  .Vivifor  .0055' 
Vivifor  ,00565 


353*  Eirft  r  =  I 

3390  +  ?  =;  0,00016 


lo 


y-|-e  =  1,00016 

New  r  =  1,00016  for  a  fecond  Operation.  Then 

7  1,0601 340 1407  +  386,887?  +  70402,  £72&s=:l,otf 

Hence  it  appears  that  r  —  et=za 

8  1,06013401407  —  386,887?  -J-  70402,172??  zx 
1,06 

9  386,887?  — «  70402,172??  —  0,00013401407 
Io  ,  0054953? —  ??=  ,0000000019035' 503 

_  ,0000000019035  5:03 


2,  in  Numb. 

Therefore 

8  ± 

9  -H 


11 


,0054^53  —  e 


Operation  ,0054953)  ,0000000019035503  (,0000003  =  ? 


• — ?  =  ,0000003 


Vivifor  ,0054950 

[  Laft  y  =  1,00016" 

—  e  =  0,000000  3  4^4 


I64850 

_ ' 

255050  (,0000000464 

2I9800 


351503 

329700 


r*—e  — ,a  =1,0001 596  j  36 


228030 

219800 


Which  being  farther  purfued  to  a  third  Cp  ration,'  it  will  be 

<€=  1,000159653587453  &c.  - 

This 
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This  Value  of  a  is  the  Amount  of  1  /.  for  one  Day  from  which, 
if  1  /.  be  fubtraded,  the  Remainder  =  ,000159653587  Sec.  will  ba 
4the  Intereftof  1  /.  for  one  Day.  Confequently,  if  any  propofed 
Principal  be  multiplied  into  either  of  thefe,  the  refpedive  Pro- 
dud:  will  be  the  Amount  or  Interefl:  of  that  Principal  for  one  Day, 
at  6  per  Cent.  See. 

And  that  the  Amount  (or  Intereft)  of  any  Principal  or  Sunt 
may  be  eafily  computed  for  any  Number  ofDayslefs  than  a  Year; 
I  have  here  inferted  the  following  Table,  which  with  a  great  deal 
of  Care  (and  I  believe  exadnefs)  is  calculated  from  the  laft  found 
(1,000159653587453)  Amount  of  1  /.  for  one  Day.  To  which  al¬ 
io  is  annexed  a  Table  of  the  Amounts  of  1  /.  for  Months. 


0 

Amounts  of 

O 

Amounts  of 

a 

Amounts  of 

en 

1  /•  Sec . 

1  /.  Sec. 

1  /.  &c. 

1 

1,0001596536 

26 

1,0041592879 

51 

1,0081749166 

1 

1,0003193326 

27 

1,004319^055 

S2 

1,0083358753 

3 

1,0004790372 

28 

1,0044799487 

53 

1,0084968597 

4 

1,0006387673 

29 

1,0046403175 

54 

1,0086578699 

5 

1,0007985229 

3° 

1,0048007120 

55 

1,0088189057 

6 

1,0009583039 

31 

1,00496 11320 

5^ 

1,0089799673 

7 

1,0011181105 

32 

1,005121577  6 

57 

1,0091410545 

8 

1,0012779426 

33 

1,0052820488 

58 

1,0093021675 

9 

1,0014378002 

34 

1,0054425457 

59 

1,0094633062 

Io 

I, Crol  5976834 

35 

1,0056030682 

60 

1,0096244707 

11 

1,0017575920 

3^ 

1,0057636164 

.  61 

1,0097856608 

Iz 

1,0019175262 

37 

1,0059241901 

62 

1,0099468767 

13 

1,0020774859 

38 

1,0060847895 

*3 

1,0101081184 

14 

1,0022374712 

39 

1*0062454146 

64 

1,0102693858 

is 

1,0023974820 

40 

1,00640606  5  3 

65 

1,0104306789 

16 

1,0025575184 

41 

1,0065667416 

66 

1,0105919978 

17 

1,0027175803 

42 

1,0067284436 

67 

1,0107533424 

18 

1,0028776677 

43 

I.00688817I2 

68 

1,0109147128 

1 9 

I.OO30377808 

44 

1,0070489245 

69 

l,oi I076I090 

zo 

1,0031979193 

45 

I.0072097035 

70 

I.ol  12375309 

21 

I.OO33580850 

46 

1,0073705082 

71 

1,0113989786 

22 

T,O035l82732 

47 

1,0075313385 

72 

1,01 I560452I 

23 

1,0036784885 

48 

r,  0076921945 

73 

1,0117219513 

24 

1,0038387294 

4  9 

1,0078530762 

74 

1,0118834764 

25 

1,0039989958 

SO 

1,0080139835 

75 

1,0120450272 

Day 
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a 

Amounts  of 

a 

Amounts  of 

O 

fVi 

Amounts  of 

1  /.  &:c. 

C/2 

1  /.  &c. 

1  /.  &c. 

76 

1,0122066058 

1 16 

1,018690865  5 

156 

1,0252166658 

77 

1,0123682062 

117 

1,0188535031 

*  57 

1,0253803453 

78 

1,0125298544 

138 

1,0190161667 

I58 

1,0255440509 

79 

1,0126914885 

119 

1,0191788563 

I59 

1,0257077827 

80 

1,0128531685 

1 2  0 

1,0193415719 

I60 

1,025871 5406 

81 

1,0130148739 

1 2 1 

1,0195043134 

161 

1,0260353247 

82 

1,0131766054 

[4  ^ 

*  ^  4^ 

1,0196670809 

I62 

1,0261991349 

83 

1.0133583627 

I23 

1,0198298745 

I63 

1,026362971 3 

84 

1,0135001458 

124 

1,01999*^934 

-64 

1,0265268338 

§5 

1,0136619547 

125 

1,0201555389 

I65 

1,0266907225 

86 

1,0138237895 

126 

1,0203184110 

166 

1,0268546374 

87 

l,oI  39856501 

127 

1,0204813084 

I67 

1,0270185784 

88 

1,0141475365 

128 

1,0206442319 

168 

1,0271825456 

89 

1,0143094488 

I29 

1,0208071814 

169 

1,0273465389 

90 

I,ol447?3869 

130 

1,0209701569 

I70 

1,0275105585 

91 

1,0146333511 

*31 

1,0211331585 

I7I 

1,0276746046 

9i 

1,0147953408 

A  \ 

1,0212961861 

I72 

1,0278336764 

93 

>',0149573565 

*33 

1,0214592397 

*73 

1,0280027746 

9  4 

1,0151193981 

134 

1,02X6223193 

I74 

1,0281668989 

95 

I,oI 52814655 

135 

1,0217854250 

175 

1,0283310494 

$6 

1,0154455589 

*3$ 

1,0219485567 

I76 

1,0284952262 

97 

I,oI  5605678 1 

*37 

1,0221117144 

I77 

1,0286594291 

9% 

1 .0157678232 

138 

1,0222748982 

I78 

1.0288236583 

99 

1,0159299941 

1 39 

1,022438108 I 

17  9 

1,0289879137 

loo 

I.0I6092I  9  J©* 

14© 

1,022601 3440 

180 

1,0291521953 

JOI 

1,0162544138 

I4I 

1 ,0227646060 

18  J 

1,029316503 1 

102. 

I.0I64I66624 

r  12 

1,0229278940 

182 

1,0294808372 

I03 

1,0165789370 

143 

1 ,0230912081 

w 

OO 

1,029645*975 

IO4 

1,016741 2375 

144 

1,0232545483 

184 

1,0298095841 

10? 

1 ,0 14590  35638 

145 

1,0234179146 

185 

1,0.299739969 

I06 

1,0170659161 

146 

1,023  5813069 

J  86 

1,0301384359 

107 

1,0172282944. 

1 47 

1,02374472.53 

187 

1,0303029012 

ro8 

1,0173906985 

1 48 

I  0239081699 

188 

1,0304673928 

109 

I  0175513286 

149 

1.02407 16405 

189 

1,0306319206 

ITO 

1.01771 55846 

150 

1.0242351372 

1 90 

1,0307964557 

I  II 

1,0178780665 

1 5 1 

1.024  3986600 

1 9 1 

1,0309610250 

III 

1,018040574.4 

152 

r  .0245622089 

1 92 

1,0311256216 

n3 

1,01 8  203 108  3 

*53 

1,0247257839 

193 

1,0312902445 

1 14 

1,0183656680 

154 

1,0248893851 

[94 

1,0314548937 

ill. 

1,0185282578 

155 

1,0250530124 

1 

•A 

1,0316195692 

Days 
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u 

Amounts  of 

O 

Amounts  of 

O 

Amounts  of 

v> 

1  /.  &c. 

1  /.  &c. 

C/i 

1 1  &c. 

196 

1,0317842709 

236 

*>0383939484 

276 

1,0450459680 

197 

1,03194899530 

237 

*>03855973*8 

177 

1,0452128133 

198 

1,0321137534 

238 

1,0387255415 

278 

1,0453796853 

199 

1,0322785341 

139 

1,0388913778 

179 

1,0455446584 

zoo 

1,0324433410 

240 

1,0390572405 

280 

*>0457*35091 

zol 

1,0326081742 

241 

1,0392231298 

281 

1,0458804611 

zoz 

*>°32773°339 

242 

1,0393890454 

282 

■i  >04604743  97 

z’o3_ 

1,0329379198 

243 

1,0395549876 

283 

1,0461144449 

Z04 

1,0331028321 

244 

1,0397209563 

284 

1,0463814768 

ZOf 

1,0332677706 

245 

1,0398869515 

285 

1,046548^353 

106 

*>°3343i7355 

246 

1,0400529732 

286 

1,0467156206 

207 

*>°335977268 

247 

1,0402190214 

287 

1,046882732? 

208 

1,0337627444 

248 

1,0403850961 

288 

1. 0470498711 

109 

1,0339277883 

249 

1,0405511973 

289 

1,0471 170363 

zlo 

1,03409285  86 

250 

*>0407173250 

2.90 

*>0473841183 

ZII 

1>°341579551 

151 

1,0408834793 

291 

1,0475514469 

zlz 

1,0344230782 

I252 

1,0410496601 

292 

1,0477186923 

113 

1,0345882275 

253 

1,0412158674 

193 

1,0478859643 

ZI4 

1^347534033 

254 

1,0413821012 

294 

1,0480532631 

2I5 

1,0349186054 

i55 

1,0415483616 

195 

1,0482105885 

rl6 

1,0350838338 

256 

1,0417146485 

296 

1,0483879407 

111 

*>0351490887 

p-57. 

1,0418809620 

1 97 

*>0485553 *9^ 

zl8 

^0354143699 

!z58 

1,0420473021 

298 

1,0487227252 

1X9 

t>035  5796775 

259 

1,0422136687 

199 

1,0488901576 

zzo 

1,0357450115 

260 

1,0423800618 

300 

1,0490576166 

zzl 

1,0359103719 

261 

1,0425464815 

301 

1,0492251025 

zzi 

1,0360757587 

262 

1,0427129278 

302 

1,04939261 50 

223 

1,0362411719 

263 

1,0428794007 

303 

1,0495601543 

2  24 

1,03640  6, 6*1.1 6 

264 

1,0430459001 

304 

1,0497277204 

22? 

1,0365726776 

265 

1,0432124161 

305 

1.0498953 131 

226 

1,0367375701 

266 

1,0433789787 

306 

1,0500629327 

227 

1,0369030889 

267 

*>043545 5579 

307 

1,0502305790 

rz8 

1,0370686342 

268 

1,0437121637 

308 

l>°50398252l 

229 

r,  0372342059 

269 

1,0438787961 

309 

1,0505659519 

230 

1,0373998041 

270 

1,0440454551 

3Io 

1,0507336786 

231 

1,0375654287 

27I 

1,0442121407 

3*1 

1,0509014320 

232 

1,0377310798 

272 

150443788529 

3Ii 

1,051069212!  1 

233 

1,0378967573 

273 

*>0445455918 

313 

1,051237019! 

234 

1,0380624612 

274 

1,0447113571 

314 

1,0514048519 

135 

1,0382281916 

275 

1,044879*493 

315 

1,0515717134 

Days 
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Days 

Amounts  of 
1  l.  &c. 

Days 

Amounts  of 
1  l.  &c. 

a 

"C 

<✓> 

Amounts  of 

1  /.  &c. 

316 

1,05:17406008 

339 

1,0556094165 

362 

1,05949*4636 

3*7 

1,0519085150 

340 

1,0557779484 

363 

1,0596616154 

318 

1,052076455? 

34* 

*,0559465071 

364 

1,0598307942 

315? 

1,0522444*37 

34* 

1,0561150927 

365 

1,06 

310 

1.0524124183 

343 

344 

345 

346 

1,0562837053 
1,05645*3448 
1,05662101 12 

1,0567897045 

*>0569584248 

3*1 

312 

3*3 

1,0525804397 

1,0527484880 

1,0529165631 

£ 

0 

TheAmounrs 
of  1  /.  at  6  per 

3*4 

1,0530846650 

347 

3 

r-t 

3*5 

1,0532527937 

348 

349 

350 

1,05712717*0 

nr 

Cent. 

For  Months. 
1,0048675505 

3 26 
3*7 

1,0534209493 

*>°5358?I3*7 

1,0572959594 

1,057464747* 

I 

328 

*»o5375734lo 

35* 

1,0576335753 

2 

1,0097587942 

3*9 

*>0532*55771 

35* 

1,0578024303 

3 

1 ,0146738462 

33° 

1,0540938401 

J  f 

353 

*,05797*3*** 

s  4 

1,0196128224 

33i 

33* 

1,0542621300 

1,0544304467 

354 

355 

1,0581402211 

1,0583091570 

5 

6 

1,0245758394 

1,0295630141 

333 

1,0545987903 

356 

1,0584781192 

7 

*>0345744641 

334 

1,0547671608 

357 

1,0586471097 

8 

1,0396103076 

335 

1,054935558* 

358 

359 

1,0588161*65 

9 

1,0446706634 

336 

1,0551039824 

1,0589851703 

Io 

1,0497556507 

337 

1,0552724336 

360 

1,0591542411 

11 

*>  0548653894 

338 

1,055440911 6 

361 

1, o593*33389 

12 

^  J 

The  life  of  this  Table  is  in  all  Refpe&s  like  that  of  whole  Years,1 
in  finding  the  Amount  of  any  given  Sum  for  any  propofed  Num^ 
ber  of  Days  lefs  than  a  Year. 

is,  f 

Example  i.  Sappofe  it  were  required  to  find  the  Amount 
of  375/.  for  210  Days  at  6  per  Gent. 

.  $ 

The  Amount  of  1 1 .  for  2I0  Days  is  1,0340918  &c.  perTable. 

Then  1,0340918  x  375  =:  387,7848  =  387/.  15  j.  8 which  is 

the  Amount  required. 

f  4  *  s 

And  the  reft  of  the  Variations  may  be  perform'd  juft  as  in  the 
Examples  of  whole  Years. 

But  if  the  Time  given  confiftsof  Years,  and  Parts  of  a  Year,  As 
Quarters,  Months,  &c.  Then  reduce  the  odd  Time  or  Parts  of  the 
Year  into  Days;  and  the  Anfwer  may  then  be  found  at  two  Ope¬ 
rations  *,As  in  the  following  Example. 

Example 
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Example  2.  Suppofieit  were  required  to  find  what  263 1. 
would  amount  to  in  five  Tears  and  13  3  Days ,  <?£  6  per 

Cent. 


Firft  the  Amount  of  i  /.  for|,^ 


*>33^25 

1,021785 


Then  1,338225  X  1,021785  X  265  /.  =  362,355232  &c.  being  the 
Amount  or  Anfwer  required. 

Or,  if  the  Amount  and  Time  are  given,  to  find  the  Principal  ; 
then  multiply  the  Amount  of  1  /.  for  the  Years,  and  the  Amount 
of  il.  for  the  odd  Days  together ;  And  by  their  Product  divide 
the  given  Amount,  the  Quotient  will  be  the  Principal  required. 


Example  3.  What  Principal  will  raife  a  Stock  of  362  L 
7  s-  lid.  Or  362,3552321.  in  3  Tears  and  1 35  Daysy 
at  6  per  Cent.  &c. 


The  Amount  of  1  l.  for 


5  Years  is 
135  Days  is 


1,338225  t?c. 
1,021785  &c . 


Then  1,338225  X  1,021785  =  1,367378  &c .  the  Divifor. 

Next  1,367378)  362,355232  =  A  (265  /.  the  Principal  required. 
Again,  if  the  Principal  and  its  Amount  are  given,  to  find  the 
Time,  at  6  per  Cent .  &c.  you  mud  divide  the  Amount  by  its  Prin¬ 
cipal,  and  then  proceed  as  in  the  third  Example,  Page  256,  for  the 
Anfwer  required. 

But  if  the  Amount  and  its  Principal,  with  the  Time  of  its  be¬ 
ing  at  Intereft  are  given,  to  find  the  Rate  of  Intereftj  then  pro¬ 
ceed  as  in  the  Fourth  Queftion,  Page  255  &c. 

Now  in  order  to  make  this  Table  of  Amounts  for  Days,  ufeful 
for  all  Rates  of  Intereft  (as  before  in  that  for  Years)  you  muftfirfl: 
find  the  Simple  Intereft  of  1  /.  for  one  Day,  both  at  the  given  Rate, 
and  alfo  at  6  per  Cent.  And  call  their  Difference  x. 

Thus,  Suppole  the  given  Rate  were.  8  per  Cent,  per  Annum . 
Firft  100  :  8  : :  1  :  0,08  And  100  :  6  :  :  x  :  0.0,6  the  two  simple 
Interefts  for  one  Year. 

Then  3 6<)  0,08  (o, 0002I9I7  &c.  the  Simple  Intereft  of  1/.  for  one 
Day,  at  8  per  Cent. 

And  365)  o,o6  (o  00016438  &c.  the  Simple  Intereft  of  1 /.  for  one 
Dav,  at  6  ter  Cent. 

Their  Difference  0,00005479  =  *  which  may  do  indifferently  well 
for  ordinary  fmall  Quefiions;  hut  where  F.xaft net’s  is  required,  it 
will  be  convenient  to  make  Life  of  this  Proportion. 

M  m  Viz& 
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As  the  Simple  Intereft  of  I  /.  for  one  Day,  at  6  perCent : 
is  to  the  Tabular  Intereft  of  I  (•  for  one  Day  :  :  fo  is  the 
Simple  Intereft  of  i  /.  for  one  Day,  at  any  given  Rate  :  to 
a  fourth  Number. 


That  is,  0,00016438  :  0,00015965  ::  0,00021917  :  0,00011286 
Then  0,00021286  —  0,00015965'  0,00005321  c=;  x. 

This  x  being  involved  with  the  refpe&ive  Amounts  for  Days,  in 
the  fame  Manner  as  was  done  with  thole  for  Years  ( vide  Page  158) 
the  Refult  will  be  the  Anlwer  to  the  Queftion. 


Sed.  1.  or  Penfiong  in  Arrear  Computed  at 

Compound  Interejt. 


When  Annuities,  &c.  are  faid  to  be  in  Arrear,  fee  Page  248. 
And  I  ftiall  here  make  ufe  of  the  fame  Letters  to  reprelent  the 
fame  things  as  before  in  that  Page,  fave  only  that  Ris  here  equal 
to  the  Amount  of  I  /.  as  in  Settion  I.  of  this  Chap. 


Suppofett=:the  firft  Year’s  Rent  of  any  Annuity  without  Inte¬ 
reft. 

5 the  Amount  of  the  firft  Year's  Rent,  and  its 
£  Intereft;  More  the  2d  Year-s  Rent. 

Cthe  Amount  of  the  ift  and  2d  Years  Rents* 
And.  RRu  4"  Ru  4-  u  =  <  with  their  Intereft ;  More  the  3d  Year's 

/Rent,  0*c. 


Then  willK/f  +  H 


Here  RRu^Ru  -f  k  =  A  the  Amount  of  any  yearly  Renter  An¬ 
nuity,  being  forborn  three  Years.  And  from  hence  may  be  de¬ 
duced  thefe  Proportions. 

Viz.,  u  :  Ru  V.Ru:  RRu  :  :  RRu  :  RRRu  and  fo  on  in  -f~  for  any  Num¬ 
ber  of  Terms  or  Years  denoted  by  t ,  wherein  the  laft  Term  will  al¬ 
ways  be  uR*  — 1 

Confequently  A  —  uR *  1  =  the  Sum  of  all  the  Antecedents. 

And  A' — «=:theSum  of  all  the  Confequents  in  the  Series. 

And  therefore  it  would  be  u  :  uR  ::  A  —  uR *  — 1  :  A  —  u  Vide 
Page  188. 

Ergo  Au. —  uu.z=zRuA  • —  unR *  which  being  divided  all  by  «,  will 
become  A  —  u  =  RA —  uR*. 

From  this  laft  Equation  it  will  be  eafy  to  raife  the  following 
Theorems. 

ytRt—u  ,  ^  ^RA  —  A 

Ttjeorem  I.  A  -  =;  A-  Theorem  i.  A -  2=;  u* 

l  R—  1  >  —  i 


Theorem 
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C  R  >/  t  J  i  5/  1  A 

Theorem  3.^ — — - =  R*.  If  this  Equation  be  continually- 

divided  by  R,  until  nothing  remain,  the  Number  of  thofe  Divi- 
(ions  will  be  t.  See  Pa&e  255. 

4.  Again  -<  —  R  —  R#  —  -  If  this  Equation  be  refolved 

C  u  u 

into  Numbers,  according  to  the  Method  propofed  in  Seft.  3.  Chap . 
lo.  the  Root  will  Ihew  the  Value  of  R. 

^UEfliOn  1.  If  30 1.  yearly  Rent,  or  Annuity,  &c.  be 
forborn  (viz.  remain  unpaid)  nine  Tears ,  what  will  it  a- 
mountto ,  at  6  perCent.  per  Annum,  Compound  Inter ejl  ? 

Here  is  given  u  =  30.  t  —  9  And  Rt=s  1,06  To  find  A.  Per  Tlxorem  1. 
Rp  =  1,689479  By  the  Table  of  Amounts  for  Years. 
v  30  =  M 


R9  u  —  50  684370 
*— #  =  3°> 

| _  .  i 

R— -1=0.06)  20,684370  (344,739Y  =  344 ^  H*.  A  die  A“ 

mount  required. 

dDttrflion  2.  What  yearly  Rent,  or  Annuity,  &c. 
forborn  or  unpaid  nine  Tears,  will  raife  a  Stock  of  344  1. 
14s. pkl.=  344,7395  ^  6 per  Gent.  &c. 

Here  is  given  A  —  344>739?  *  —  9-  And  R=  1,06  To  find  a.  Per 
Theorem  a. 

^R  =  344,7395  X  1,06  t=  365,42387 

—  >4=  344,7395 

R*  — 1=1,689479  — I  =0689479)  2068437  (30  =  w 

SDtteftton  3.  In  what  Time  will  30I.  yearly  Rent  raife  a 
Stock  or  Amount  to  344^  J4S*  allowing  6  per  Gent. 
jor  the  Forbearance  of  the  Payments. 

Here  is  given  u  =  30  A  —  344*739?  And  ^  =  I>0^  t0 
Per  Theorem  3. 

Firft  +  ^  —  365,2387  +  3°  —  344^73 9?  5=5  ?°  68437 

And  m  =  30)  50,68437  (i.689479  =  Rf  Then 
R  =  i,o6)  1,689479  (1,593848  And  1.06)  1  5  93848  (1.50363  and  fo 
on  until  it  become  1,06)  1,06  (i«  which  will  be  at  the  ninth  Di- 
vifion;  therefore  t  —  9. 

M  m2  Gt 


a68 


Part  IL 


Or  R*  =  i  689479  being  fought  in  the  Table  of  Amounts  for 
Years,  will  be  found  to  jftand  over-againft  9  Years,  which  is  the 
Time  required. 

^DticGton  4.  JyT  30 1.  per  Annum,  being  unpaid  nine  Tears, 
will  amount  to  344 1.  14  s.  9M.  allowing  Compound  Inter  eft 
for  every  ^Payment  as  it  becomes  due ,  what  nihft  the  Rate 
of  Intereft  be  per  Cent.  &!c. 

Here  is  given  u  =  30  >4  —  34457395'  And  t  =  9  To  find  R  by 

r  ^  .  .  ■  m  ^ 

the  laft  of  the  four  Equations,  —  K* .=: - - — 

Firft  ^  s=  =  11,451317  And  ^  49*317 


Hence  there  is  the  Equation  11,491317  R — R5  _  s=s  10,491317 


Let 
I  ©•  9 

1.  in  Numb. 

2,  in  Numb. 

3T4 
6  + 

6  -7-  36? 


3 

4 

5 

6 

7 


Firft  r  1 
e  =  0.06 


r  *4* e  =  R  And  fuppofe  r  =  I 

r-9  +  $rse  i6rn ee  =  R9 
11,491317 +II549I3i7^=:  11,4913171? 

1,000000  +  9,ooooooe-f'  3^e  - — 
io, 4913*7  +  a,- 4913 17^—  $6ee  =5  *0,451317 
36ee  =  2,49 1 3 1'7^ 
e  ===  0,06  &:c. 

C  may  he  eafily  tfy'd,  by  involving 
=5  1,06  R  -e  it  and  ordering  it,  as  the  /Equation 
C  above  direHs • 


Sed.  3.  To  find  the  pjefetlt  <2K3ortl)  of  Annuities,  'Renjions, 
or  Leafes ,  &c.  at  Compound  Intereft . 

Let  P  =  the  prefent  Worth  of  any  Annuity,  or  Leafe,  tjTV. 
and  the  Reft  of  the  Letters  as  before. 

Then,  from  what  has  been  faid  in  Section  3.  Chap.  n.  about  put- 
chafing  of  Annuities.  &c.  at  Simple  Intereft,  it  will  be  eafy  to 
form  the  like  Theorems  here  at  Compound  Intereft.-  .viz,-  by  combi¬ 
ning  Theorem  I.  Page  1 66.  And  Theorem  I.  Page  254*  into  oneTbeorem* 

5 The  Amount  of  any  yearly  Rent  being  un¬ 
paid  any  Number  of  Years.  Per  Theorem  I.  of 
^  the  laft  Se&ion. 

The  Amount  of  any  Principal  or  Sum  being  put 
And  PRt^zA^ro  Intereft,  for  the  fame  Number  of  Years.  Per 
^Theorem  j.  Page  2.54. 


Hence 


m  » 
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Hence  it  follows,  That  PR‘  =— - - 

R —  1  . 

Viz;.  PR*  +  1 — PR*~uRt — u  being  the  very  fame  Equation 

with  that  in  my  Compendium  of  dlgeha.  Page  ih,  which  is  there 
raifedfrom  the  Confederation  of  purchafing  Annuities,  or  taking 
of  Leafes,  &c.to  be  grounded  upon  a  Rank  or  Series  of  Geometri¬ 
cal  Proportionals  continually  decreafing.  Thus  is  the  firll  and 

R 

greateft  Term  ;  R  the  common  Ratio  of  all  the  Terms  j  and  P  is 
the  Sum  of  all  the  Series. 


That  is, 


u 


u 


•  • 
•  • 


u 


u 


u 


R  RR  RK  RRR  RRR 

u 


until  the  laft  Term  -  Then  will? 

K* 


u  u 
•  •  . 

R4  ’ *  R4 
u 


u 

~Rl 


&c.  in 


R* 


be  the  Sum  of  all  the 


Antecedents.  And  P 


u 

~R 


will  be  the  Sum  of  all  the  Confe- 


quents.  Therefore  it  will  be 

K-  :  ~RR'  0r  the  fame  Rat'°)  “  :  K  P  ~  Jt'  F  ~T 
which  produces  PR*  +  1  — •  uR *  =  PR* • —  u .  As  above. 

From  this  ^Equation  may  be  deduced  thefe  following  Theorems 

u  * 

\pR*x  R  :  —  Pr* 

P.  Tfjeorem  2/ 


Theorem  1. 


R* 


R *  —  I 


U 


^  V _ u  _  \  Which  being  continually  divide! 

Korem  3.  ^p^u — pR  —  R  £ by  R,  will  give  t. 

Theorem  4.  R*-|-Rt* — R*4“x.  Therefolving  of  thisAEqua- 

tion,  will  difcover  the  Value  of  R. 

^QtlcQlon  1.  What  is  30/. yearly  Rent,  to  continue  feven 
Tears ,  worth  in  ready  Money ,  allowing  6  per  Cent.  Gr<n~ 
^ound  Inter  eft  to  the  ^Rur  chafer  ? 

Here  is  given  u  =s  30  .  t  =:  7 .  And  R  1,0 6  To  find  F. 


Per  Theorem  1.  Viz,*  ~~ 

Rt 


3  o„ 

ijo 3'?T 


And  30  —  1 5)95 17==  10,0483 


u 


19,951 7- 
u 
R£ 


Theft 


3U#ebta.  Part  R* 


Then  R  —  1  =  0,06)  10,0483  (167,47*6  =  F  =  I67 *•  9  s-  5  d. 
being  the  Anfwer  required. 

^DlieQion  2,  What  Annuity  or  yearly  R  ent ,  to  continue 

feven  Tears,  may  bepurchafed for  167  1.  ps.  jd.  allowing 

6  per  Cent.  Compound  Interejl  to  the  cPur chafer  ? 

In  this  Queftion  there  is  given  F  =  167,4716  •  *  —  7 
And  K=  1,0 6  To  find  u.  By  thefecond  Theorem , 


Firft.FR*  X  K  —  2*1,8173  X  1,06  =  266,9*4* 

And—  FR*  =  167,47*6  X  1,5:0363  =3;  251,81*3 

Then  K*— 1=0,5:0363)  13,1089  (30  =  # 

That  is  u  =  30  /.  the  Anfwer  required. 

^Ducfltou  3.  How  long  may  one  have  a  Leafeof  30  /. 

/y  Rent,  for  167/.  ps-  $d.  allowing  6  per.  Cent  Compound 
Interejl  to  the  Purchafer  ? 

Here  is  given  F  =3  167,4716 .  «  =3  30.  And  K  —  1, 06  To  find  r. 
By  the  third  Theorem. 

Firft  F  +  «—  167,47  *6  + 3°  =  *97>47*6 

And  ~~~PR  =  177,5199 


Then  19,9513)  30=3*  (r, *0363  =  R* 

Tf  this  1,50365  =  R*  be  either  continually  divided  by  1.06  =  R 
until  nothing  remain  (as  before  in  Page  255.)  Or  if  it  be  fouphc 
in  the  Table  of  Amounts  for  Years,  &e:  it  will  difcover  t  =  7 
which  is  the  true  Anfwer  required. 

d&lteftfon  4.  Suppofe  one  Jbould  give  \67l.ps.  ^d.  for 
the  'Pur  chafe  of  a  Pen  fan,  or  Annuity  of  30 1  per  Annum, 
fo  continue feven  Tears',  at  what  Rate  of  Interejl,  perCent. 
would  that  Pur  chafe  be  made ,  allowing  Compound  Interejl 
to  the  Pur  chafer  ? 

In  this  Queftion  there  is  given,  F  =  167,4716.  m  =  30  And  *  —  7 
To  find  R.  Per  Theorem  4. 

The  4th  Theorem  is  this  Equation -^~=yR*  •+-  R *  —  R*  +  * 

Which  being  brought  into  Numbers,  and  its  Root  extraded,  as 
in  the  4th  Queilion  of  the  laft  Sedion;  the  Value  of  R  will  be 
found  1.06.  vie .  R =  1,06. 

And  then  it  will  be,  I  :  0,06  :  :  loo  :  6  the  Rate  per  Cent .  as  was 
required. 

Thef® 
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Thefe  four  Queftions  include  all  the  Varieties  that  can  be  pro- 
pofed  about  purchaiing  Annuities  or  Leales,  which  are  to  be 
either  immediately  enter'd  upon,  or  in  Pofleflion  at  the  Time  when 
the  Purchafe  is  made.  .  _  ^ 

But  fuch  Queftions  as  relate  to  Annuities,  or  taking  of  Leafes, 
&c.  in  Reveriion,  muft  be  parted  or  divided  into  two  diftin&Que- 
ftions,  each  to  be  feparately  confider'd  by  it  felf  {See  Page  252.)  As 
-n  the  following  Examples. 

Example  1.  Suppofe  it  were  required  to  compute  thepre- 
fent  Worth  of  75  /.  yearly  Kent ,  which  is  not  to  commence 
or  he  enter  d  upon ,  until  ten  Tears  hence 3  and  then  to  con¬ 
tinue  feven  Tears  ajter  that  Time  :  at  6  per  Gent.  &c* 
Compound  Inter  eft* 

The  firft  Work  in  thisQueftion,  is  to  find  what  75-/.  per  Annum y 
to  continue  feven  Years,  is  worth  in  ready  Money  y  as  if  it  were  to 
be  immediately  enter  d  upon  :  And  to  perform  that,  there  is  given 
k  =  7i .  R  =  i, 06  And  t  =  7.  To  find  P.  As  in  the  firft  Queftion 
of  this  Se&ion. 

Thus,  ~  =  jjihis  =  49,8793  And  7 S  —  49>8793  —  17,1207 


u 


Then,  R  I  =2  0,06)  iy,  1207  =  418.6789  =  418/.  131.  6|d.  the 
Anfwer  to  the  firft  Part  of  the  Queftion. 

Then  the  next  Work  will  be,  to  find  what  Principal  or  Sum  be¬ 
ing  put  out  ten  Years,  at  6  per  Cent.  &c.  will  Amount  to  418/.  13  j. 
6 ft.  Here  is  given  A  =41856783  R  =  1,06  And*  =10.  To  find  P- 
Per  Theorem  2.  Page  274.  • 

Thus  Rl°  =  1,790837)  418,6783  =A  (233,7884—133 /.  17  J. 
the  prefent  Worth  of  7  7  /.  per  Annum  in  Reverfion,  &c.  As  was 
required. 

Example  2.  What  Annuity  or  yearly  Rent  to  he  entered 
upon  ten  Tears  hence ,  and  then  to  continue  feven  Tears,  may 
he  pur  chafed  for  2.33/.  13  s.  ready  Money ,  at  0  per 
Cent.  £sV.  Compound  Intereji  ? 

In  the  ift  Work  of  this  Queftion  there  is  given,  233  7884. 
1,06.  And  *  =  10  (the  Time  which  the  Annuity  is  not  to  be 
enter’d'upon)  To  find  A.  Per  Theorem  1.  Page  254. 

Thus,  PRt  =233,7884  X  1,790847  c=  418,6783  =  4*  the  Amount 

of 


* 


Part 


of  13  3 1-  I?  S'  9&  Put  to  Intereft  ten  Years,  at  6  per  Cent.  &c.  Then 
for  the  fecond  Work  of  the  Queftion  there  is  given  F  =  4i8,^783. 
K  =  i  o 6  .  And  t  =  7  (the  Time  that  the  Annuity  is  to  be  enjoy’djf 
To  find  u*  Per  Theorem  z.  of  this  Sefiion . 

Thus  PR*  XK  -  418,6783  x  1,50363  X  1, 06  =  667W91 
—•PR*  =  418,6783  X  1,503*3  =  629,5372, 


R£  —  1 5=  0,50363)  37)772-3  (75  =3  .« 

That  is,  ass  75  /.  the  yearly  Rent  required  by  the  Queftion. 

Thefe  two  Examples  of  finding  Pand  u  do  fully  fhew  the  Me¬ 
thod  that  mud  be  ufed  in  refolving  tbe  two  general,  and  indeed, 
the  mod  ufeful  Queftions  about  Annuities,  or  Leales  in  Reverfi- 
on  :  And  if  there  be  Occafion,  either  the  Rate,  or  the  Time,  viz* 
R  or  ty  may  be  found  by  a  due  Application  of  their  relpeilive 

Theorems  .  _  n  n 

Note,  That  which  hath  been  done  in  the  two  loft  bem- 
cns  about  Annuities  or  yearly  Rents ,  &c.  at  6  per  Cent. 
may  alfo  be  done  for  any  Rate  of  Inter  eft  ^  by  applying  the 
Difference  of  the  Rates  (viz.  *)  As  dir  eft  ed  in  the  firft 
Seftion  of  this  Chapter . 

Now  becaufe  that  Rents  and  Annuities,  &c.  are  ufually  paid 
either  by  quarterly,  or  half-yearly  Payments,  and  the  Method  of 
computing  them  by  the  Pen,  may  be  thought  a  little  Troublefom  ; 
Ihav*  inferted  the  following  Tables  of  the  Amounts  of  I  /.  for 
each,  at  6  percent. 


X 

!U 

«T> 

Amounts  of 

1  /.  at  6  per 
Cent.&c.  Com¬ 
pound  Inte* 
reft. 

Half  Years 

Amounts  of 

I  l.  at  6  per 
Cent .  &c.  Com¬ 
pound  Inte- 
reft. 

Half  Years  j 

Amounts  of 

I  /.  at  6  per 
Cent .  &c.  Com¬ 
pound  Inte- 
reft. 

I 

1,0295630141 

1 1 

1,3777875592. 

2 1 

1,84379055*3 

2 

1,06 

12 

1,4185191 121 

2  2 

1,8982985583 

3 

1,0913367949 

13 

1,4604548127 

*3 

1,9544179853 

4 

1,1236 

14 

1,5036302590 

24 

2.01 21 964-71 8 

5 

1,1568170026 

15 

1,5480821017 

*5 

2,0716830644 

6 

1,191016 

16 

1,5938480745 

26 

2,1329282601 

7 

1,2262260228 

17 

1,6409670276 

27 

2,1959840483 

8 

1,26247696 

18 

1. 6894789589 

,8 

2,2609039557 

9 

1,1997995842. 

19 

1,7394250493 

29 

2,327743° 91* 

Io 

1,3382255776 

20 

1,7908476965 

30  ' 

2.,3  96  5  5  ^ 1  9°I 

Quarters 
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Quarterly  Amounts. 


Quarters  of 

a  Year  =  t . 

Amounts  of 

1  /.  at  6  per 
Cent.  &c.  Com¬ 
pound  Inte- 
reft. 

Quarters  of 

Years  =  t. 

Amounts  of 
it.  at  6  per 
Cent .  &c.  Com¬ 
pound  Inte- 
reft. 

Quarters  of 
Years  t . 

Amounts  of 

1  /.  at  6  per 
Cen*.  &c.  Com¬ 
pound  Inte- 
reft. 

1 

1,0146738461 

21 

1,3*78024938 

41 

1,8171263199 

2 

1,029*630141 

22 

1,377787**92 

42 

1,843790**23 

3 

1,0446706634 

23 

1,39800*0019 

43 

1,8708460*09 

4 

1,06 

24 

1,418*191122 

44 

1  898298**83 

* 

1,07*7*42769 

2* 

1,439334243* 

4* 

1,9261*38989 

6 

1,0913367949 

26 

1,4604*48127 

46 

1,9*441798*3 

7 

1,1073*09032 

27- 

1,48188*3020 

47 

1,98  30968140 

8 

1,1236 

28 

1, *036302*90 

48 

2,0111964718 

9 

1,140087*33* 

29 

1, *2*6942978 

49 

2,0417231330 

Io 

I, I *68170026 

30 

1, *480821017 

*0 

2,0716830644 

1 1 

1, 1737919*74 

31 

15*707984203 

*1 

2,1020826228 

lx 

I,l9lol6 

32 

15*93848074* 

*2 

2,1329282601 

13 

1,10849278*6 

33 

1,61723*9**7 

*3 

2,164226*21 1 

14 

1,2262260228 

34 

1,6409670276 

*4 

2,19*9840483  | 

I* 

1,2442194748 

3? 

1,66*04632*3 

** 

2,228107*801 

16 

1,26247696 

36 

1,6894789*89 

*6 

2,26090395*7 

17 

1,2810023*27 

37 

1,7142701133 

*7 

1,2940801 1 23 

18 

*,299799*842 

38 

1,73942*0493 

*8 

2,3277430912 

1,3188726433 

39 

1,7649491048 

*9 

2,3619000349 

t  20 

1,33822**776 

40 

1,790847696* 

60 

2,396**81931 

Either  of  thefe  Tables  may  alfo  be  made  ufeful  for  any  pro- 
pofed  Rate  of  Intereftj  by  making  the  4  or  *  of  the  Difference 
of  the  Rate  =  *,  &c. 

As  for  Inftance,  Suppofe  any  of  the  aforefaid  Quefti- 
ons  about  Annuities  or  Rents,  &c.  were  to  be  computed 
at  8  per  Cent .  per  Annum . 

Then  1,08  > —  1,0 6  =  o,oi  =:  x  for  yearly  Payments ;  as  before. 
Confequently  2)  0,02  (  0,01  ==  *for  half  Years  Payments. 

Or  4)  0,02  (  0,00?:=* for  Quarterly  Payments. 

Now  thefe  Values  of  x ,  although  they  are  not  really  true,  yet 
they  may  ferve  indifferently  well  for  fmall  Rents ;  as  I  have  alrea* 
dy  laid.  Page  1 6*.  But  if  you  would  work  exa&ly. 

Then  y'  1,08^:1,0392304845'  &c. 

—  y  I,c6  =;  1,029568014 1  vide  Table  Page  272. 

Difference  =;  0  0096624704:=*  for  £  yearly  Payments. 

N  n 


And 


s'74 


_ Part  II 

And  \/  :  y/  1,08  =  1,0194263092  &6C. 

—  v  •  v  1,06  =  1,0146738461  See  the  laft  Table. 

Their  Difference  ©>00475:2463!  =#.  for  Quarterly  Payment! 


Thefe  are  the  true  Values  of  x.  which  being  involved  with  theif 
relpeftive  Amounts  (as  before  for  Years,  &c.)  according  as  the 
Queftion  requires,  the  Refultwill  be  the  Aniwer  at  8  percent.  &x. 
The  like  may  be  done  for  any  other  Rate,  either  greater  or  lefs 
than  6. 

Now,  altho'  this  Method  (See  Page  25 7,  and  258,  5cc  )  of  ma¬ 
king  the  Tables  that  are  only  calculated  for  the  Rate  of  6  per  Cent. 
General  and  Ufeful  for  all  Rates  of  Compound  Intereft,  be  really 
true;  yet  it  was  rather  propos'd,  to  {hew  what  may  be 
perform'd  by  the  Pen,  without  a  great  many  Tables  of  leveral 
Rates,  than  intended  for  common  Praftice. 

For  it  muft  needs  be  confefs'd.  that  Tables  calculated  onPurpofe 
for  any  defigned  Rate  of  Intereft,  are  much  more  ready  and  ufe¬ 
ful  in  common  Praftice.  And  therefore  fince  the  Legifiative  Power, 
have  thought  fit  to  reduce  the  Rate  of  Intereft,  and  have  fettled  it 
by  an  Aft  of  Parliament,  at  5  per  Cent.  I've  therefore  been  at  the 
Trouble  (which  was  not  a  little)  to  calculate  the  following  Tables 
for  that  Rate;  but  don’t  think  it  convenient  to  take  the  Tables  at 
6  per  Cent,  out  of  the  Book,  becaufe  the  Examples  are  all  fuited  to 
them,  and  not  only  fo,  but  they  may  be  found  Ufeful  in  the  taking 
of  Leales  for  Houles,  &c.  For  in  thofe  Cafes,  the  Purchafer  is  al¬ 
ways  allowed  more  Intereft  for  his  Purchafe-Money,  than  the  com¬ 
mon  Rate  paid  upon  the  Loan  of  Mo  My. 
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Here  follow  new  Tables  of  the  Amounts  of  one  Pound, 
at  the  Kate  of  j  per  Cent .  per  Annum  Compound  Inte* 
reft.  For  Tears ,  Half  Tears ,  Quarters,  Months,  and 

Days . 


I.  The  of  the  Yearly  Amounts  of  I  /.  &c. 


►< 

CD 

The 

*< 

The 

■  ■nianniii  ~i 

The 

Amounts  of 

Pi 

M 

Amounts 

'V> 

M 

Amounts 

li 

*■** 

1/.  &c. 

li 

of  I  /.  &c. 

11 

of  1  /.  &c. 

1 

1,0  5==/? 

14 

1,97993160 

27 

3.73345632' 

2 

1,1025  —  .R2? 

15 

2.078928 18 

28 

3  92012914 

3 

1.157625'  = 

16 

2,18287459 

29 

4,11613599 

4 

1,2 I550625 

17 

2,29201832 

30 

4,32194239 

5 

1 ,27628 I 56 

18 

2,40661923 

31 

4.5  3803949 

6 

I-34OO9564 

19 

2,52695019 

3* 

4.76494147 

7 

1,40710042 

20 

2.6532977° 

33 

5,00318854 

8 

1,47745544 

21 

2  78596250 

34 

5>25334797 

9 

1,55132822 

22 

2,92*26072. 

35 

10 

I  62889463 

23 

3,07152375 

36 

5,79181613 

II 

I  71033936 

24 

3,22509994 

57 

6,08140694 

Iz 

1-79585633 

25 

3.38635494 

38 

6,38547729 

1,88564914 

26 

3,55567269 

39 

6,70475115 

I  [.  The  Table  of  the  Half  Yearly  Amounts  of  1  /.  &c. 


Hal  f  Yrs. 

The 

Amounts 
of  1  /.  &c. 

Half  Yrs. 

The 

Amounts 
of  1  /.  &c. 

11  g 

r»  ^ 

*! 

t*> 

• 

The 

Amounts 
of  1  L  5cc. 

1 

2 

3 
; 

1,02469507 

1,05 

1.07592983 

1,1025 

1.12972632 

11 

12 

13 

14 

15 

I  30779943 

I  34009564 

r  3735894° 

1.407 1 0042 
i,44 184887 

21 

22 

23 

24 

25 

1,66912030 

H7i°33936 

1,75*57632 

1-79585633 

1,840205 1 3 

1,1 57625 

16 

I  47745  544 

26 

1,88564914 

7 

1,18621264 

17 

1,51394132 

-7 

1.93*21539 

8 

1,225  50625 

18 

1,55  132822 

28 

Ij97993I6o 

9 

1.24552327 

19 

1,58963838 

29 

2,02882616 

10 

1.27628  r  56 

> 

20 

I  62889463 

3° 

a  07892818 

N  «  a  IIL  The 


/ 
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III.  The  T able  of  the  Quarterly  Amounts  of  i  /•  &c. 


IIP 

>»* 

T*  fa 

The 

Amounts 

H£ 

*■4  m 
•  rT 

The 

Amounts 

II  £ 

The 

Amounts 

rt 

n> 

of  1 1.  &c. 

rt 

<T> 

»-t 

eo 

of  1  /.  &CC. 

rt 

n> 

*n 

c/» 

of  1 1.  &c. 

1 

1,01227223 

21 

1,29194439 

41 

1,64888480 

2 

1,02469307 

22 

I>3°779943 

42 

1,66912031 

3 

1,03727037 

*3 

1,32384905 

43 

1,6896^414 

4 

1,03 

24 

1,34009564 

44 

l>7l°33936 

5 

1,06288383 

25 

1,35^54161 

45 

1,73132904 

6 

1,073^2983 

26 

1, 373I894o 

46 

l,75257^3z 

7 

1,08913389 

*7 

1,39004151 

47 

1,77408435 

8 

1,1023 

28 

1,40710042 

48 

I,795«f«33 

9 

1,1 1603014 

29 

1,42436869 

49 

I,8t789549 

x  0 

1,12971632 

3° 

1,44184887 

50 

1,84020513 

II 

1,143 59°59 

3i 

I >45954318 

51 

1,86278856 

12 

1,137623 

3* 

I>47745544 

5* 

1,88564914 

13 

1,17183164 

33 

I>495587l* 

n 

1,90879027 

14 

1,18621164 

34 

1,51394132 

54 

i>93211539 

** 

,1,20077012 

3? 

1,532^2076 

5? 

l>95  5  92799 

16 

1,21330625 

36 

1,55132822 

5* 

1,9799316° 

17 

1,23042323 

37 

I.57036648 

57 

2,00422978 

18 

1,245*323*7 

38 

r, 589638  38 

58 

2,02882616 

15? 

1,26080862 

39 

1. 609I4680 

59 

2,05372439 

20 

1.276281 56 

40 

I  62889463 

60 

2.078928 18 

IV. 

The  of  the  Monthly  Amounts  of 

i  A  &c. 

II 's 

The 

11  S 

The 

11 1 

The 

O 

r  p 

Amounts 

0 

r  p 

Amounts 

0 

r*  3 

Amounts 

rt 

zr 

C/5 

of  I  /.  &c. 

rt 

zr 

of  1  /.  &c. 

rt 

zr 

C/> 

of  1  /.  &x. 

I 

1,00407412 

5 

1.0105  3728 

9 

1,03727037 

2 

I  00816485 

6 

1,02469507 

Io 

I  04149634 

3 

I >01227223 

7 

.1,02886981 

1 1 

l>°4573953 

4 

1 .0 163  96  36 

8 

1,03306155 

12 

1,05 

NOTE  :  The  Amount  of  one  Pound  for  one  Day,  is 
1,000133680721?  &zc.  (found  as  that  in  Page  260.)  But  in  the 
following  Table;  I  take  only  nine  of  thole  Figures,  as  being 
fufficientin  Practice,  for  computing  rhe  Intereftof  any  Sum,  not 
exceeding  one  hundred  Millions  of  Pounds. 
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V.  The  Table  of  the  Dayly  Amounts  of  1  /.  &c. 


a 

‘•c 

v> 

II 

** 

The 

Amounts 
of  1  /.  &:c. 

Days  s=:  t 

The 

Amounts 
of  1  /.  &c. 

Days  z=zt 

The 

Amounts 
of  il.  &c. 

I 

1,00013368 

S6 

1,00482378 

7 1 

1,00953587 

z 

1,00026738 

37 

1,00495810 

72 

1,00967082 

3 

1,00040109 

38 

1,00509245 

73 

1,00980579 

4 

1,0005:3483 

39 

1,00521681 

74 

1,00994079 

5 

1,0006685:8 

40 

1,00536119 

75 

1,01007579 

£ 

1,00080235' 

41 

1,00549558 

76 

I-,oio2lo83 

7 

1,00093614 

42 

1  00563000 

77 

1,01034587 

8 

1,00106994 

43 

1,00576443 

78 

1,01048093 

9 

1,00120377 

44 

1,00589888 

79 

I,olo6 1602 

Io 

1,00133761 

45 

1,00603335 

80 

1,010751 12 

II 

1,00147147 

46 

1,006 16784 

"  81 

1,01088623 

Iz 

1,00160535 

47 

1,00630234 

82 

1,01X02137 

13 

1,00173914 

48 

1,00643687 

*3 

I, oil  15652 

14 

1,00187315 

49 

1,00657141 

84 

1,01129169 

15 

1,00200708 

50 

1,00670597 

85 

1,01142688 

16 

1,00214103 

51 

1,0068405  5 

86 

I,  ol I56209 , 

17 

1,00227500 

52 

1,006975 14 

87 

I, ©I 169732 

18 

1,00240899 

53 

1,007 10975 

88 

1,01183256 

1 9 

1,00254299 

54 

1,00724438 

89 

I.CU96783 

zo 

1,00267701 

55 

1,00737903 

90 

1,0121051 1 

21 

1,00281 105 

56 

1,00751370 

91 

1,01223841 

zz 

1,002945 Io 

57 

1,00764839 

91 

1,01237372 

23 

1,00307918 

58 

1,00778309 

93 

1,0125090 6 

24 

1,00321327 

59 

1,0079178 1 

94 

1,01264441 

*5 

1,00334738 

60 

1,00805255 

85 

1,01277978 

26 

1,00348 1  5  I 

6  1 

1,00818731 

96 

1 ,0 1  2  Q  I  5  T  7 

2-7 

1,00361565 

62 

1,00832208 

97 

1,01305058 

28 

1,00374982 

*3 

1 ,00845687 

98 

I  ,oI 3 1 8600 

29 

1,00388400 

64 

1,00859168 

99 

I,©I  332U5  ■ 

3° 

1,00401810 

*5 

1,0087265 1 

loo 

1,01345691 ; 

31 

1,00415242 

66 

1,00886136 

IOI 

1,01359239 

3Z 

1,00428665 

67 

1,00899623 

I02 

1  0 1 371788 

33 

1,00441091 

68 

1,00913 11 1 

103 

1,01386340  i 

34 

1,00455518 

69 

1,00926601 

I04 

1,01399893 . 

35 

I.00468947 

70 

1,00940093 

1 05 

f  ,01413-4  \ 

Day? 
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a 

The 

0 

The 

a 

The 

Amounts 

'■<5 

Amounts 

p* 

v: 

Amounts 

11 

of  1  /.  &c. 

II 

of  1  /.  Sec. 

ll 

of  ll.  &c. 

lot? 

1,01427005 

146 

1,01970775 

186 

1,0151745 9 

I07 

1,01440564 

147 

1,01984406 

ib7 

1,02531164 

lo8 

1,014541x5 

148 

1 .01998039 

188 

1,02544870 

109 

1,01467687 

149 

1,020 1 1675 

189 

1,02558578 

Ilo 

1,0148 1252 

150 

1,020253 12 

I  90 

1,02572288 

III 

1,01494818 

151 

1,02038950 

191 

1,02586000 

III 

1,01508386 

152 

1,02052591 

192 

1,02599714 

lls 

1,01521955 

153 

1,02066234 

193 

1,02613430 

1 1 4 

1^*5355*7 

I54 

1,02079878 

194 

1,02627147 

IIJ 

1, 01 549100 

155 

1,02093  524 

195 

1,02640866 

116 

1,01562675 

156 

1,02107 172 

196 

1,02654588 

117 

5,01 576252 

157 

1,02120822 

197 

1,026683  Io 

Ilo 

1,01589831 

158 

1,02134473 

198 

1,01682015 

1 1 9 

1,01603412 

159 

1,021481:7 

199 

1,02695762 

I20 

1,01616994 

1 60 

1,02161782 

200 

1 ,02709490 

ill 

1,01630578 

16 1 

1,02175439 

201 

1,02723221 

Hi 

1,01644164 

I62 

1,02189098 

202 

1,02736953 

I23 

1,01657752 

t6y 

1,022027  58 

203 

1,02750686 

I24 

1,01671349 

I64 

1,02  2164 2  ! 

204 

1,02764421 

IZ7 

1,01684933 

165' 

I  02130085 

205 

1,02778 160 

I16 

1,01698  5  27 

166 

1,02243751 

206 

:  1,02791899 

I27 

1,01712122 

I.67 

1,02257419 

207 

1,02805640  ‘ 

128 

1,01725719 

168 

r  ,di  27 1089 

208 

1,0281 938-1 

Up 

1,017393*? 

I69 

1 .02284761 

209 

1, 02833129 

I30 

1,01752918 

1 70 

i  02198434 

2  io 

1,0284687  5 

131 

1,01766521 

I7 1 

1,02312109 

21 X 

1.01860624 

*3* 

1,01780125 

I72 

1,02325787 

2I2 

1,02874375 

I3S 

1,01793731 

173 

1  02339466 

• 

2 1 3 

1,02888 117 

I34 

1,018073  38 

17 ' 

1  02353147 

2I4 

1,02901881 

I3f 

1,01820948  j 

1,023  66829 

.  2  I  5 

* 

1,029156  37 

*3* 

1,01834559 

I76 

!, 023805  I4 

2  16 

1,02929395  ‘ 

137 

1,01848173 

177 

I  02394100 

2I7 

1,02943154 

138 

1,0186X788 

I78 

1,02407888 

218 

1,02956916 

139 

1,01875405 

179 

1,02421578 

2 1 9 

{,01970679 

14c 

1,01889024 

I80 

l  0243517° 

220 

1.02 984445 

141 

1, 01 902644 

T  8  I 

1,02448964 

22  1 

1,02  9982I  2 

r  4  2 

1,01916267 

182 

1,02462659 

222 

f,030l  I980 

14  3 

1,01929891 

'183 

1 .02476356 

223 

1,03025751 

1 1 44 

1,019435X7 

184 

1,02490055 

224  ■ 

x.o?o39524 

M5 

f-O.I  957145 

185 

1,025037^6 

IIs) 

1  03053298 

Days 
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1  0 

The 

O 

The 

a 

The 

1  * 

Amounts 

Amounts 

Amounts 

II 

** 

of  1/.  &:c. 

II 

r* 

of  1  /.  &c. 

11 

** 

of  1/.  &c. 

2 16 

1,03067074’ 

2  66 

1,03619636 

306 

*>04175160 

227 

1,03080852 

267 

1,03633488 

307 

1,04189086 

228 

1,030941532 

268 

1,03647342 

308 

1,0420301$ 

229 

1,03 108414 

269 

1,03661197 

309 

1,04216944 

230 

1,03122197 

270 

1,03675055 

310 

1,04230876 

231 

1,03135983 

27I 

1,03688914 

311 

1,04244810 

232 

1,03149770 

272 

1,03702775 

312- 

1,04258245 

233 

,1,03163559 

273 

1,0371*5638 

313 

1,04272683 

234 

1)0317735° 

274 

1,03730503 

314 

1,04286622 1 

237 

1,03191143 

275 

1,03744370 

315 

1,04300563  J 

236 

1,03204938 

276 

1,03758239 

316" 

1,04314506 j 

237 

1,03218734 

277 

I.03772I09 

317 

1,04318451 

238 

1,03232533 

278 

1,03785982 

318 

1,04341397 

2 '39 

1,03246333 

279 

1,03799856 

319 

1,04356346 

Iq-O 

1,03260135 

280 

1,03813731 

320 

1,043702  97 

241 

1,03x73  5?3p 

281 

1)03827609 

321 

1,04384249 

242 

1,03287744 

282 

1,03841489 

322 

1,04398203 

243 

1,03301552 

283 

»>°38js37I 

323 

1,0441*155? 

244 

1,03315351 

284 

1,03869254 

324 

1,04426117 

245 

1,03329173 

285 

1,03883139 

325 

E,  04440077 

246 

1,03342986 

286 

1,03897027 

32  6 

1,04454038 

247 

1,03356801 

287 

1,03910916 

3*7 

1,04468002 

248 

1,03370617 

288 

1,03924817 

328 

1,04481967 

249 

r, 03384436 

289 

1,03938699 

32  9 

1,04495934 

270 

I,°3398i57 

2  90 

1,03952594 

33° 

1,04509903 

271 

1,03412079 

291 

1,03966491 

331 

,1,04523874 

272 

1,03425903 

292 

1,03980389 

33* 

1,04537847 

*53 

I,°34397*9 

293 

1,03994289 

333 

1,04551822 

*54 

1)03453557 

294 

1,04008191 

334 

1,04565798 

*55 

1,03467387 

295 

1,04022095 

335 

1,04579777 

256 

1,03481218 

296 

1,04036001 

3  3* 

C04593757 

2*7 

1,03495052 

297 

r, 04049908 

337 

1,04607739 

258I 

1,03508887 

298 

1,04063818 

333 

1,04621723 

259 

1,03522724! 

299 

1.04077729 

339 

1,04635709 

260 

1,03536563 

300 

1,0409^642] 

340 

1,0464.9697 

261 

1,03550404 

301 

1,04105557! 

341 

1,0466  36  86 

26  2 

1,03564247 

302 

1.041 1 9474 

342 

1,04677678 

2<?3 

1,0357809s 

303 

1,04133393  ! 

343 

1,0469167! 

164 

1,03591938 

3°4 

1,041473 14 

344 

3,04705667 

16  <r 

1. 03604786 

30? 

1.04.161236 

345 

1 .047I9664 

Days 
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1  1  —  ------  I,,  ,  -  .  - 


u 

& 

</> 

11 

44 

'  The 
Amounts 
of  1  /.  &c. 

O 

{u 

V? 

m 

11 

The 

Amounts 
of  1  /.  &c. 

a 

GO 

II 

4-*- 

The 

Amounts 
of  1  /.  &c. 

346 

1,04733^3 

353 

1,04831708 

360 

1,04929845 

347 

1,04747664 

35  4 

1, 04845722 

361 

1,04943872 

348 

1,0476 1666 

355 

1,04859738 

362 

1,04957901 

349 

I,°477j67l 

356 

1,04873756 

3*  3 

1,04971932 

3*° 

1,04789677 

357 

1,0488  7775 

364 

1,04985965 

3JI 

1,04803686 

358 

1,04901797 

36s 

1,04999999 

3*2. 

1,04817696 

3*91 

1,0491^820 

f  viz . 

I 

I  think  it  needlefs  to  fay  any  thing  of  the  life  of  thefe  Tables,' 
Becaufe  I  take  it  for  granted,  that  whoever  underftands  the  Work 
of  the  foregoing  Examples,  at  6  percent,  cannot  but  know  how  to 
make  life  of  thefe  Tables  of  y  percent.  As  Occafion  requires. 

Thus  far  concerning  fuch  Annuities  or  Leafes,  that  are  li¬ 
mited  by  any  affigned  Time;  and  5tis  only  fuch  that  can  be  com¬ 
puted  by  Theorems  or  certain  Rules.  However  it  may  not  perhaps 
oe  unacceptable,  to  infert  a  brief  Account  of  fome  Eftimates  that 
have  been  reafonably  made,  by  two  very  ingenious  Perfons,  a- 
hout  the  Proportion,  or  Difference  of  Mens  Lives,  according  to 
their  feveralAges  ;  which  tnay  be  of  good  life  in  computing  the 
Values  of  Annuities,  or  taking  of  Leafes  for  Lives,  &c. 

Sir  William  Petty  in  his  Difcourfe  made  before  the  Royal  Society 
C Anno  1674.)  concerning  the  life  of  Duplicate  Proportion,  in  the  Life 
of  Man  and  its  Duration;  faith,  ‘  That  it’s  found  by  Experience 

*  there  are  more  Perfons  living  of  between  16  and  16  Years  old, 
4  than  of  any  other  Age  or  Decade  of  Years  in  the  whole  Life  of 

*  Man  (viz-  70  or  80  Years.)  His  Reafon  for  that  Affertion  I  fliall 
omit;  but  fuppofing  it  true,  he  thence  infers,  c  That  the  Roots  of 
4  every  Number  of  Mens  Ages  under  16  (whofe  Root  is  4)  com- 
s  pared  with  the  faid  Number  4  doth  fliew  the  Proportion  of  the 
6  Likelyhood  of  fuch  Men  reaching  the  Age  of  70  Years. 

As  for  Example,  5Tis  4  Times  more  likely,  that  one  of  16  Years 
old  fhouldliveto  70,  than  a  new-born  Babe:  'Tis  3  Times  more 
likely,  that  one  of  9  Years  old  Ihould  attain  the  Age  of  70,  than 
the  faid  Infant.  &c. 

On  the  other  Hand,  "Tis  yt0  4.  that  one  of  25  Years  old  will  die 
before  one  of  16:  And  6  to  y,  that  one  of  3 6  will  die  before  one 
of  is.  And  fo  on  according  to  the  Roots  of  any  other  declining 
Age,  compared  with  (4  6)  the  Root  of  n,  which  is  the  Year  of 
Perfe&ion  according  to  the  Senfe  of  our  Law,  and  the  Age  for 
whofe  Life  a  Leafe  is  moft  Valuable. 
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2.  The  ingenious  ar\d  great  Mathematician,  Captain  Edmund 
Halley ,  (in  Pbilofopb.  Tranfaft.  Mum.  1 96)  doth  with  great  Induftry  ana 
Skill,  draw  an  Eftimate  of  the  Proportion  of  Mens  Lives,  froni 
the  Monthly  Tables  of  the  Births  and  Funerals  in  Brejlarv ,  the  Ca¬ 
pital  City  of  the  Province  t>f  Silefia'y  or,  as  the  Germans  call  it, 
Scblefia.  Whence  he  proves,  that  it  is  80  to  1  aPerfon  of  25  Years 
old  will  not  die  in  a  Year  :  That  it  is  to  1,  that  a  Pcrfon  of 
40  will  live  7  Years :  Tjiat  a  Man  of  30  Years  old  may  reafonably 
expert  to  live  27  or  28  Years,  <&c. 

Now  from  thefe  and  the  like  Proportions  (he juftly  infers  that) 
the  Price  of  Infurance  upon  Lives  ought  to  be  regulated,  there 
being  a  great  Difference  between  the  Life  of  a  Man  of  20,  and 
one  of  jo.  For  Example;  "tis  100  to  1,  that  a  Man  of  20  dies 
not  in  a  Year,  and  but  38  to  1,  for  a  Man  of  50  Years  of  Age. 
And  upon  thefe  alfo  depends  the  Valuation  of  Annuities  fotf 
Lives  :  For  it  is  plain,  that  the  Purchafer  ought  to  pay  only  fuch 
k  Part  of  the  Value  of  any  Annuity,  as  he  hath  Chances  that  hd 
is  living. 

And  for  that  Plirpofe  he  hath  taken  the  Pains  (which  was  not 
a  little)  to  compute  the  following  Table,  (that  (hews  the  Value  of 
Annuities)  for  every  fifth  Year  of  Age  to  the  70th. 


Jge 

Tears  Qur- 

Jgt 

Tear  s  cPur- 

Age 

Tear  s  Qur* 

chafe- 

;  chafe- 

chafe- 

I 

10,2.8 

25 

12,27 

50 

9,21 

5 

13,40 

30 

11,72 

55 

8,5* 

IP 

13,44 

35 

1 1  jl  2 

60 

7,60 

*5 

*3,33 

40 

10,57 

65 

6,54 

20 

;**•  %  A 

1 V8  . 

45! 

9>9l 

70 

5 

Th£  fame  ingenious  Gentleman  proceeds  on,  and  (hews  how 
td  eftiinate  or  find  the  Value  of  two  Lives,  and  then  of  three 
Lives,  which  being  too  long  a  DifcQurfe  to,  be  recited  here,  I  have, 
for  Brevities  Sake,  omitted  it;  and  fhall  only  add  this  ferious  Ob- 
fervation. 

Viz,.  How  unjufHy  we  repine  at  the  Shortnefs  of  our  Lives,  antt 
think  our  felves  wrong’d,  if  we  attain  not  to  old  Age;  whereas  it 
appears,  that  the  one  half  of  thofe  that  are  born,  die  in  Seven¬ 
teen  Years  Time.  For  by  the  aforefaid  Bills  of  Mortality  at  Ere- 
flxxo,  it  was  found,  that  1238  were  in  that  Time  reduced  to  6i6i 
So  that  inffead  of  murmuring  at  what  we  call  a  fliort  Life,  we 
©tight  to  account  it  as  a  great  Bleflfmg  that  we  have  furvived,  per- 

O  9  haps 
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haps  by  many  Years,  that  Period  of  Life,  whereat  the  one  half  of 
the  whole  Race  of  Mankind  does  not  arrive. 

SeB.  4,  Of  Qur  chafing  or  IReal  <£flate£i 

at  Compound  Intere/f . 

All  Free-hold  or  Real  Effaces,  are  fuppofed  to  be  purehafed  or 
bought  to  continue  for  ever  (viz.  without  any  limited  Time)  j 
therefore  the  Bufinefs  of  computing  the  true  Value  of  fuch  Eftates 
is  grounded  upon  a  Rank  or  Series  of  Geometrical  Proportionals, 
continually  decreafing,  ad  Infinitum. 

Thus,  Let  P,  «,  R,  denote  the  fame  Data  as  in  the  laft  Settiort* 
Then  the  Series  will  be,4-  .  — ^  .  -4-  •  ~  and  fo  on 

in  *ff  until  the  laft  Term  =  o.  Then  will  P  •—  o  (viz.  P)  be  the 
Sum  of  all  *he  'Antecedents.  And  P--*~  will  be  the  Sum  of,  all 


-rv*  •*  a  a  % 


R 


u 

R~ 


»  1 


•  * 

V  • 


the  Confequents ;  therefore  it  will  be,  n ' 
produces  P  R  —  u  —  P. 

This  Equation  affords  thefe  following  Theorems, 

Theorem  1.  PR  —  P  u.  Theorem  — - —  =:  P. 

c.R*r'i 

P  - f*  if 


-§-which 

A 


Theorem  3. 


R. 


e.  Suppofe  a  Freehold  Eft  ate  of  yearly  Refit 
Were  to  be  fold }  what  is  it  worthy  allowing  the  Buyer  6 
per  Gent.  Compound  Inter  eft  for  his  Money  ? 

In  this  Queftion  there  is  given  *1  =  7?.  Rr=:i,o6  To  find  P.  Per 
Tljeorem  2.  Thus  R—  i~o,o^)  7 5:  ==  a  (1250/.  :=P.  the  Anfwey 
required.  And  fo  for  any  of  the  reft  as  Occafion  requires.  But  if 
the  Rent  is  to  be  paid,  either  by  Quarterly,  or  Half-yearly  Pay¬ 
ments; 

Then  R  =4/  I  0 6  fof  Half-yearly  ?  n  _ 

And  =  •/:</  i.otf  for  Quarterly  f  Payments  at  <r  per  Cent.- 

CR  =  1,08  for  Yearly  p 

Or  <R=:  y/  1  08  for  Half-yearly  > Payments  at  S  per  Cent . 

eR  s=s  f 1,08  for  Quarterly  3 

The  like  is  to  be  undeTftood  for  any  other  propofed  Rate  of 
Intereft  either  Greater,  or  Lefs  than  6  per  Cent. 
t  Tne  Application  of  thefe  Theorems  to  Practice,  is  fo  very  eafy, 
it's  needle fs  to  infert  more  Examples. 

A  N 
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Of  dBeometttcal  Ignitions,  &c. 

Setf.  1,  Of  Hines  and  SngUg. 

*  / 

A  Point  hath  no  Parts:  That  is,  a  Geometrical  Point  is  not 
any  Quantity,  but  only  an  Affignable  Place  in  any  Quan- 
tity,  denoted  by  a  Point.  ?  .  ~ 

As  at  A .  and  B.  5 

Such  a  Place  may  be  conceived  fo  infinitely  (mail,  as  to  be  void 
of  Length,  Breadth  and  Thicknefs  $  And  therefore  a  Point  may  b® 
faid  to  have  no  Parts. 

2.  A  Lins  is  called  a  Quantity  of  one  Dimenfion,  becaufe  it  may* 
have  any  fuppofed  Length,  but  no  Breadth  nor  Thicknefs,  being 
made  or  reprefente<J  to  the  Eye,  by  the  Motion  of  a  Point. 

That  is,  If  the  Point  at  A .  be  moved  (upon  the  fame  Plane)  to 
the  Point  at  B,  it  will  defcribe  a  Line,  either  Right,  or  Circular, 
(v/*..  Crooked)  according  to  its  Motion. 

V  Therefore  the  Ends  or  Limits  of  a  Line  are  Points. 


3.  A  Right  Line,  is  that  Line  which  L’eth  even  or  frrait  betwixt 
thofe  Points  that  limit  its  Length  being  the  fliortefl  Line  that 

can  be  drawn  between  any  two?  / _ 

Points.  As  the  Line  A  B.  \ 


Therefore  between  any  two  Points,  there  can  lie, or  be  drawn 
but  one  Eight  Lin$. 


0 


o  a 
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4-  A  Circular ,  Cyoo^ed  or  Oblique  fyne,  is  that  which  lies  bending  be¬ 
tween  thole  Points  which  limit 
its  Length,  as  the  Lines  CD  or  FG> 

&fC,  ’ 

Of  thefe  Kinds  of  Lines  there  are 
various  Sorts ;  but  thofe  of  the  Circle 
Parabola,  Ellipfis,  and  Hyperbola 
are  of  moft  general  life  in  Geome- 

try  ;  of  which  a  particular  Account  fliall  be  given  further  on 


f.  "Parallel  Line r,  as  thofe  that  lie 
equally  diftant  from  one  another  in 
all  their  Parts, viz*  fuch  Lines  as  be¬ 
ing  infinitely  extended  (upon  the 
fame  Plane)  will  never  meet  ;  as 
the  Lines  AB  and  a b,  or  CD  and 
cd . 


6.  Lines  not  Parallel,  but  Inclining  (viz.  leaning)  one  towards  ano 
ther,  whether  they  are  IjLight  Lines, 


or  Circular  fines,  will  (if  they  are 
extended)  meet,  and  make  an  Angle; 
the  Point  where  they  meet  is  called 
the  Angular  Point,  as  at  A.  And 
according  as  Inch  Lines  ftand,  near¬ 
er  or  further  off  each  other,  the 
Angle  is  faid  to  be  lefs,  or  great¬ 
er,  whether  the  Lines  that  include 
tfie  Angle  be  long,  or  fhort.  That 
is,  the  Lines  Ad ,  and  Af  include  the 
fame  Angle  as  A  £,  and  AC  doth; 
notwithflandittg  that  AB  is  longer 


o-7uAr  ?MeS  *ncJu<Je<J  between  the  Right  Lines,  are  called 
Kighr  lin  d  Angles;  and  thofe  included  between  Circular  Lines 
are  called  Spherical  Angles.  But  all  Angles,  whether  Right-lin'd  of 
Sprurical,  fall  u:  der  one  of  thefe  three  Denominations. 


.A  HUgbt  angle. 
r^.^An  £Dbtufe  angle. 
An  acute  angle. 


,is  th«  which  is  included  betwixt  two  Lines 
*»ther  Pernendicnlar  - 

That 


l  *•  A  &Vji  '’^ber  Perpendicular. 

■*> 


r 
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That  is,  when  a  Right-line  as  *  J) 

D  C,  meets  with  another  Right-line 
as  A  B ,  fo  directly  as.  that  it  nei¬ 
ther  inclines  nor  declines  to  one 
Side  more  than  the  other,  but  makes 
Jhe  Angles  on  both  sSties  of  it  e- 

qual,  as  at  x,  x;  Then  are  tbofe  *  [  x  ~ 

Angles  called  Right  Angles;  and  Af  P 

the  Lines  fo  meeting  are  faid  to  be  C 

Perpendicular  to  each  other. 

That  is,  4c ,  and  CD,  are  Perpendicular  to  D  C ,  as  well  as  PG 
is  to  either  or  both  of  them. 

9.  An  Obtufe  Angle  is  that  which  j$  greater  than  a  Right  Angle* 
Such  is  the  Angle  included  between 
the  Lines  A  C  and  gB. 

10.  An  Acute  Angle  is  that  which  M 
is  lefs  than  a  Right  Angle  ;  as  the  y 
Angle  included  between  the  Lines 
C  B  and  C  D. 

Thefe  two  Angles  are  generally  called  Oblique  Angles. 


,a. 

Se ft.  2.  Of  a  Circle,  &c. 

* 

Before  a  Circle  and  its  Parts  are  defin  ed,  it  wiB  be  can* 
Dement  to  give  a  brief  Account  ^Superficies  ///  general. 


A  Superficies  or  Surface  is  the  upper,  or  very  Qut*fide  of  any 
vifible  Thing.  But  by  Superficies  in  Geometry ,  is  meant  only  fa 
much  of  the  Out  fide  of  any  Thing  asisinclofed  within  a  Line,  or 
Lines,  according  to  the  Form  or  Figure  of  the  Thing  defigned; 
and  it  is  produced  or  formed  by  the  Motion  of  a  Line,  as  a  Line 
is  defcribed  by  the  Motion  of  a  Point;  thus: 

Suppofe  the  Line  A  B  were  equally 
moved  (upon  the  fame  Plane)  to  CP; 
then  will  the  Points  at  A  and  B  de¬ 
scribe  the  two  Lines  ACzn&BDi 
and  by  fo  doing  they  will  form 
(and  inclofe  the  Superficies  or  Figures  A  BCD,  being  a  Quantity  of 
two  Dimensions,  viz.  it  hath  Length  and  Breadth,  but  not  Thick- 
n-efs.  Con feq uendy  the  Bounds  or  Limits  of  a  Superficies  are 
Lines. 

Note, 


»86  dements  W  Geometry.  Part  in; 

Note,  The  Sujkrficies  of  any  Figure ,  is  ufually  called 

its  Sltra- 

i.  A  Circle  is  a  Plain  Regular  Figure,  whofe  Area  is  bounded  or 
limited  by  one  continued  Line,  palled  the  Circumference  or  Periphery 
Of  the  Circle,  which*  ipay  be  thus  defcribed  or  drawn. 

Suppofea  Right  Line,  as  C B,  to  have  one  of  its  extreme  Points 
«s  C>  l'o  fixt  upon  any\  Plane,  as  that  the 
other  Point  at  B  may  move  about  it;  then 
if  the  Point  at  B  be  moved  round  about  (up¬ 
on  the  fame  Plain)  it  will  be  the  Circumfe¬ 
rence  or  Periphery  of  that  Circle;  the  Point 
C  will  be  its  Center,  and  the  contained  Space 
will  beitWr<?£,  and  the  Right  Line  cB ,  by 
which  the  Circle  is  thus  defcribed,  is  called 
Radius* 

CONSECTARY. 

From  hence  9tis  ei^ent,  that  an  infinite  Number  of 
Right  Lines  may  be  drawn  from  the  Center  of  any  Circle  to 
touch  its  Periphery ?  which  will  be  all  equal  to  one  another y 
lecaufe  they  are  all  Radius's* 

And  with  a  little  Conjideration  it  will  be  eafyto  conceive 
that  no  more  than  two  equal  Right  Lines  can  be  drawn  from 
any c. Point  within  a  Circle  to  touch  its  Periphery y  but  from 
the  Center  only .  e.  3.) 

3.  Equal  Circus  are  thofe  which  have  equal  Radius’s;  for  it's  plain 
By  thelaft  Definirion  that  one  and  the  fame  Radius  (as  CB)muft 
needs  defcri be  equal  Circles,  how  many  foever  they  are. 

D 

4.  The  Diameter  of  a  Circle,  is  twice  its 
Radius  join'd  into  one  Right  Line,  as 
A  £  drawn  through  the  Center  c  and 
ending  at  the  Periphery  on  each  Side. 

That  is,  •  the  Diameter  divides  the 
Circle  into  two  equal  Parts, 

A  Semicircle  (viz-  half  a  Circle)  is  a  Figure  included  between 
the  Diameter,  and  half  the  Periphery  cut  tJfr  by  the  Diameter; 
A  s  A  D  JS. 

A 

AT  • 


'tfw/ 
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6.  A  Quadrant  is  half  a  Semicircle,  viz .  one  Quarter  of  a  Circle 

and  it's  made  by  the  Radius  (as  DC 
Handing  Perpendicular  upon  the  Diame¬ 
ter  at  the  Center  C,  cutting  the  Peri¬ 
phery  of  the  Semicircle  in  the  Middle, 
as  at  D.  Therefore  a  Quadrant,  or  half 
the  Semicircle,  is  the  Meafure  of  a  Right  -A 
Angle. 


7.  k  Chord  Line ,  or  the  Subtenfe  of  an 
Arch,  is  any  Right  Line  that  cuts  the 
Circle  into  two  unequal  Parts,  as  the  Line  SG>  and 
lefs  than  the  Diameter. 


8.  A  Segment  of  a  Circle,  is  a  Figure  included  betwixt  the  Chord' 
and  that  Arch  of  the  Periphery  which  is  cut  off  by  the  Chord  : 
And  it  may  either  be  greater,  or  lefs  than  a  Semicircle  \  as  the 
Figure  S MG  or  SVG. 

9.  A  Sefior  is  a  Figure  included  between  two  Radius’s  of  the 
Circle,  and  that  Arch  of  its  Periphery 
where  they  touch/  as  the  Figure  ACB , 
and  the  Arch  AB  is  the  Meafure  of 
the  Angle  at  C ,  included  betwixt  the 
Radius's  A  C,  and  BjC. 


Mote,  All  Angles  of  Se<5lors  are  called 
Angles  at  the  Center  of  a  Circle. 

to.  An  Angle  in  the  Segment  of  a  Circle  is  that  which  is  inclu¬ 
ded  between  two  Chords  that  flow  from  one  and  the  fame  Point  in 
the  Periphery,  as  at  D}  and  meet  with  the  Ends  of  Another  Chord 
Line,  as  at  F  and  G. 

That  is,  the  Angles  at  D,  at  F,  and  at  G,  are  called  Angles  at 
the  Periphery,  or  Angles  Handing  on  the  SegmCht  of  a  Circle. 


Serf*  3*  Of  Crfangletftf 

There  are  two  Kinds  of  Triangles ,  viz.  Tlain  and Sphe « 
ft  cal  ^  hut  I  Jhall  not  give  any  Definition  of  the  Spherical y 
hecaufie  they  more  immediately  relate  to  Jlfironomy, 

1.  A  Plain  Triangle  is  a  Figure  whofe  Area  is  contained  within  the 
Limits  of  three  Right  Lines  called  Sides,  including  three  Angles: 
And  it  may  be  divided,  and  takes  its  Name  either  according  to  its 
Sides  or  Angles.  1.  By 
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i.  By  its 

2.  An  Equilateral  Triangle  is  that  which 
hath  all  its  three  Sides  equal,  as  th£ 
Figure  ABC 
That  is,  AB=sBC=zAC. 


£ 


3.  An  Ifofeelei  Triangle  is  that  which  hath 
only  two  of  its  sides  equal  as  the  figure 
Bi)G.  That  is,  BP  —  PG;  but  the  third 
Side  B  G  may  be  either  greater  or  lets,  as 
Occafion  requires. 


D 


4;  A  Scalenm  Triangie  is  that 
which  hath  all  its  three  Sides  un¬ 
equal  ;  fuch  as  the  Figure  H  KM. 


2.  By  its  angle?. 

y.  A  'Right-angled  Triangle ,  is  that  which 
hath  one  Right  Angle;  that  is,  wheii 
two  of  its  Sides  are  Perpendicular  to 
each  other,  as  C  A  is  fuppofed  to  be 
to  B  A .  Therefore  the  Angle  at  A ,  is 
a  Right  Angle,  Per  Defi.  8.  Sett.  I. 


K 


a„  • 

Note ,  The  longeft  Side  of  every  Right-angled  Triangle  (as  B  rt 
is  called  riypotenu'fe,  and  thelongeftof  the  other  two  Sides  which 
include  the  Right  Angle  (as  B  A)  is  called  Bafe.  The  third  Side 
(as  c  A)  is  called  Cathetus  or  Perper^^d|r. 

6;  An  Obtufe- angled  Triangle  is  that  which  hath  one  of  its  Angles 
Obtufe,  and  is  called  anAmblygonium  Triangle.  Such  is  the  third 
Triangle  tiKM. 

7.  An  Acute-angled  Triangle  is  that  which  hath  all  its  Angles  Acute* 
and  its  called  an  Oxygonium  Triangle ;  Such  are  the  firft  and  fecond 
Triangles  ABC,  and  B  D  G. 

N6tey  All  Triangles  that  have  not  a  Right  Angle,  whether  they 
are  Acute,  or  Qbtufe,  are  in  general  Terms,  called  oblique  Triangles 

With? 
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without  any  other  Diftinftion  as  before.  And  the  long  . 
every  oblique  Triangle,  is  ufually  called  the  Bale  ;  the  a 
are  only  called  Sides,  or  Legs. 

8.  The  Altitude  or  Height  of  any  plain 
Triangle,  is  the  Length  of  a  Right  Line 
let  fall  perpendicular  from  any"  of  its 
Angles,  upon  the  Side  oppofite  to  that 
Angle  from  whence  it  falls;  and  may  be 
either  within,  or  without  the  Triangle, 
as  Occafion  requires,  being  denoted  by 
the  two  prick'd  Lines  in  the  annexed 
Triangles. 

Sed.  4.  Of  jfotir&iDft)  JftgUre^  &c 

I.  A  Sqiiare,  is  a  plain  regular  Figure, 
whofe  Area  is  limited  by  four  equal  bides 
all  perpendicular  one  to  another. 

That  is,  when  AB~BC  —  CD~VA, 
and  the  Angles  A ,  JB  C,  D  are  all  equal, 
then  Jtis  ufually  called  a  Geometrical 
Square. 

2.  A  Rhombus,  or  Diamond-like 
Figure,  is  that  which  hath  four  equal 
bides,  but  no  right  Angle.  That  is, 
a  Rhombus  is  a  Square  moved  out  of  its 
Right  Polition,  as  the  annexed  Figure. 

3.  A  Retttngle,  or  a  right  angled  Parallelogram  (  often  called  an 

Oblong,  or  long  Square)  is  a  Figure  £ 
that  hath  four  right  Angles,  and  irs 
two  oppofite  Sides  equal,  viz-BC  —  - 

HZ?  and  BH—CD 

4.  A  Rhomboides ,  is  an  oblique-angled 
Parallelogram,  that  is,  it  is  a^Paralle 
lograrn  moved  out  of  its  right  Pofiri- 
on,  like  the  annexed  Figure. 

5.  The  Altitude  or  Height  of  anv  obliqup-or'?lf'd  P^allellograitl) 
viz.  either  of  Rhombus,  or  Rhomboides 
is  a  Right  line  let  fall  perpendicular  from 
any  Angle  upon  the  Side  oppofite  to  that 
Angle;  and  it  may  either  be  within  or 
without  the  Figure.  As  in  the  prick'd 
Lines  in  the  annexed  Figure. 

P  p  6.  All 


•aiiillKiem 
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t.  All  four-fided  Figures,  which 
differ  from  thofe  before-mention’d, 
are  called  Trapezia  \ 

That  is,  when  they  have  neither 
oppofite  Sides,  nor  oppofite  Angles, 
equal  v  as  the  Figure  A  BCD* 

f.  A  Right-line  drawn  from  any  Angle  in  a  four-fided  Figure, 
to  its  oppofite  Angle,  is  called  a  Diagonal  Line,  and  will  divide  the 
Area  of  the  Figure  into  two  Triangles,  being  denoted  by  the 
prick'd  Line  AC  in  the  laft  Figure. 

8.  All  Right-lined  Figures  that  have  more  than  four  Sides,  are 
called  Polygons,  whether  they  be  regular,  or  irregular. 

9.  A  Regular  Polygon,  is  that  which  hath  all  its  Sides  equal,  {land¬ 
ing  at  equal  Angles ;  and  is  nam'd  according  to  the  Number  of 
its  Sides  (or  Angles).  That  is,  if  it  have  five  equal  Sides,  it  is 
called  a  Pentagon ;  if  fix  equal  Sides,  it  is  called  a  Hexagon ;  if  feven, 
it  is  a  Heptagon  ;  "if  eight,  it  is  an  Off  agon,  See. 

Note,  All  regular  Polygons  may  be  inferibed  in  a  Cirde. 

That  is,  their  angular  Points,  how  many  foever  they  have,  will 
all  juft  touch  the  Circle's  Periphery. 

10.  An  Irregular  Polygon  is  that  Figure  which  hath  many  unequal 
Sides  {landing  at  unequal  Angles  (  like 
unto  the  annexed  Figure,  or  otherwife); 
and  of  fuch  kind  of  Polygons  there  are  in¬ 
finite  Varieties;  but  they  may  all  be  redu¬ 
ced  to  regular  Figures,  by  drawing  Diago¬ 
nal  Lines  in  them,  as  fhall  be  {hewed  far¬ 
ther  on* 

Thefe  are  the  moft  general  and  ufeful  Definitions  that  concern 
plain  or  fuperficial  Geometry. 

As  for  thofe  which  relate  to  Solids, #  I  thought  it  convenient  to 
omit  giving  any  Account  of  them  in  this  Place,  becaufe  they 
would  rather  puzzle  and  amuze  the  Learner  than  improve  him, 
until  he  has  gained  a  competent  Knowledge  in  the  moft  ufeful 
Theorems  concerning  Superficies;  for  then  thofe  Definitions  may 
be  more  eafily  underftood, and  will  help  to  forma  clearer  Idea  of 
their  refpe&ive  Solids,  than  'tis  poftible  to  conceive  of  them  be¬ 
fore;  and  therefore  I  hays  referved  thofe  Definitions  until  we 
come  to  the  fifth  Part. 

b  Sed. 
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Se&.  5,  Of fuch  'ZJtrntjS  generally  ufed  in  Geometry . 

Whatfoever  is  propofed  in  Geometry,  will  either  be  a  Problem 
or  a  Theorem. 

Both  which  Ettc/id  includes  in  the  general  Term  of  Propor¬ 
tion. 

A  Problem  is  that  which  propofes  fomething  to  be  done,  and 
relates  more  immediately  to  Practical,  than  Speculative  Geometry  » 
that  is,  Jtis  generally  of  fuch  a  Nature  as  to  be  perform'd  by  fome 
known  or  common  received  Rules,  without  any  Regard  had  to 
their  Inventions,  or  Demonftrations, 

A  Theorem  is  when  any  common  received  Rule,  or  any  new  Pro¬ 
portion  is  required  to  be  demonftrated,  that  fo  it  may  from 
thenceforward  become  a  certain  Rule  to  be  relied  upon  in  Prac¬ 
tice,  when  Occafion  requires  it.  And  therefore  feyeral  Rules  are 
often  called  Theorems,  by  which  Operations  in  Arithipetick,  and 
Conclufions  in  Geometry  are  perform'd. 

Note ,  By  Vemonjiration  is  underftood  the  higheft  Degree  of  Proof 
that  human  Reafon  is  capable  of  attaining  to,  by  a  Train  of 
Arguments,  deduced  or  drawn  from  fuch  plain  Axioms,  and  other 
felf-evident  Truths,  as  cannot  be  denied  by  any  one  that  confi- 
dersthem. 

A  Corollary,  qr  Confeftary,  is  fome  confequent  Truth  drawn,  or 
gained  from  any  Demon ftration. 

A  Lemma  is  the  Demonftration  of  fome  Premifes  laid  down,  or 
propofed  as  preparative  to  obviate  and  flibrten  the  Proof  of  the 
Theorem  under  Confideration. 

A  Scholium  is  a  brief  Commentary  or  Obfervation  made  uppfi 
fome  preceding  Difcourfe. 

N  B.  I  advife  the  young  Geometer  to  be  very  perfeft  in  the 
Definitions,  viz*  not  to  reft  fatisfied  with  a  bare  Remembrance  of 
them,  but  that  he  endeavour  to  gain  a  clear  Idea,  or  llnderftand- 
ing  of  the  Things  defined ;  and  for  that  Reafon,  I  have  been  ful¬ 
ler  in  every  Definition  than  is  ufual. 

And  that  he  may  know  from  whence  mod  of  the  following 
Problems,  and  Theorems  contain’d  in  the  two  next  Chapters  are 
colle&ed;  I  have  all  along  cited  the  Proportion,  and  Book  of  E«- 
tlid's  Element!,  where  they  may  be  found. 

As  for  Inftance,  at  Problem  1.  there  is  (  3.  e.  r.  )  which  fhews, 
that  it  is  the  third  Proportion  in  Euclid1  fir  ft  Book.  The  like 
muft  be  underftood  in  ;he  Theorems. 
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CHAP.  II, 

The  Firil  UtuUiment?,  or  Leading  and  Preparatory 
^ofrlems  in  Plain  (Beomettp. 

In  order  to  perform  the  following  Problems,  the  young  Geo¬ 
meter  ought  to  be  provided  with  a  thin  ftrait  Ruler,  made  ei¬ 
ther  of  Ural's  or  Boxwood  ;  and  two  Pair  of  very  good  Compaf- 
fes,  viz,,  one  Pair  called  three-pointed  Compafles,  being  very  ufe- 
ful  for  drawing  of  Figures  or  Schemes,  either  with  black  Lead  or 
Ink,  and  one  Pair  of  plain  Compares  with  very  fine  Points,  to 
meal'u re  and  let  off  Dittances;  alfo  he  fhould  have  a  very  good 
Steel  Drawing-Pen:  And  then  he  may  proceed  10  the  Work  with, 
this  Caution;  that  he  ought  to  make  himfelf  Matter  of  one  Pro¬ 
blem  before  he  undertake  the  next,  that  is,  he  ought  to  under- 
f  and  the  Defign  and,  as  far  as  he  can,  the  Reafon  of  every  Pro¬ 
blem  as  well  as  how  to  do  it,  and  then  a  little  Pra&ice  will  ren¬ 
der  them  very  ealy,  they  being  all  grounded  upon  thefe  follow¬ 


ing  Pottulates. 


FoMateS  or  JBetitiotr 


I.  That  a  Rightrline  may  be  drawn  from  any  one  gw 
ven  Point  to  another. 

II.  That  a  Righ^line  may  be  produced,  encreafed,  or 
made  longer  from  either  of  its  Ends 

III.  That;  upon  any  given  Point  (or  Center )  and  with 
any  given  DiJlance  (viz.  with  any  iRabill#)  a  Circle  may 

be  defcnbed. 

PROBLEM  I. 

Two  Right-lines  being  given ;  To  find  their  Sum  and  Dif¬ 
ference.  (  3,  i.  ) 

Let  the  given  Lines  be  ^ 


Make  the  fhortett  Line  as  CB  Radi¬ 
us  and  with  it  defcribe  a  Circle; 
T  r  >m  its  Center  C  let  off  the  other 
Line  A  C,  and  joyn  A  C  B  with  a 
Right-line.  Then  wilt  AB  —  AC 
4 -CB  \  a  nd  AD--AC — C  B\  as  was 
required.  ' 


A 

C 


IB 


D 


P  R  O- 
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x  PROBLEM  IL 

To  Bifetf,  or  Divide  a  Right-line  given  (  as  A  B  J  inti 

two  equal  Tarts.  (  io.  e.  I. ) 

Prom  both  Ends  of  the  given  Line 
(  viz .  A  and  B )  with  any  Radius  greater  'y£ 

than  Half  its  Length,  defcribe  two  S\\ 

Arches,  that  may  crofs  each  other  in  /  |  : 

two  Points,  as  at  D ,  and  F;  then  joyn  f  I  g 

thofe  Points  P  F,  with  a  Right-line;-^ 
and  it  will  Biieft  the  Line  A  B  in  the 
Middle  at  C;  viz*  it  will  make  A  Cz=z 
C  B  j  as  was  required. 


PROBLEM  III.  w 

To  Bifefi  a  Right-lind  Angle  given ,  into  two  equal  Angles 

(  9*  ) 

Upon  the  Angular  Point,  as  at  C, 
defcribe  an  Arch  as  AB>  and  from 
thofe  Points  A  and  B,  defcribe  two 
equal  Arches  crofting  each  other,  as  at  C 
P.  Then  joyn  the  Points  (7,  and  P, 
wjth  a  Right  line,  and  it  will  Bifeft 
the  Arch  A  B ,  and  confequently  the 
Angle;  as  was  required. 

PROBLEM  IV. 


At  a  Toint  A,  in  a  R  ight-line  given  A  B.  To  make  a 
Right-lind  Angle >  equal  to  a  Right-lind  Angle  given 

C.  (  23  e.  1.  )  jp 


Upon  the  given  Angle  Point  C,  de¬ 
fcribe  an  Arch,  as  F  P,  (making  C  D  any 
Radius  at  Pleafure)  and  with  the  fame 
Radius,  defcribe  the  like  Arch  upon  the 
given  Point  A .  as  /  d.  That  is,  make 
the  Arch  j  d  equal  to  the  Arch  F  D  ; 
Then  joyn  the  Points  A  and  f,  with  a 
Right  line,  and  it  will  form  the  Angle 
rtquired. 
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PROBLEM  V. 

To  draw  a  Right-line.,  as  F D,  parallel  to^a  given  Right-* 
line  AB ,  that  fhall*pafs  through  any  ajjigned  ‘■Pointy 
as  atXy  viz.  at  any  Dijlance  required  (  31.  e.  1.  ) 

Take  any  convenient  Point  in  the  given  Line,  as  at  c,  (  the 

further  off  x  the  better );  make  M  .  .  * 

C  x  Radius,  and  with  it  upon  F 

the  Points, deferibea  Semi  circle,  /  y  \ 

asHMxN  Then  make  the  Arch  /  \ 

HAfequai  to  the  Arch  ^Nphrough  A - ‘ - B 

the  Points  M  and  x ,  draw  the  h  q  N 

Right-line  F  D,  and  it  will  be  parallel  to  the  line  A  C,  as  was  required. 

PROBLEM  VI. 

To  let  fall  a  ‘Perpendicular  as  C  x,  upon  a  given  Right * 
line-  A  B .  from  any  afRgned  Point  that  is  not  in  ity  as 
fro%tC.(i2.eri:) 

Upon  the  given  Point  C,  deferibe  (J 

fuch  an  Arch  of  a  Circle,  as  will  crofs 
the  given  Line  AB  in  two  Points,  as  I 

atd,  and  f ;  then  Bife&  the  Diftance  ? 

between  thofe  two  Points  d,  f  ( per  \  j  f  f  7 
Prob.  2 .  )  as  at  x.  Draw  the  Right-  a  \  ■  [  *  / 

line  C  x ,  and  it  will  be  the  Perpendi-  '  '  *  *“ 

cular  required. 

PROBLEM  VIL 


♦r*' 


D 


To  eretl  or  raife  a  Perpendicular  upon  the  End  of  any.  gin 
ven  Right-line ,  as  at  JB  *  or  upon  any  0  her  Point  afe 
'figned  in  it .  (  1 1.  e»  1.  ) 

Upon  any  Point  (taken  at  an  Adventure  (out  of  the  given 
Line,  as  at  C ,  deferibe  fuch  a  Circle, 
as  will  pafs  through  the  Point  from 
whence  the  Perpendicular  muft  be 
raifed.  as  at  B  (  viz,,  make  C  B  Radius)  \ 
and  from  the  Point  where  the  Circle 
cuts  the  given  Line,  as  at  A ,  draw  the 
Circle,^  Diameter  A  CD.  Then  from  — 
the  Point  V.  draw  the  Right-line  V  B, 
and  it  will  be  the  Perpendicular  as  was 
required. 


A  \ 


B 
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PROBLEM  VIII. 

To  divide  any  given  Right-line as  A  B,  into  any  propo* 
fed  Number  of  equal c Tarts  ( 10.  e.  6.  ) 

At  the  extreme  Points  (  or  Ends  )  of  the  given  Line,  as  at 
A  and  B.  make  two  equal  Angles 
(  by  Prob.  4.)  continuing  their 
Sides  AD, and  &C  to  any  fufficient 
length  ;  then  upon  thofe  Sides, 
beginning  at  the  Points  y*,and  5, 
fet  off  the  propofed  Number  of 
equal  Parts  at  pleafu re  (  fuppofe 
them  •?.)  If  Right-lines  be  drawn 
(crofsthe  given  Line)  from  one 
Point  to  the  other,  as  in  the  an¬ 
nexed  Figure,  thofe  Lines  will 

divide  the  given  Line  A  B  into  the  Number  of  equal  Parts  r©» 
quired.  * 

PROBLEM  IX. 

To  defer  the  a  Circle  that  jhallpafs  (  or  cut  )  through  any 
three  Point  ffgiven^  not  lying  in  a  Right-line. 

As  the  ^Points  A,  B ,  D. 

Joyn  the  Points  B  A.  and  B  D  with  Right-lines,  then  Bifeft 
both  thofe  Lines  (  per  Problem  2.)  The  ^ 

Point  where  the  bife&ing  Lines  meet,  as 
at  Cy  will  be  the  Center  of  the  Circle  re¬ 
quired,  . 

j  m  3  jc  * 

The  Workvof  this  Problem  being  well  ff 

Underftood,  it  will  be  eafy  to  perform  *  Jr 

the  two  following  with  outran  vSch  eme-,"  f  ‘  ‘  ‘  / 

viz.  I.  To  Jirid  the  Center  of  any  Circle  given.  *  D  "‘ . 

(  I-  e.  3.) 

By  the  hft  Prob.  ’tis  plain*  that  if  three  Points  be  any  where 
takin  in  the  given  Circle’s  Periph**^  as  at  Ay  B ,  D ,  the  Center 
of  that  Circle  may  be  found  as  before. 

If  a  Segment  of  any  Circle  be  given ;  To  complete  or  de¬ 
scribe  the  whole  Circle .  (  2j.  e.  3. ) 

This  may  be  done  by  taking  any  three  Points  in  the  given 
Segment’s  Arch,  and  then  proceed  as  before. 

PRO' 


/ 


\ 
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PROBLEM  X. 

Upon  a  Right-line  given ,  aslAB ,  To  deferibe  an  equilA 

teral  Triangle*  (  1.  e.  1.) 

Make  the  given  Line  Radius,  and  with 
It,  upon  each  of  its  extreme  Points,  or 
Ends,  as  at  A ,  and  B;  deferibe  an  Arch, 
viz.  A  C \  and  B  C.  Then  j’oyn  the  Points,. 

A  C ,  and  B  C  with  Right-lines,  and  they 
will  make  the  Triangle  required. 

A  L _ >  B 


PROBLEM  XL 

Three  Right-lines  being  given  }  To  form  them  into  a  Tri¬ 
angle,  ( provided  any  two  of  them  taken  together  be 
longer  than  the  third*)  (  22.  e*  1.  ) 


let  the  given  Lines  he 

Make  either  of  the  (horter  Lines, 
as  A  C ,  Radius ,  and  upon  either 
Tnd  of  the  longed  Line,  as  at 
Ay  deferibe  an  Arch  ;  then  make 
the  other  Line  C  B  Radius,  and 
upon  the  other  End  of  the  long- 
eft  Side,  as  at  B ,  deferibe  another 
at  Cy  join  the  Points  C  A,  and  ( 
will  form  the  Triangle  required. 


PROBLEM  XI L 


Upon  a  given  Right-line ,  as  B, 

(46.  *.  1.) 

Upon  one  End  of  the  given  Line,  as  at 
£  ere&  the  Perpendicular  B  P,  equal  in 
Length  with  the  given  Line,  viz,,  make 
BD~ABy  that  being  done,  make  the  gi¬ 
ven  Line  Radius,  and  upon  the  Points,  A, 
and  D,  deferibe  equal  Arches  to  crofs  each 
other,  as  at  C;  then  j'oyn  the  Points  C  Ay 
and  C  V  with  Right-lines,  and  they  will 
form  the  Square  required. 


To  form  a  Square 


PRO- 
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PROBLEM  XIII. 

Two  unequal  Right-lines  being  given ;  to  fom  or  make  of 
them  a  Right-angled  Parallelogram . 


Let  the  given  Lines  be 


i 


Upon  one  End  of  the  longeft 
Line,  as  at  B,  erefl:  a  Perpendi¬ 
cular  of  the  fame  Length  with  ■ 
the  (horteft  Line  B  C\  then  from 
the  Point  Cdraw  a  Line  Parallel, 
and  of  the  fame  length  to  A  B,  ,  . 

viz,-  make  D  C^=:  A  B.  Joyn  DA  with  a  Right-line,  and  it  will 
form  the  Oblong  or  Parallellogram  required. 

As  for  Rhombus's,  $nji  Rhomboides,  to  wit,  Oblique-angled 
Parallelograms,  they  are  made,  or  defcribed  after  the  fame  Man¬ 
ner  with  the  two  laft  Figures;  only  inftead  of  ere&ing  the  Per¬ 
pendiculars,  you  mu  ft  fet  off  their  given  Angles,  and  then  pro¬ 
ceed  to  d$aw  their  Sides  parallel,  &c.  As  before. 

problem  XIV. 

In  any  given  Circle ,  to  infcribe  or  make  a  Triangle,  whofc 
Angles  (hall  be  equal  to  the  Angles  of  a  given  Triangle . 
As  the  Triangle  B  D  G,  (  2.  e.  4*  ) 

Note,  Any  Right-lin'd  Figure  is  faid  to  be  infcrib’dina  Circle, 
when  all  the  Angular  Points  of  that  Figure  do  juft  touch  the 

nUpril 


ircle's  Periphery.  . 

Draw  any  Right-line  (  as  H  K) 
as  juft  to. touch  the  Circle,  as 
A ;  then  make  the  Angle  D 

ual  to  any  one  Angle  o!  the 
yen  Triangle  (as DBG)  ;  and 
e  Angle  HAB  equal  to  ano- 
er  Angle  of  the  Triangle  (  as 
3  Fy  then  will  the  Angle  BAG 
equal  to  the  Angle  FDG . 
yn  the  Points  B  and  C  with  a 
ght-line.  and  it  will  form  the 
iangle  required- 

Q  q 


H 


A  K 
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^  PROBLEM  XV. 

In  any  given  Triangle ,  as  AB  Dy  To  deferibe  a  Circle  that 
Jhall  touch  all  its  Sides .  (  4.  e.  4.  ) 


Bifeft  any  two  Angles  of  the  Tri¬ 
angle,  as  A  and  By  and  w'here  the  bi- 
fe&ing  Lines  meet,  as  at  £7,  will  be  the 
Center  of  the  Circle  required  ;  and  its 
Radius  will  be  the  neared  Diftanee  to 
the  Sides  of  the  Triangle.  A 


Xj 


D 


PROBLEM  XVI. 

I  To  defer ibc  a  Circle  upon  any  given  Triangle .  (  5.  e.  4.  ) 

This  Problem  is  performed  in  all  Refpe&s  like  the  ninth,  viz,* 
by  bife<5ting  any  two  Sides  of  the  given  Triangle ;  the  Point 
where  thofe  bife&ing  Lines  meet,  will  be  the  Center  of  the 
Circle  required. 


PROBLEM  XVII.  v 

To  deferibe  a  Square  about  any  given  CircU .  (  7. 

Draw  two  Diameters  in  the  given  jp  .  y? 
Circle,  as  DA,  and  E  B,  at  Right-angles^/  J 


- -  j  *  u  u  " 

in  the  Center  C\  and  with  the  Circle's 
Radius  C  A ,  deferibe  from  the  extreme 
Points  of'  the  Diameter,  A ,  B,  D ,  E,  crofs 
Arches,  as  at  F,  G ,  H ,  K\  then  joyn  D 
thofe  Points  where  the  Arches  crofs 
with  Right-lines,  and  they  will  form  ih 
Square  required 


\ 


PROBLEM  XVIII. 

In  any  given  Circle y  To  deferibe  the  largcjl  Square  it  can 

contain.  (  6.  e.  4.  ) 

Having  drawn  the  Diameters,  as  V  Ay  and  E  B,  hifetting  e?ch 
other  at  Right-angles  in  the  Center  C,  (  as  in  the  lad  Scheme  *, ) 
Then  joyn  the  Points  A ,  B,  P,  and  E,  with  Right-lines  viz,. 
A  By  B  P,  D  E,  E  A,  and  they  will  be  the  Sides  of  the  Square  re¬ 
quired. 


r 
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PROBLEM  XIX. 

Upon  any  given  Right-line ,  as  A  B,  To  defcribe  a  regular 
c. Vent  agon ,  or  five - fided  cPolygon. 

Make  the  given  Line  Radius,  and  upon  each  End  of  it  defcribe 
a  Circle,  and  through  thofe  Points 
where  the  Circles  crofs  each  other,  as 
at  G,  x,  draw  the  Right-line  G  e  x, 
upon  the  Point  G,  with  the  fame  Ra¬ 
dius  defcribe  the  Arch  H  A  e  B  D. 

Then  lay  a  Ruler  upon  the  Points  V  e,  . 
and  mark  where  it  croffes  the  other 
Circle  as  at  F.  Again,  lay  the  Ruler  [ 
upon  the  Points  He,  and  mark  where  • 
it  croffes  the  other  Circle  as  at  C. 

Then  from  the  Points  Fand  C,  (  with 
the  feme  Radius  as  before)  defcribe 


H 


•««»«» » 


•  A1 


/ 


D 


crofs  Arches,  as  at  K,  Join  the  Points  A  F,  F K,  KC,  and  C  Bl 
with  Right-lines,  and  they  will  form  the  Pentagon  required. 

Viz.  A  F  =  F  K~  KC  =  C  B  ~  A  B-  And  the  Angles  at 
A,  By  C,  K,  F,  will  be  equal. 

PROBLEM  XX, 

In  any  given  Circle ,  To  defcribe  a  regular  'Tent agon,  (  1 1 * 

e.  4.  and  io.  e.  3. ) 

Or,  in  general  Terms ,  to  defer  ib§  any  regular  ^Polygon  in  fa 

Circle l 

Draw  the  Circle’s  Diameter  D  A,  and  #  Q 

divide  it  into  fo  many  equal  Parts, *a|.J:he  'p:-f 

propofed  Polygon  hath  Number  of  Sides ;  ..*•*’  /  \ 

then  make  the  whole  Diameter  a  Radius, 
and  defcribe  the  two  Arches  C  A,  and  CD* 

If  a  Right-line  be  drawn  from  the  Point 
C,  through  the  fecond  of  thofe  equal  Parrs 
in  the  Diameter,  as  at  2,  it  will  affign 
point  in  the  oppofte  Semicircle’s  Peri¬ 
phery,  as  at  B.  Join  D  B  with  a  Right- 
fine.  and  it  will  be  the  true  Side  of  the 
I^entagon  required, 


Jhcfp* 


Qq  z 
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Thefe  twenty  Problems  are  fufficient  to  exercife  the  young 
Pra&itioner,  and  bring  his  Hand  to  the  right  Management  of  a 
Ruler  and  Compares,  wherein  I  would  advife  him  to  be  very  rea¬ 
dy  and  eya<5h 

As  to  the  Reafon  why  fuch  Lines  mud  be  fo  drawn,  as  directed 
at  each  Problem;  That,  I  prefume,  will  fully  and  clearly  appear 
from  the  following  Theorems;  and  therefore  I  have  (for  Brevi¬ 
ty's  fake)  omitted  giving  any  Demondrations  of  them  in  this 
Chapter,  defiring  the  Learner  to  be  fatisfied  with  the  bare  Know¬ 
ledge  of  doing  them  only,  until  he  hath  fully  confidered  the 
Contents  of  the  next  Chapter;  and  then  I  doubt  not  but  all 
will  appear  very  plain  and  ealy. 


CHAR  III. 

A  Collection  of  the  mojt  ufefnl  <3ri)eo$cut$  in  plane  Geometry 

SPnnonflratetJ. 

Note,  In  order  to  fliorten  feveral  of  the  following  Demondrati- 
ons,  it  will  be  necellary  to  premife,  That 

1.  The  Periphery  (  or  Circumference  )  of  every  Circle 
(  whether  great  or  fmall  )  is  fuppofed  to  be  divided  in¬ 
to  360  equal  Parts,  called  Degrees  ;  and  every  one  of 
thofe  Degrees  are  divided  into  60  equal  Parts,  called 
Minutes,  &c. 

2 .  All  Angles  are  meafured  by  the  Arch  of  a  Circle 
defcribed  upon  the  Angular  Point  ( fee  Defin.  9.  Page 
287.)  and  are  efteemed  greater  or  lefs,  according  to  the 
Number  of  Degrees  contained  in  that  Arch. 

5.  A.  Quadrant  or  Quarter  Part  of  any  Circle,  is  al¬ 
ways  90  Degrees,  being  the  Meafure  01  a  Right-angle, 
(  Defi .  6.  Page  287.)  And  a  Semicircle  is=  180  Degrees, 
being  the  Meafure  of  two  Right-angles. 

4.  Equal  Arches  of  a  Circle,  or  of  equal  Circles, 
meafure  equal  Angles. 

To  thofe  five  general  Axioms  already  laid  down  in  Page  14^* 
(which  I  here  fuppofe  the  Reader  to  beverv  well  acquainted  with) 
it  will  be  convenient  to  underdand  thefe  following,  which  begin 
their  Number  where  the  other  ended. 

;  u  1  !  ftriomg. 
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6.  Every  whole  Thing  is  (Breatet  than  its  ^art« 

That  is,  the  whole  Line  A B  is  2  A - —  ..■■■  ■  ,  ..g 

greater  than  its  Part  A  c,  &c.  y  <  c 

The  fame  is  to  be  underftood  of  Superficies  and  Solids. 

7.  Every  Whole  is  dquat  to  all  its  taken  together • 

That  is,  the  whole  Line  A  B  is  equal  2  A - 1 - 1 - j - B 

to  its  Parts  AC  f  c  d  -{-•  d  e  -{^  e  B.  y  6  d  e 

The  fame  is  alio  true  in  Superficies  and  Solids. 

8.  Thofe  Things  which  being  laid  one  upon  another,  do 
agree,  or  meet  in  all  their  Tarts ,  are  equal  one  to  the  other*, 

But  the  Coiw'erfe  of  this  Axiom ;  to  wit,  that  equal  Things 

being  laid  onenipon  the  other,  will  meet,  is  only  true  in  Lines 

and  Angles,  but  not  in  Superficies,  unlefs  they  be  alike,  of 
the  fame  Figure  or  Form ;  '  as  for  Inftance,  a  Circle  may  be  equal 
in  Area  to  a  Square;  but  if  they  are  laid  one  upon  the  other, 
’tis  plain  they  cannot  meet  in  all  their  Parts,  becaufe  they  are 
unlike  Figures.  All’o  a  Parallelogram,  and  a  Triangle  may  be 
equal  in  their  Area's  one  to  another;  and  both  of  them  may  be 
equal  to  a  Square  ;  but  if  they  are  laid  one  upon  the  other,  they 
will  not  meet  in  all  their  Parts,  &c. 

Note,  Bejides  the  Characters  already  explain* d  in  PartL 
j4nd  in  other  Places  of  this  Tract,  thefe following  are  added* 

Viz,.  L  denotes  an  Angle  in  general,  and  Z-  Afignifies  Angles; 
A  fignifies  a  Triangle;  □  fignifies  a  Square;  and  cn  denotes  a 
Parallelogram.  And  when  an  Angle  is  denoted  by  any  three  Let¬ 
ters,  (as  ABC  &c. )  the  middle  Letter  ( as  B  )  always  denotes 
the  Angular  Point;  and  the  other  two  Letters  (as  AB  and  BC  ) 
denote  the  Lines,  or  Sides  of  a  Triangle  which  include  that  Angle. 

Thefe  things  being  premifed,  the,young  Geometer  may  proceed 
to  the  Demonftrations  of  the  following  Theorems:  Wherein  he 
may  perceive  an  abfolute  Neceflity  of  being  well  verfed  in  feve- 
ral  things  that  have  been  already  delivered  :  And  alfo  it  will  be  very 
advantageous  to  {lore  up  feveral  ufeful  Corollaries,  and  Lemma’s, 
as  they  become  difcovered  Truths;  for  it  often  happens  that  a 
Propofition  cannot  be  clearly  demonftrated,  k  priori  or  of  it  felf, 
without  a  great  deaLof  Trouble.  Therefore  it  will  he  ufeful  to 
have  JjLecourfe  to  thof^ffruths  that  may  beaflilling  to  the  Demon- 
flration  then  in  Hand. 

T  H  E  CL 
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THEOREM  I. 

If  a  Right-line  ft  and  upon  (  or  meet  with  J  another  Right - 
line,  and  make  jingles  with  it,  they  will  either  he  two 
Right-angles ,  or  two  jingles  equal  to  two  Right-angles, 

'(lye.l.) 

SDemontfrsttoit, 

Suppofe  the  Lines  to  be  A  B  and  D  c,  meeting  in  the  Point 
at  C\  upon  €  defcribe  any  Circle 
at  Pleafure.  TheriJ  will  the  Arch  A  D  D / 

be  the  Meafure  of  the  L  b ,  and  the  ’V 

Arch  D  B  the  Meafure  of  the.  L  e‘r  /  /\ 

but  the  Arches  A  D  +  D  B  =  l8o°.  Jlj  b  /  e  \  B 

viz,,  they  complete  the  Semicircle.  x — - — ’ 

Confequently,  the  L  b  T  Le  ==  l8o°.  C 

Which  was  to  be  proved. 

Corollaries . 

I.  Hence  it  follows,  that  if  the  L  b  =  £o°.  then  L  c  =:  50°, 
but  if  Lb  be  obtufe,  then  the  e  will  be  acute,  (Jc . 

From  hence  it  will  hft  eafy  to  conceive,  that  if  feveral  Right¬ 
lines  ftand  upon,  or  meet  with  any  Right-line,  at  one  and  the 
fame  Point,  all  the  Angles  taken  together  will  be  ==:  180°.  yi^ 
Two  Right-angles. 

THEOREM  II. 


If  two  jingles  inter  feci  ( viz.  cut  or  crofs  )  each  other ,  the 
two  oppofte  Jingles  will  he  equal,  (  15.  e,  \, ) 


. . . . 
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Let  the  two  Lines  be  A  B  and  D  E, 

Interfering  each  other  in  the  Cen-^ 
ter  C.  < 

Then  L  b  4-  L  e  =2  1800  7 
And  Lb-\*L  a  x8-©-°  \ 

Confequently,  Lb Le'^  Lb -\+ 

L  a ,  per  Axiom  5. 

Subtract  L  h  on  both  Sides  of  the 
./Equation i  and  it  will  leave  L  e 
=  L  a.  "  , 

Again  Lb-\*  Le~  180°.  as  1  e?we;  arid  L  e  +  L  C  :=  180*. 
Confequently  L  e .+  L  C  =3  L  b  +  4.  *.  «Subtrar  L  e  and  rhen 
L  C  =  L.  b.  D.  *  Cmh 
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Corollary .  k 

From  hence  ’tis  evident,  that  if  two  Lines  interfe&  each  other, 
they  will  make  four  Angies,  which  being  taken  together,  will 
always  be  equal  to  four  Right-angles. 

THEOREM  IIL 

If  a  Right-line  cat  (  or  crofs )  two  parallel  Lines ,  it  wilt 
Make  the  oppofite  Lines  equal  one  to  another .  (i<p.  e.  1.) 

Suppole  the  two  Lines  A  B,  and  H  to  be  parallel,  and  the 
Right  Line  V  G,  to  cut  them  both  at 
C  and  n.  Upon  the  Point  C(with  an y  '  >v 

Radius )  defcribe  a  Semicircle,  and  with  1  ^ 

the  fame  Radius,  upon  the  Point  at  n , 
defcribe  another  Semicircle oppofite  to 
the  firft,  as  in  the  Figure.  Then  "tis  ^ 

plain,  and  I  fuppofe  very  eafy  to  m  f 

conceive,  that  if  the  Center  C  were  fj 
irioved  along  upon  the  Line  D  G,  un-  ** 

til  it  came  to  the  Center  at  »,  the  two  Cff- . **'* 

Lines  A  B,  and  H  K  would  meet  and 


A 


B 


K 


concur,  viz-  become  one  Line  (  for. parallel  Lines  are  as  it  were 
but  one  broad  Line.)  Confequently  the  two  Semicircles  would 
alfo  meet,  and  become  one  entire  Circle,  like  to  that  in  the  lafi: 
Demonftration. 

And  therefore  the  L  Lx  —  La~  Le  ?  ^  As  before,  per 
And  Lm^=>  Ln  ~  Lb—  Lc  JafL  Theorem 

Q.  E.  D 

Corollary . 

r  Hence  it  follows,  that  if  three,  four,  or  never  fo  many  paral¬ 
lel  Lines  are  cut  or  crofs'd  by  one  Right-line,  all  their  oppofite 
Angles  will  be  equal. 

THEOREM  IV. 

The  three  Angles  of  every  plane  Triangle ,  are  equal  to  two 

Right-angles .  (  32.  e-  1.  J 

Confequently  any  two  Angles  of  any  plane  Triangle ,  mujl 
needs  he  lefs  than  two  Right-angles ,  (  17.  e>  i.J 


it 
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SDemottlltatfoij. 

Let  the  A  ABC  be  propofed ;  draw  the  Right-line  H-fiTparal- 
lei  to  the  Side  A  B,  juft  touching  the 
Vertical  Angle  C ;  and  upon  the  fame 
Angular  Point  C,  deferibe  any  Semicircle, 
and  produce  the  Sides  A  C,  and  B  C  to 
its  Periphery.  Then  will  Lb  =:  LB, 

L  a  =  L  A,  and  L  x  =  L  C,  per  laft 
Theorem. 

But  L  b  L  &  Lx  —  l8o°,  or  two 
Right-angles.  Confequently  L  B  ~J~ 

L  A  +  L  C  =  i8o°.  Per  Axiom  Q;  E.  D. 

Corollary . 

Hence  it  follows,  that  the  two  Acute  Angles  of  every  Right- 
angled  Triangle,  are  equal  to  a  Right-angle  or  ?o°. 

Confequently,  if  one  of  the  Acute  Angles  be  given,  the  other 
is  alfo  given ;  viz,.  9°°  •—  the  given  L  leaves  the  other  L 

THEOREM  V. 

If  one  Side  of  any  plane  Triangle ,  be  continued  or  produced 
beyond ,  or  out  of  the  Triangle ;  the  outward  Angle  will 
be  equal  to  the  two  inward  oppofite  Angles .  ^32.  e.  1 .) 

^Demonstration. 

let  the  Side  A  B  of  the  A  A  B  C  be  produced  out  of  the  A 
fuppofe  to  D,  &c.  as  in  the 
Figure.  Then.  L  z  =£  L  A 
+  L  C,  for  the  L  B+  L  z 
t=  180°.  Per  Theorem  1. 

And  the  L  B  A  A  “J”*  Z_  C 
=  1800.  Per  laft  Theorem. 

Therefore  /.B  +  £  z  =  /.B  +  Z.  A  +  Z.C.  Per  Axiom 
Subtraft  L  B  on  both  Sides  the  Equation,  and  it  will  leave 
L  z  =  L  A  ft-  L  C.  (  Per  Axiom  2.)  Q.  R  D. 

Confequently ,  the  outward  Angle  ( 'at  z  )  of  any  plane  Tri¬ 
angle,  mufl  needs  be  greater  than  either  of  the  inward 
oppofite  Angles,  viz  .greater  than  L  A.  or  A  c.  ( i6.e.i.J 

Corollary . 

Hence  it  follows.  That  if  one  Angle  of  any  plane  Triangle  be 
given,  the  Sum  of  the  other  two  Angles  is  alio  given,  for  1800. 
— the  given  A~the  other  two  L  A.  Theorem 
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THEOREM  VI. 

In  every  pi an e  Triangle ,  equal  Sides  fubtend  (viz.  are  op- 
pojite  to)  equal  Angles .  (5.  e .  1.)  /  ■  * 

Consequently ,  Equal  Angles  are  fubt ended  by  Equal  Sides • 

(6.^.1.)  r 


SDemcmtttatfcw 

Suppofe  the  A  BCD  to  be  an  TfofceleS  A*> 
That  is,  let  BC*^=*  CD.  Bife&  the  Z_  C,  or 
(which  is  all  one)  make  Perpendicular  to 
2S£>>  then  will  the  Z_  A  on  each  Side  of  it, 
vk,.  ABAC  apd  Z_  ZMC  be  Right  Angles. 


Therefore  ^  ^  =9o°^Per  ^orol.  to  Theorem 

Confeqitently  —  Per  Xviow  y. 

Subtract  %  Z_  Cfrom  both  Sides  of  the  Equation,  and  it  will  leave 
A  B  ==  L.  D.  Per  Axiom  2.  Q.  E.  D. 

COROLLARY! 

From  hence  it  follows,  that  the  three  Angles  of  an 
AEquil&teral  Triangle ,  are  equal  one  to  another. 

THEOREM  VII. 

In  every  plane  Triangle ,  the  longejl  Side  fubt  ends  the  great - 
ejl  Angle .  (18;  1.) 

Confequently,  the  greateji  Angle  of  any  plane  Triangle y  is 
fubt  ended  by  the  longejl  Side . 


This  Theorem  is  evident  by  Infpe&ion  only  j 
the  Sides  of  any  plane  Triangle,  as  CB , 
be  produced,  fuppofe  to  E;  joyn  DE  with 
a  Right  line ;  then  'tis  evident,  that  be- 
cauie  CE  is  now  made  longer  than  the 
Side  B  C .  therefore  the  JL ,  at  D  is  become 
larger  than  it  was  before  by  the  A  B  D  E; 
and  it  is  plain,  the  longer  the  Side  CE 
had  been  made,  the  Angle  atZ>  would  have 
been  the  more  enlarged. 


for  let  one  of 

c 


D 
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THEOR  E  M  VIII. 

If  the  Sides  of  two  Triangles  are  equal ,  the  Angles  oppo- 
Jite  tothofe  equal  Sides  will  be  equal .  (8.  e.  1.) 

The  Truth  of  this  Theorem  is  evident  by  the  two  in¬ 
cluded  Triangles  in  the  6th  Theorem ,  for  they  have  their 
refped:ive  Sides  equal,  viz.  EC  =.  CD,  BA  r=^DA,  and 
CA  common  to  both  AA.  And  it  is/there  proved,  1  hat 
the  LL  oppolite  to  thofe  equal  Sides,  are  equal,  &c. 
which  needs  no  further  Eroof 

Note,  The  Converfe  of  this  Theorem  holds  not  true }  for 
the  Angle? of  two  Triangles  may  be  equal ,  and  their  oppo - 
Jite  or  fubt ending  Sides  unequal ,  as  will  appear  at  Theo¬ 
rem  12 . 

COROLLARY.  • 

Hence  it  follows,  that  A  A  mutually  Equilateral ,  are 
alfo  mutually  Equiangular.  And 

That  A  A  mutually  Equilateral ,  are  equal  one  to  an¬ 
other.  (4,  and  (26.  e.  1.) 

THEOREM  IX. 

An  Angle  at  the  Center  of  any  Circle ,  is  always  double  to 
the  Angle  attheEeriphery ,  when  both  the  Angles Jl and 
upon  the  fame  Arch.  (20.  e.  3.)  This  Theorem  hath  three 

Varieties  or  Cafes .  H>CitiQn£UatiOtI* 

Cafe  1.  Let  the  Diameter  D  A  and  the 
Line  D  B,  be  the  two  Lines  which  form 
the  A  at  the  Periphery ;  draw  the  Radius 
B  C,  then  is  A  B  C  A  the  A  at  the  Center. 

But  A  B  CA  =  AP  +  A  B.  Per  Pb.  ?. 

And  becaufe  DC  ==  BC ,  therefore  A 
D  =  A  B.  Per  Theorem  6.  Confequent- 
ly  A  BCA  ==  i  A  D. 


D 
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Cafe  2.  Suppofe  the  A  BcF  at  the 
Center ,  to  he  within  the  A  PDF  at  the 

Periphery  (as  in  the  annexed  Figure.)  t-\  . i 

Draw  the  Diameter  D  A.  ^  j 

Then  the  A  BCA  =iA  BP//?  .  rr  _  \  £ 

And  the  A  FC//  =  a  A  FD/f  C pe r  U 

Add  theie  two  Equations  together  . '* 


1 


Then 
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Then  will  L  BCA  T*  L  FCA  ^  i  /.  BDA  -f  z  L  BDA  per  Ax.  I* 
But  L  BDA  +  L  BCA  ==  L  BCF.  r 

And  2  L  -j-  z  L  FD  i  =  2  A.  BPf. 

Con  fluently  A  BcF=  2  LBDF . 

G//e  3.  Again,  fuppofe  the  L  BCF  ^ 

at  the  Center  to  be  out  of  the  LBDF 
at  the  Periphery.  From  the  Angular 
Point  D  at  the  Periphery,  draw  the 
Diameter 

Then  LBc  A  —  i  LBV  A?  c  r  fi 

And  LBCA  =  i  /.BD  A^V  1 
Subtract  this  laft  Equation  from  the 
other,  and  it  will  leave 

LFCA  —  LBCA^iLFDA—  i  LB  D  A  Per  Axiom  2. 

But  L  B  C  A  —  L  BCA  =5  L  BCB.  And  z*FD  A  —  z  L  BD  A 
S3  2  Z_EP  B.  Conlequently  L  F  C  B~  z  LFD  B.  QE.  D. 

COROLLARY. 


Hence  it  is  evident,  That  all  Angles  at  the  Periphe¬ 
ry ,  which  fland  on  the  fame  Segment  or  Arch  of  a  Circle 
or  upon  equal  Arches ,  are  equal  one  to  another.  (  2 1 .  £.  3. ) 

THEOREM  X. 

Angle  in  a  Semi-circle,  is  a  Right  Angle .  (3  T.  3.) 
7*/?^  /j,  if  the  Diameter  of  any  Circle  he  the  hide  oj  a 
Triangle,  and  the  Angle  oppofte  to  that  Side  be  any  where 
in  the  Circle's  (Periphery,  it  will  be  a  Right  Angle . 


BDemonStatiotif 

Let  V  A  be  the  Diameter,  and  VBA 
the  A,  then  L  B  =3  90°.  Draw  the  D 
Radius  BC,  then  is  the  L  VBA^L 

D  “h  l—  ^  * 

For  LC  BD=  L  V  and  C  B  A  L  A. 

Per  Theorem  6 

Therefore  /  D  B  Az=z  LC B  D-\- LC B  A.  Per  Axiom  y. 

Again,  LVB  A  LV  L  A^==.  1S00.  Per  Theorem  4. 
Conlequently  LD  BA^=.  900.  or  a  Right  Angle.  QE  D. 

T  “*  Rri  CoRQL 
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COROLLARIES. 

1.  Hence  it  will  be  eafy  to  conceive,  that  an  Angle 
made  in  any  Segment  lefs  than  a  Semi-circle ,  will  be  obtufe 
or  greater  than  a  Right  Angle. 

2.  And  an  Jingle  made  in  any  Segment  greater  than  a 
Semi-circle ,  mull  confequently  be  acute. 

THEOREM  XI. 

In  any  Right-angled  Triangle ,  the  Square  which  is  made 
of  the  Hypothenufe ,  or  Side  fubt ending  the  Right  Angle , 
is  equal  to  both  the  Squares  which  are  made  of  the  Sides 
including  the  Right  Angle .  (47.  e.  1.) 

There  are  feveral  Ways  of  demonftrating  this  noble  and  ufeful 
Theorem;  but  I  prefume  none  more  eafy  to  be  underftood  by  a 
Learner,  t'h-an  that  which  I  lhall  here  propofe;  And  in  order  there¬ 
to,  it  will  be  requifite  to  premile  the  following  Lemma1  s. 

ILrmroa  t. 

A  Right-line  is  laid  to  be  multiplied  with  a  Right-line 
when  either  a  Square  fix  other  Right-angled  Parallelogram 
is  made  of  the  two  Lines . 

That  is,  the  Area  of  an Right-angled  Parallelogram  is 
equal  to  the  Pro  duff  of  thofe  Numbers  which  exprefs 
the  Me af ure  of  its  Sides. 


Thus,  if  A  B= -6  Inches, 

And  AC~  3  Inches; 

1  hen  A  B  X  A C  —  6  x  3  —  18  fquare 
Inches,  which  is  the  Area  of  the  Pa¬ 
rallelogram  A  BCD. 


ILemma  2. 

If  0  Right-line  be  any  wi(e  cut  into  two  Parts,  the  Square  of 
the  whole  Line  will  be  equal  to  the  Squares  of  each  Part,  and  a 
double  Rectangle  or  Parallelogram  made  of  both  the  Parts.  J.e.  z.) 

That  is,  if  the  Line  S ,  be  cut  into  the  $ 

two  Parts  B  and  C  - - q — ’  1  " 

Then  is  BA-  c  but  if  both  the  Sides 

of  the  Equation  be  involved,  it  will  be  .£$“==:  BB  J  2  BC-JCC- 

ilemma 
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3lemma  3. 

The  Area  of  every  Right-angled  Triangle,  is  half  the  Paralle¬ 
logram  made  of  its  Bafe  and  Perpendicular.  ( . / . O- 

For  BC  —  the  Area  of  the  whole  Parallelo-  | 
gram,  by  the  firft  Lemma.  And  A  BCH- j-  jp  ^  £ 

A  bcH  =:  the  Parallelogram  >  But  B  =:  b 
and  C  =  c. 

Therefore  ^  B  C  ==  the  Area  of  each  A  viz.  ^BC+ir^—BC. 

Thefe  Things  being  premifed,  let  us  luppofe,  the  Triangle  BCH 
to  be  a  Right  angled  Triangle,  viz.  the  Side  C  perpendicular  to 
the  Side  B.  Then  will  BB  +  CC  =:  HH. 


SDentondratton 

Make  a  Square  whofe  Side  is 
~  B  Cy  and  draw  the  includ¬ 
ed  Square  whofe  Side  is  H,  as 
in  the  Scheme.  Then  will  the 
Area  of  thegreatSquare.be  equal 
to  the  Area  of  the  four  Triangles 
+  HH ,  but  the  Area  of  each  A 
i=:^BC  Per  Lemma  3.  Therefore 
the  4  A3s  k  B  C  x  4  1  BC. 

Conlequently,  the  Area  of  the 
great  Square  is  H  H  -f*  1  B  C. 

Involve  B  +  C,  and  it  will  be 
BB  +  i£C^CC=:  the  Area  of 
the  great  Square.  Per  Lemma  z. 

Con feq  uen tly  HH  -f-  2.  B  C=3  B  B 
*-{-*  z  B  C  -4-  C  C.  Per  Axiom 
Subtract  iBC  from  both  Sides  of 
the  ^Equation,  and  there  will  remain  H  H  =  B  B  +  CC.  Q  E,  D, 

To  Tlluftrate  this  "theorem  by  Numbers ;  Let  us 
Suppofe  C  3.  B  4.  and  H  =  7. 

Then  will  CC  “  9.  BB  =  i£.  and  HH  =  25* 
Confequently,  B  B- j-  CC  =  ffH  =  16  5>  = 

CONSECTARY. 

From  this  admirable  7^eorew(faid  to  be  firll  invented  by  Pyiha- 
forxO  is  deduced  the  Method  of  adding,  and  fubtra&ing  Squares, 
Parallelograms,  Circles,  &c.. 


THE  0- 


310  dement#  of  dfreometty.  Part  m. 


THEOREM  XII. 

In  any  Right-angled  Triangle ,  a  Perpendicular  being  let 
fall  from  the  Right  jingle  upon  the  Hy pot  hen  ufe  ^  will 
divide  the  Triangle  into  two  Right-angled  Trianglesy 
which  will  be  both  fimilar  or  alike  to  the  firjl  Triangle y 
and  to  each  other .  (8.  e .  6.) 

Isfote,  All  plane  Triangles  are  fatd  to  be  fimilar y  viz. 
Alike  when  each  / ingle  Angle  in  one  of  the  Triangles ,  is  e- 
qualto  each  Jingle  Angle  of  the  other  y  but  if  any  two  Jingle 
Angles  of  one  Triangle  are  equal  to-  two  Jingle  Angles  of 
the  other  y  the  third  Angles  will  be  equal ,  Per  Theorem  4? 


I.  In  the  Right-angled  A  B  AC, 
let  A  P  be  fuppofed  Perpendicular 
to  the  Hypothenule  BC,  Then  A 
BAP^LC. 

For  A  B  >4  P  T  A  B  =  90°. 

And  A  B  +  A  C  =  jo°.  Per  Corol¬ 
lary  to  Theorem  4. 


Therefore  A  B/4P  =  Ac.  Per  Axiom  5% 

Again,  LPacR-  A  C—  90°.  and  AB  +  /-C=9o°. 
Therefore  A  P  AC  =  AB,  <3cc.  Confequently  the  A  BAP  is  a- 
like  to  the  A  ACP-,  And  each  is  alike  to  the  whole  A  B  A  C. 

1.  Or  if  a  Right-line  be  drawn  parallel  to  one  of  the  Side^ 
of  any  plane  Triangle  (viz.  with-  r\ 

in  it)  it  will  cut  off  a  Triangle  fi¬ 
milar  or  alike  to  the  whole  Triangle. 

Thus, 

In  the  A  ABD,  draw  the  Right¬ 
line  ah  Parallel  to  the  Side  A  B; 

Then  will  the  included  A  be  jp  B 

like  the  A  AD  B.  For  A  A  A , 

and  A  b  =  A  B.  Per  Tijeorem  3.  and  A  D  is  common  to  both  the 
Triangles  3  ErgoT  <Jc. 


T  H  E  O  R  E  M  XIIT. 

If  two  Triangles  are  alike ?  their  like  Sides  will  be  Propor¬ 
tional, 

That  is,  thofe  Sides  which  fubtend  the  equal  Angles,  as  aifo 
thole  Sides  which  are  about  the  equal  Angles,  will  be  Proportio¬ 
nal 
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nal  to  each  other;  And  confequentlv, if  any  two  Triangles  have 
their  Sides  Proportional,  their  Angles  ate  equal.  (4,;,  6.7 6 .) 

SDemoniltatton.- 

Let  the  Similar  Triangles  in  the  Scheme  of  the  laft  Theorem  be 
here  propos  d  again. 

Then  it  will  be  B  P  :  AP  ::  A  P :  CP.  According  to  this  fcorem 
Ergo  BP  XCPz=:APxAP.  - 

SDemonflratton. 


B  AC,  cut 

c 


Let  us  fuppofe  the  aforefaid  Right-angled  A 
through  the  Perpendicular  AP, 
and  there  open'd  until  the 
Sides  BA  and  C A  become  one 
Right-line:  Let  the  Sides  BP 
and  CP  be  continued  until 
they  meet  in  E  :  Then  com¬ 
plete  the  Parallelograms  by 
drawing  the  Parallel  Lines 
G  LCy  HAP,  GHB,  andL^P, 
as  in  the  Figure. 

Then  it  is  evident,  that  the  A  BH  A  ^=:  A  BP  Ay  and  the  A 
CP  Ar=x  A  CL  alfo  that  the  A  BEC  5=5  A  BGC,  becaufe  all 
their  re fpe&ive  Sides  are’  equal. 

But  the  A  BHA  +  ACL4  +  t=iHGLA=zAPPA  +  ACPA 
+  □  A  PEP.  Now,  if  from  both  Sides  of  this  ^Equation  there 
be  fubtra&ed  the  equal  A  A>  there  will  remain  a  HGL  A  =  Q 
APEP . 

ButCDHGLA  —  BPxCP,  and  □  APEP  =:APxAP.  Confe- 
quently  BP  :  AP  ::  AP  :  CP.  Which  was  to  be  proved. 


Or  other  wife, 

Suppofe  the  ABAC  to  be 
Right-angled  at  Ay  upon  the 
APointCwuth  the  Radius  C  A, 
defcribe  a  Circle,  and  conti-  v 
nue  the  Hypothenufe  B  C  to 
Z ;  join  ZA  and  AD  with 
Right  Lines;  then  will  the  A 

BAD  be  like  to  the  A  B  ZA  T}  /  -• 

Yov  LD  AB~Y  L  DAC^9o°. 

By  Conffru&ion. 

And  A  Z  A  C  A  D  A  C  =2  9°°*  By  Theorem  lo. 

Therefore  ADAB-\-*ADAC~  A  ZAC-^r  AD  A  C.  By  Axiom  y. 
Subtra  £t  A  DAC  from  both  Sides  of  the  .Aquation  and  rhf*re 
will  remain  A  DAB  =5  A  ZAC.  But  A  Z  A  C  xx.  A  C  Z  A. 

By 
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By  Theorem  6.  And  L  B  is  common  to  both  A  A* 

Therefore  jLBDA^LBaZ.  By  Theorem  4. 

Confequently  A  BAD  is  like  to  A  BZA. 

C BA^z  bp  CThen  bb  -{-ec~bb,  Per  theor.  II. 
let  the  Sides<£  C  £>< Confequently  bbz=  bb  —  cc. 

C_C  At=i  O  C.  Which  gives  the  following  Analogy* 
yiz,.  hi  b*\*c : :  b  —  c :  b.  That  is,  B  A :  B  £ :  :  B D  :  B  A. 

Q;E.  D. 

COROLLARIES. 

1.  Hence  it  is  evident,  that  in  any  Right-angled  Triangle,  tL 
Perpendicular  being  let  fall  from  the  Right  Angle  upon  the  Hy¬ 
pothenufe.  will  be  a  mean  Proportional  between  the  Segments  of 
the  Hypothenufe.  That  is,  BP  :  P  A  PA  :  PC. 


2.  The  Bale  (B  A)  is  a  mean  Pro¬ 
portional  between  the  Hypothenufe 
(B  C)  and  that  Segment  of  the  Hy¬ 
pothenufe  next  to  the  Bafe,  {viz,.  B  P.) 
That  is,  BC: BA::  BA  :BP. 

3.  The  Cathetus  (AC)  is  a  mean 
Proportional  between  the  Hypothe¬ 
nufe  (BC)and  that  Segment  of  the 
Hypothenufe  next  to  the  Cathetus, 
BC:  AC  ::  AC  :  PC. 


r  SCHOLIUM 

I  have  been  larger  upon  this  mod  excellent  Theorem,  in  giving  a 
double  Demondration  of  it,  becaufe  it  is  fo  univerfally  ufeful 
in  all  Parts  of  the  Mathematieks  :  For  the  Bufinefs  of  Trigonometry 
(both  Plane  and  Spherical)  wholly  depends  upon  it;  and  therefore 
one  may  tru-ly  fay,  that  Aftronomv,  Dialling,  Navigation,  Surveying,  Op¬ 
tics,  fa.  depend  upon  a  due  Application  of  it. 

And  of  its  life  in  Geometry,  Ves  Cartes  takes  particular  Notice, 
as  you  may  find  in  Dr.  Pell's  Algebra,  Page  65,  whole  Words  are 
thefe, 

“  Ves  Carte si  in  a  Letter  not  yet  printed,  writes  thus  :  In 
<c  fearching  the  Solution  of  Geometrical  Queftions,  I  always 
<c  make  ufe  of  Lines  Parallel  and  Perpendicular,  as  much  as 
is  pofiible,  (he  means  as  many  Lines  as  are  ufeful)  and  I  con- 
“  fider  no  other  Theorems  but  thefe  two  [the  Side's  of  like 
“  Triangles  have  like  Proportion].  And  [in  Rectangle  Tmngles, 

“  the 


Chap.  3. 


<c  the  Square  of  the  greateft  Side  is  equal  to  the  Squares  of  the  two 
sc  other  Sides.]  And  I  am  not  afraid  to  fuppofe  many  unknown 
“  Quantities,  that  I  may  reduce  the  propos’d  Queftion  to  fuch 
“  Terms,  as  to  depend  on  no  other  Theorems  but  thefe  two. 

This  1  thought  convenient  to  infert,  that  the  young  Learner 
may  fee  how  the  Great  Ves  tarmefteem’d  thefe  two  Theorems,  viz. 
the  laft,  and  Theorem  11.  For,  in  Truth,  all  the  preceding  Theo¬ 
rems  are  only  (as  it  were  )  Preparatives  to  thefe  two. 

This  laft  Theorem  demonftrates  the  Reafon  of  the  Method  ufed 
in  finding  out  proportional  Lines,  as  in  the  three  following 
Problems. 


PROBLEM  L 

two  Right-lines  being  given,  to  find  a  third  Line  in  Wto* 
portion  to  them.  (  1 1»  e.  6. ) 


Let  the  two  Lines  be  J  A 

Z  A 

Set  the  two  given  Lines  at  a- 
ny  Angle  in  the  Point  A ,  and 
produce  the  Line  A  B  to  C, 
making  B  C  s=  A  V ;  join 
the  Points  B  V  with  a  Right¬ 
line,  and  draw  CF  parallel 
to  B  D;  then  will  the  A 
A  B  V  be  like  the  A  AC  F. 

Therefore  AB:  BC  (~AD)  l 
Proportional'  requir'd. 


B 


P 


AV:  V  F,  which  is  the  third 


THEOREM  IL 

two  Right-lines  being  given,  to  find  a  Mean  proportional 
Line  between  them .  ^13 .  c.  6.  J 


Let  the  given  Lines  be 

join  the  two  given  Lines, 
into  one,  viz-  make  B  C 
z^BP  -i-  PC,  and  upon 
BC ,  as  Diameter,  deferibe 
a  Semicircle  j  then  upon 
the  Point  P,  where  the  a 
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Lines  meet,  ered  a  Perpendicular  to  touch  the  Circle's  Periphery, 
as  PA,  and  it  will  be  the  Mean  Proportional  requir'd. 

Viz,- BP:  AP: .  AP  .  P  C. 

By  this  Problem  it  is  eafy  to  conceive  how  to  make  a  Square  e- 
qual  to  any  given  Parallelogram,  ( 14.  e-  6. ) 

For  if  BP  be  the  Length,  and  P  C  the  Breadth  of  the  given 
Parallelogram,  then  will  AP  be  the  Side  of  the  square,  equal  in 
Area  to  that  Parallelogram. 

M  PROBLEM  III. 

Three  Right-lines  being  given,  to  find  a  fourth  Proportional 

Line ,  (  12.  e.  6.J 


Suppofe  the  three  Lines 

Upon  the  longed  Line  A  B 
fet  off  the  next  longed  Line 
A  V ,  viz-  make  D  B=z  A  B 
—  ADi  then  ,  upon  the 
Point  D  fet  the  other  Line 
VC  at  any  Angle,  either 
right  or  oblique,  and  draw 

the  Right-line  A  C,  continuing  it  a  diffident  Length;  make  B  P 
parallel  to  V  C ,  and  it  will  be  the  fourth  Proportional  requir'd. 
That  is,  A  V :  V  c : :  AB:  B  F. 

THEOREM  XIV. 

If  any  Angle  of  a  plane  Triangle  be  bifetfed  (  viz.  divided 
into  two  equal  Angles  )  with  a  Right-line,  (  viz.  as  C  A 
is  fuppos’d  to  do  the  Angle  BCD  it  will  cut  the  oppo- 
fite  Side  (  viz.  B  D)  in  Proportion  to  the  other  two  Sides 
of  the  Triangle .  (  3.  e.  6.  ) 

SDcmonftration- 

Produce  the  Side  V  C ,  until  C  Z  z* 
join  the  Points  ZB  with 
a  Right-line,  and  draw  the  Line 
FC  parallel  to  B  D-  Then  will  A 
C  ZF,  be  like  to  A  DC  A . 

For  L  ZC  F=:  L  V  and  L  Z 
is  common  to  both  As,  confe- 
quently,  LZFc~  LCAD&nd 
FC  —  BA. 

Therefore  BA  (a b  Fc):  B  C 
k=zZc)::  AD:  cp.  Q.  e.  d. 


B 


THE- 
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THEOREM  XV. 

If  two  Right-lives  (howfoever  drawn)  within  a  Circle ,  do 
cut  each  other ,  the  Reft  angle  made  of  the  Segments  (  or 
c. Tarts )  of  the  one  Line ,  will  be  equal  to  the  Reftangle 
made  of  the  Segments  (  or  IParts  )  of  the  other  Liney 

/35f-  3*  J 

That  is,  if  two  Lines,  as  AB  and  C  D  do  cut  each  other  in  any 
Point,  as  at  x  then  will  A  x  X  B  x  x  X  C x. 

SDemonUration. 

Join  the  Points  A  C  and  B  V  with 
Right-lines;  then  will  the  A  Cx  A  be 
like  to  the  A  Bx  D.  For  AB=AC, 
and  A  A  ^  LV.  By  Corollary  to 
Theorem  5?. 

And  A  A  xC~  A  Bx  V  by  Theor.  2. 

Therefore  it  will  be  A  x  :  D  x:.  C  x  : 

B  x.  By  Theorem  13.  Confequent- 
ly ,  A  x  X  B  x  =  V  x  X  C  x.  Q.  E.  D. 

THEOREM  XVI. 

If  two  Right-lines  are  fo  drawn  within  a  Circle ,  as  being 
continued  they  will  meet  in  a  c Point  out  of  the  Circle  s 
^Periphery,  the  Reftangle  made  of  one  whole  Line ,  and 
its  ^Part  out  of  the  Circle y  will  be  equal  to  the  Reftangle 
of  the  other  whole  Liney  and  its  IP  art  out  of  the  Circle y 

(  36,  37>  *  3* ) 

That  is,  if  the  Lines  A  C  and 
R  B  be  continued  unto  the  Point 
Z 

Then  will  AZxCZ^D  ZxBZ. 

SDemotiftratfotj. 

Draw  the  Lines  A  B  and  CD ;  then 
will  A  C  ZD  be  like  to  the  A  BZA, 
lor  A  A^=  LD,  and  A  ^is  com¬ 
mon  to  both  A  A-  Confequently, 

L  A  B  Z  =  L  V  C  Z.  By  Theorem  4. 

Therefore AZ:BZ::T)Z:  C Z.  prt0  A7v.CZ- 

theore'm  xm 


dzxb  z. 


Jf/rom  any  -fugle  of  a  plane  Triangle  infcrib’d  in  a  Circle 
»re  be  let  jail  a  "Perpendicular  upon  the  oppofte  Side 
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DP)  as  that  Perpendicular  is  in  (proportion  to  one  of 
the  Sides  including  the  Angle, fo  is  the  other  Side  including 
the  Angle  to  the  Diameter  of  the  Circle . 

HDemonfltaUon. 

Let  BCD  be  the  propos'd  A-  From 
the  A  atjp  draw  the  Diameter  D  A\ 
then  will  A<4=AB,  becaufe  they 
both  ftand  upon  the  fame  Arch  D  C, 
and  JL  U C  A  =:  90°.  By  Theorem  10. 

Coniequently the  LAVC  —  LBDP. 

By  Theorem  4.  Therefore  A  T>  C  A 
is  like  to  the  A  VPB,  and  there¬ 
fore, 

I)  P:  V  B  ::  D  0  :  D  A-,  Or,  VP:  VC:: 

D  B  :  DA.  Q:  E.  D. 

THEOREM  XVIII. 

If  any  Quadrangle  ( that  is ,  a  Trapezium  )  be  inferibed 
within  a  Circle ;  the  two  oppofte  Angles  taken  together 
are  equal  to  two  Right-  angles,  viz.  1S00.  (  22.  e.  3. ) 

That  is,  in  the  Quadrangle  ABC D,  the  A  A  T  A  i8o°c 
And  the  AB  + AB=^i8oQ  1  1 


SDcmontttatiotr. 


Draw  the  two  Diagonals  AC  and  gD; 
then  will  the  L  B  P  A  =  Z_  BCA,  and 
the  LB  DC- LB  AC. 

By  Corol.  to  Theorem  9. 

But  LABC-\-  LBcA+LBAC  — 1800. 

By  Theorem  4- 

And  the  LBDA+LBDC  =  LADC. 

Therefore  the  LABC+  LADC=: i8o°. 

And  by  the  fame  Way  of  Arguing,  it  may  be  prov'd,  that 
the  L  g  AD-\-  LBC  D  ~  180°.  Q.  E.  D- 

THEOREM  XIX. 

If  in  any  Quadrangle  inferib’d  within  a  Circle,  there  be 
drawn  two  Diagonals,  as  AC  and  R  D,  the  Reel  angle 
made  of  the  two  Diagonals  will  be  equal  to  both  the 
Reftaugles  made  of  the  oppofte  Sides  of  the  Quadrangle, 
1  ha:  is,  A  C  x  B  D  =  A  B  X  C  D  +  A  D  x  B  C. 

j  »  *  a  •*  '  *  -  Vernon- 
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jSDcmonfltation. 

Make  the  Arch  DG  ^  Arch  BC,  and  from  the  Points  AG  draw 


the  Line  A  /,  and  it  will  form  the  A 
A  f  D,  like  to  the  A  ABC.  For  the 
LfAV~LBAC,  becaufe  the  Arches 
D  G  and  B  C  are  equal. 

Again,  the  L  f  D  A =  LBC A  be¬ 
caufe  they  ftand  both  upon  the  Arch 
AB.  Consequently  the  A  AfD~ 
A  A  B  C.  By  Theorem  4. 

Therefore  it  will  be  AC :  B  C  r:  A  D : 
Df.  By  Theorem  13. 


B 


Ergo 


BCX  AD 


AC 


Again ]  the  A  B  A  f,  and  A  ACD,  are  alike.  For  A  A  Bf  =s 
A  ACD.  and  A  BAf~  A  GAD,  becaufe  the  A  f  AD  ==  LB  AC. 
And  the  A  CAf  is  common  to  both  A  A«  Confequently  the  A 
AfB^LADC. 

Therefore  AC  :  CD  ::  A  B  :  B  f.  By  Theorem  13. 

_  CDX  AB  -  „  ^  r  .  ' 

Etgo - Bf.  But  D  f  -j-  B  f  ~  B  D. 


AC 


Confequently,  B  C  XAD-\-CDxAB~BDX  AC. 


Q.  E.  D. 


THEOREM  XX. 

jdll  \ "Parallelograms  (whether  right  or  oblique-angled)  that 
Jland  upon  the  fame  Baps ,  or  upon  equal  Bafes ,  and  be - 

Parallels,  are  equal  one  to  another  y 

(  35  and  36  e.  1.  ) 

That  is,  cd  A  B  C  D^cdh  bCD. 

SDcmonflratton 

Becaufe^  B~CD^z  ab  by  Suppofition;  therefore  A  a  -=zBb\ 
for  B  a  is  common  to  both.  And  be¬ 
caufe  AC—B  D,  and  the  A  A  =  A  B, 
therefore  the  A  A  C  a  ~  A  B  D  b  ; 
and  if  from  both  A  A  there  he  ta¬ 
ken  the  A  B  x  cl  common  to  both, 
there  will  remain  the  Trapeziums 
A  3  x  C .■=  it  b  x D.  Per  Axiom-  ?. 

f  •  ■ 

But 


C  D 
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But  T rapezium  ABxC-\*/\CxT)z==:\^3ABCD. 

And  Trapezium  abxI)-\-ACxVzzzcz}tibCD, 

Confequently,  a  A  BCD  =  c=mbCD.  Q.E.  D. 

Corollary . 

Hence  it  will  be  eafy  to  conceive,  that  all  Triangles  which  fland 
upon  the  fame  Bafe,  or  upon  equal  Bafes,  and  between  the  fame 
Parallels,  (vlz>  having  the  lame  Height)  are  equal  one  to  another, 
(  37  and  38  e.  1. ) 

For  all  Triangles  are  the  Halves  of  their  circumfcribing  Pa¬ 
rallelograms;  and  therefore,  if  the  Wholes  be  equal,  their  Halves 
will  alfo  be  equal. 

THEOREM  XXL 

c 'Parallelograms  (  and  confequently  Triangles  )  which  have 
the  fame  Height ,  have  the  fame  c. Proportion  one  to  ano¬ 
ther  as  their  Bafes  have .  (  1.  e.  6.  ) 

SDemcmttration. 

Draw  A  F  parallel  to  B  G.  and 
draw  AB,  CD ,  FG  Perpendiculars  to  '  j4  C  F 

thvm. 

Then  will  B  Dx  AB  =:  e=j  A  B  CD. 

And  becaule  C  D  =  A  B,  therefore 
V  G  X  AB=ziznCDFG.  But 
B  D  :  D  G  ::  B  D  X  AB  :  DG  X  A  B. 

And  confequently  A  A  B  D  :  B  D  G 

A  CD  G  ::  B  D:  V  G,  &c.  Q.  E.  D. 

THEOREM  XXII. 

Like  Triangles  are  in  duplicate  Ratio  to  that  of  their  ho¬ 
mologous  Sides .  (  19.  e.  6.  ) 

1  hat  is,  the  Area's  of  like  Triangles,  are  in  Proportion  one  to 
another,  as  are  the  Squares  of  their  like  Sides. 


SDchtoriftratioti. 

Sc p pole  the  A  BCD 
and  a  b  c  ( l  to  he  alike, 
and  their  like  Sides  to  he 
tho*e  mark'd  with  the  fame 
Letters. 


Uz 


Chap.  3.  Of  Xl)eo?em0, 
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Let  A  and  a  be  Perpendiculars  to  the  two  Bafes  D  and  d. 

Then  i  V  A~  the  Area  of  A  BC  D?  u  t  , 

And  1  d  a  =  the  Area  of  A  b  c  d£  Lemma  PaSe  3°S- 


But 
_  And 
Confeq. 

3  V 
4  X  i;  Dd 
5,  hence 


■  &c.  By  Theorem  13. 


1  IB  :b : :  D  :  d 

2  B  :b  :  *.  A  :  a  _ 

Did: :  A :a 
D  d  A 

?D  D  di  —  ^V  dd  A.  By  Axiom  3.' 

Z> Z>  :  dd: :  ?D  A :  id  a.  And  fo  for  other  Sides. 

Q.  E.  D. 


THEOREM  XXIII. 

In  every  Obtufe-angled  Triangle,  (as  BCD  J  the  Square  of 
the  Side fubt ending  the  obtufe  Angle  (as  D)  is  greater 
than  the  Squares  of  the  other  two  Sides  (  B  and  C)  by 
a  double  Heft  angle  made  of  one  of  the  Sides  (as  B)  and 
the  Segment  or  (Part  of  that  Side  produc'd,  (as  a  )  un¬ 
til  it  meet  with  the  Perpendicular  (<?>)  let  jail  upon  iu 
f  1 1»  e»  2.^ 

That  is,  X?  Z>  =  B  B  +  C  C+  2  B 

SDemontlratton. 


Fird 

And 

1—2 

I+CC 


1 

2 

3 

4 


D  D~  BP  Hr  •"H 2  B 1  BB 
CC  =zPP^aa 
DD-—CC  =  iBa  +  BB 
DD=zBB  CC  *\~zB& 


Corollary . 

Hence  it  is  evident,  that  if  the  Sides  of  any  obtufe-angled 
Triangle  are. given,  the  Segment  (a)  of  the  Side  produc’d,  or  the 
Perpendicular  (P)  may  be  eafily  found. 


THEOREM  XXIV. 

If  a  Perpendicular  (as  P).  be  let  fall  in  any  acute-angled 
Triangle,  (as  BCD )  the  Square  of  either  of  the  two 
Sides  (as  D)  is  lefs  than  the  Squares  of  the  other  Side, 
and  that  Side  upon  which  the  Perpendicular  falls  (  viz. 
C  and  B)  by  a  double  Re  ft  angle  made  of  the  Side  B, 
and  that  Segment  or  P art  of  it  (  viz.  a  )  which  lies  next 
to  the  Side  C.  (  13.  e.  2. ) 

That  is,  DD  ~p  2iU  B3  -f“'  CC . 


^cmen- 


-  -■■■ . .  -  - -  ■  - — -  ■  -  - - 
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—  - ■—  -  I  --  -  . . ■ —  '  - - - 1 - - - UI__K 


3 

4 
I 

5* 


Firft 
And 
But 
©"  2 
—  a  a 
< — •  2 

6 


7  -h 


1 

2 

s 

4 

5 

6 

7 

8 


SDemontt  ration. 

DD—PP^r  ee7  „ 

CC  —PP+aal  By  Theo'  IU 
B  —  <iae  by  Figure. 
BB  —  2  Bd  id  ee 
BB  —  iBj.  ~ee  —  dd 
D  D • —  CC  —  ee  —  dx 
DD—CC=zBB-~zBd 
DD  +  zBx  —  BB  +  Cc 


Corollary. 

Hence  it  follows,  that  if  the  Sides  of  any  acute-angled  Trian¬ 
gle  be  known,  the  Perpendicular  (  P  )  and  the  Segments  of  the 
Side  whereon  it  falls,  {viz-  a.  e.)  may  be  eafily  found. 


CHAP*  IV. 

T, he  Solution  of  federal  Eafy  ^Obleutg  in  (Plane  Geome - 
try y  whereby  the  Learner  may  (  in  T* art )  perceive  the 
application^  or  life  of  the  foregoing  Theorems * 

Note ,  When  a  Line,  or  the  Side  of  any  plane  Triangle,  is  any 
Way  cut  into  two  (or  more)  Parts,  either  by  a  perpendicular 
Line  let  fall  upon  it,  or  otherwife,  thofe  Parts  are  ufually  call'd 
Segments;  and  fo  much  as  one  of  thofe  Parts  is  longer  than  the 
other,  is  call'd  the  Difference  of  the  Segments. 

And  when  any  Side  of  a  Triangle,  or  any  Segment  of  its  Side  is 
given,  it  is  ufually  mark'd  with  a  fmall  Line  crofs  it,  thus  — 
and  thofe  Sides,  or  Parts  of  Sides,  that  are  fought,  are  mark'd 
with  four  Points,  thus  • — « 


PROBLEM  I. 


To  cut  or  divide  a  given  Right-line  (as  S)  into  extreme 
and  mean  ^ Proportion y  (  n.  e.  2.  ) 

P~jP”',Kat  is,  to  divide  a  Line  fo,  that  the  Square  of  the  greater 
At  Segment  (or  Part)  d,  may  be  equal  to  the Redlangle made 
of  the  whole  Line  s ,  and  the  leffer  Segment  e . 

S 

Viz,-  1  I  I  Se^aa,  by  the  Problem.  - 

And  1  2  I  S  for  +  x  *  e 

I  -H  S 
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1  S 

3 

| 

[ 

I 

! 

1  / 

*'• 

* 

ir 

2  and  3 

4 

AA 

— ■  =:  S  • —  A.  By  Axiom  y. 

4  X  S 

1 

AA  =:  SS  —  SA 

S  +  St 

6 

AA  =  SS 

6,  Solved 

7 

a  =  -  |  $S :  -r-  \  S.  See  Paget  19s.  1 96 • 

Note,  The  laft  Problem  cannot  be  truly  anfwer  d  by 
Numbers ;  but  Geometrically  it  may  be  perform'd  thus . 


I.  Make  a  Square;  whofe  Side  ist== 
one  of  its  Sides  in  the  Middle,  as 
atCj  upon  the  Point  C  defcribe 
fuch  a  Semi-circle,  as  will  pafs  through 
the  remoteft  Points  of  the  Square, 
and  complete  its  Diameter. 


S  thejgiyen  Line,  and  billed: 


i.  Then  will  either  Part  of  the  v.. 

Diameter,  on  each  End  of  the  Side  S,  be  =4,  the  greater  Segment 
fought. 

But  a  :  $ : :  $  :  a.  By  theorem 
Ergo,  fix  -f*  Scl—SS*  Which  was  tq  be  done. 

PROBLEM  IL 


The  Bafe  of  any  Right-angled  Triangle^  and  the  Diffe¬ 
rence  between  the  Hypothenufe  and  Cathetus  or  ^Perpettdicu- 
lar  being  given  ^  to  find  the  Cathetus ,  &c. 


let  l 

1 

2 

b  =  72 

d  =  31 

And 

3 

a  =  Cathetus  fought 

•*3 

Then 

4 

bb  *-p  aa=:  dd-}~  zda~j^AA 

t 

By  Theorem  11.  ^ 

&  : 

4 - At 

5, 

bb^  dd-{- zdA 

• 

5  - — dd 

6  j 

2 dA~bb  —  dd  \  *  - 

:  a 

bb  —  dd 

/ 

6-r<z  d 

7; 

*-  ld  ^  v - ^ 

0  L 

Or 

8 

I  P 

b  :  d^h  za  . :  d  :  b.  By  Theorem  1 3. 

-  - 

9 

bb=^dd~\-  zda.  As  before  ar  the  9th  Step. 

T  t  Here 


i 
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Here  you  fee,  that  either  Way  raifes  the  fame  Equation  ;  nei¬ 
ther  is  there  any  conilant  Method  or  Road  to  be  obferv'd  in  fol- 
ving  Geometrical  Problems,  but  every  one  makes  ufe  of  fuch 
Ways  and  Theorems  as  happen  to  come  firft  into  their  Mind,  the 
Relul t  being  every  Way  the  fame. 

PROBLEM  III. 

The  Difference  between  the  Bafe  and  Hypothenufe  of  any 
Right-angled  Triangle ,  and  the  Difference  between  the 
Cathetus  and  Hypothenufe  being  both  given ,  to  find  the 


Triangle. 

c> 


Let  <, 
And 
Then  <( 


4  ©*  1 

5  O'  a 
3  &  2 

6  +  7 


d=  32 

d  -j-  x  +  bl  —  Hypot • 
d  -J-  ^  y  £  by  Pro&, 

a~eS 


dd  -p  2.di  4~  xx  =  yy  ^7 

jcjc  -}-  i  jci  -p  #  <2  =  ee 

dd  +  zd*  4-*  zd<*  4- 1**4- **  +  **  =  □  Hypothenufe. 
dd  4-  add  4-  zxa  4"*  **  4~  iaa  ~yy  T*  ee 


The  two  laft  Steps  are  equal;  by  Theorem  11.  Confequently,if 
thofe  Things  that  are  equal  in  both  be  taken  away,  the  Remain¬ 
ders  will  be  equal.  By  Axiom  2. 


That  is, 

Io 

=2  idx  =  I600 

IO  WJ  1 

II 

O 

V 

II 

fl 

> 

li 

*3 

1  4" 11 

I  2 

d  -fa  =  72  ~jr  The  Bafe,' 

2  +  II 

13 

^4-*^  =  ^5'=::::f  The  Cathetus, 

1 4" 1 4~ 1 1 

14 

d4-#H-^=97  The  Hypothenufe. 

PROBLEM  IV. 

The  Hypothenufe ,  and  the  Sum  of  the  other  two  Sides  of 
any  Right-angled  Triangle  being  given ,  thence  to  find  the 
Sides . 


Let 

I 

H  —  97 

And 

2 

a.  4-  e  e=:  —  I  3  7 

By  Fig. 

3 

£4  4~* =  Hff 

Z  O'  7 

i- 

44  4-  zxe  4-  ee  ~  $  S 

4  —  3 

5 

lae  ~ss  —  HH 

3  —  5 

6 

ax  —  2 xe  4~*  ee •  2HH- 

6  vjj  z 

7 

e  =  y/  2 HH—SS 

+  7 


/ 
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2+  7 

8  -r*  a 

2—  ^ 


8 

10 


24.=  $  +  y  2HH—  ^  =  144 

4  : 


e  = 


S  +  \l  iHH  —  SS  r>  .  ,1 

— ! — - =  72.  The  Bale  requir  d. 

2 

5*  —  y  iHH  -r*  SS  ~  „ 

- - - - -  =£5:.  The  Cathetus. 


PROBLEM  V, 

The  Hypothenufe^and  the  Difference  of  the  other  two  Sides 
of  any  Right-angled  Triangle  being  given ,  to  find  the  Sides9 


Let 

I 

h=p7  As  before. 

And 

2 

4 —  e=d  =  7  Quere  4. 

,  By  Eg. 

3 

<2^  ee  =  bb 

2  ©“  2 

4 

u  ’ —  iae  +  ee  =  ii 

3  ^  4 

5 

24e  =  bb  —  c£  J 

3  +  5 

6 

xx  +  iae  +  ee  =  ibb— dd 

6  LUJ  2 

7 

a  +  e  =  y  2bfr — di 

J  +  7 

8 

24 = i  +  y  2M — dd  =144 

8-r-a 

*4 

11 

1-* 

7  —  2 

io 

ie  =:  y  2 bb — dd —  d  ~  I 

I  -r~  T 

II 

e  ■=:  6 f. 

PROBLEM  VI. 


In  any  Right-angled  Triangle ,  either  the  Rafe ,  or  Cathetus , 
the  Alternate  Segment  of  the  Hypothenufe  (made  by  a 
^Perpendicular  let  fall  from  the  Right  Angle )  being  given  y 
to  find  the  other  Segment . 


Let 

1 

c=4f  The  Cathetus.  . ^ 

And 

2 

£  =  48  The  alternate  Seg.  / 

• 

\  *. 
\V 

Then 

3 

b  :  e  ::  e  :  a  Quere  4  /  f 

&4  =  ee  \ 

*  V  V 

4  \; 

3  V 

Again 
4?  5 

*  +44 

4 

5 

6 

7 

ee* — 44  =  ee  By  Tbeor.  11. 
bz^  cc  —  44 

44  +  &4  =  ££ 

z .  ~r- 

7,  ^  □ 

8. 

44  -j-*  &4  +  ;|L£  =  CC  +  ]fbb 

8  to)  2 

9 

4  +  dgb~  y/cc-^  Zbb 

IO 

4  =  ycr  +■  s=:  27  And  fo  on  for  e~  te*c. 

I  t  ;  I  (hall 


i - - - — -  -  — -  -  - i  n  ■■■  L  - : 
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I  fhall  now  {hew  the  Geometrical  Conftru&ion,  or  Solution  of 
the  three  Cales  of  Quadratic  Equations,  promis’d  in  Page  zoi. 
Let  the  firft  Example  be  that  above,  viz.  bx  =:  cc.  Cafe  I.  . 

Make  the  Co-efficient  b,  and  the  Root  of  the  Refoivend,  (which 
is  here)  r,  into  a  Right-angled  Paral- 
ldogram.  Per  Problem  13.  Cbxp.  z. 

And  upon  the  middle  Point  of 
the  Side  =s  b  defcribe  fuch  a  Semi¬ 
circle,  as  will  pafs  through  the  re¬ 
mote#  Points  (or  Angles)  of  the 
Parallelogram,  completing  its  Dia¬ 
meter,  as  in  the  annexed  Scheme.  Then  will  either  Part  of  thfc 
f)iameter  on  each  End  b ,  be  equal  to  a,  the  other  Part  will  be 
<z-j-  b,  and  the  Side  c  will  be  a  mean  Proportional  between  them. 
That  is,  a  -\-b  :  c  lie:  a By  Theorem  13. 

Confequendy  xx  +  hi  =  cc.  Which  was  to  be  done. 


PROBLEM  VII. 

The  ’Difference  between  the  Bafe  and  Cathetus  of  any 
Bight-angled  Triangle ,  and  the  Perpendicular  let  fall  from 
the  Right  Jngle  upon  the  Hypothenufe ,  being  given  ;  Thence 
to  find  the  Hypothenufe ,  &c. 


Let 
And 
Quere  x 

By  Eig- 

4  V 

Again 

S'  X  7 
*  —  7 

$  CD1 

9  wj  z 


3 

4 

5 

6 

7 

8 

9 

io 


The  Differ,  of  the  Sides. 


d  =  i$ 

P  =  3^ 

x  =  The  Hypothenufe. 


> 


P  - 


d  +  e  :  P 
le  -j-'  Ce 


px 


a 


10  + pi  11 


dd  4-  tde  -f*  z'ee  =3  ax.  By  thzovem  1  j. 
ide  -}-*  lee  *=  2 px 
di=.xx'—  zpx  Cafe  z. 

XX  —  2pa-\-pp  =  dd-j- pp=zj$2i: 

x  — p  "  3/ dippy  =39 

4==p4- «/ ddppp  =  7s,  &:c.  for  e  per  Step  $• 


The  Geometrical  Conttru&i- 
on  of  this  Q/e  2.  x/tV  ^ — 2pa=:dd. 
may  be  perform’d  in  the  very 
fame  Manner  as  the  la#  Cafe 
was ;  that  is,  by  making  a 
Risht-angled  Parallelogram  of 
the  Co-efficient  z  p ,  and  the 
V  dd,  viz .  d,  tste,  as  in  the  an¬ 
nexed  figure,  ' 


" . 


\ 

*. 

* 

'  4  .  r# 


Then 
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Then  will  the  Greater  Part  of  the  Diameter  to  one  End  of  the 
Parallelogram  be  ~a,  and  the  lefTer  Part  will  be  a  —  ip. 

For  cl  :  d  *.  d  :  a- —  Ip.  By  Theorem  13. 

Confequently,  dd-~ipd  j=s  dd.  Which  was  to  be  done. 

PROBLEM  VIII. 

The  Hypothenufe  of  any  Right-angled  Triangle ,  and  the 
Perpendicular  let  fall  from  the  Right  Angle  upon  the  Hy - 
pothenufc ,  being  given ,  To  find  the  Greater  Segment  of  the 
Hypothenufcj  &c. 


Let 

And 

Then 

per  Fig. 

4  V 

3— a 


7  x  « 
*  ± 

5>  CO 

Jo  UfJ  2 

tl  H-  l  h 


3 

4 

5 

6 

7 

8 
5? 

10 

11 

12 


h  ■=  7$  The  Hypothenufe 
a,  e  =  h  Quere  a 


a:  p :: p  :  e 

fL~e 


h  • —  =  e 

br-a—t£ 

"a 

ha — -ddz=zpp  Cdfe  3. 
dd  —  hd=.  —  pp 

di — ba-\-*bbz=:Zhh — //>  =  Ho,  2 5 

d  —  y?  =  ^  jbh-~pp  =5  10,7 

4=:  ib  “f;  1/ ±bb — pp-=:  48.  Or  4  =  27 


The  Geometrical  Conftru£Hon  of  3.  viz,  }?&■ — dd~pp,  may 
be  thus  perform'd.  Draw  a  Right  Line 
(of  any  convenient  length  at  Plealure) 
and  near  its  Middle  eredt  a  Perpendicu¬ 
lar  viz.  of  the  fame  length  with 
the  Root  of  the  Refolvend.  From  the 
Top  Point  or  upperEnd  of  that  Perpen¬ 
dicular,  ftt  off  half  the  Length  of  the 
Co-efficient,  viz- -kb.  and  upon  the  Point 
where  ±b  juft  touches  the  firft  Line  (with  the  fame  Diftance)  de~ 
fcribe  a  Semi-circle;  then  will  its  Diameter  b  be  cut  by  the  Per¬ 
pendicular  p  into  two  Segments,  which  are  the  two  Values  of  the 
Root  a,  viz.  the  greater  and  leffier  Roots,  both  taken  together  be¬ 
ing  always  equal  to  the  Co  efficient,  (vide  Page  201,) 

For  h  —  a:p::p:a  bv  Tbeortm  13. 

Ergo  hd  —  dd~  pp.  Which  was  to  be  done. 

PROBLEM? 
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PROBLEM  IX. 

The  Perimeter ,  viz.  the  Sum  of  all  the  three  Sides  of  any 
Right-angled  Triangle,  and  its  Area  being  given,  thence  to 
find  each  Side . 

Viz,-  Let  1  34  The  Sum  of  the  Sides. 

And  z  { ;<te~A  The  Area  =  2340 


Again 

2X4 

3+4 
1  y 

6  ©•  2 
5,  7 

8  ± 

6,  lo 

3*~  4 
¥  2  uju  2 
II  +  13 
*3-^7 

II  —  is 


3 

4 

5 

6 

7 

S 

9 

10 

11 

12 

13 

14 

15 

1 6 


44  -|-  ee  =:yy  By  Figure 
zae  =2  \A 

44  +  zae  -J“  ee  =s  yy  -f  4^4 

4  =  j  — y 

-|-  24?  +  ee  =  ss- —  2iy  +  yy 
yy  +  4^=  JS  — 2jy  +  yy 
2jy  =2=  SS  • — 4y4^=453^ 

SS  Is  —  “-=97  The  Hypo  then  ufe 


•e 


2$  5 

s  ——  v  =  137 

44  ‘ —  zae  4"  ee  =  yy  • —  4^  =  49 

*  —  c  =5  /  49  =7 

24  —  137  +  7=  144 

4  =s  72  The  Bafe. 

err:  137  —  72=2 The  Cathetus. 


PROBLEM  X. 

i#  any  Right-angled  Triangle  a  ^Perpendicular  being  let 
fall  from  the  Right  Angle  upon  the  Hypothenufe,  if  the  Sum 
of  each  Segment,  when  added  to  its  adjacent  or  next  Side, 
be  given,  thence  to  find  each  Side,  and  the  Segments . 


Viz,-  If 
And 
To  find 

1 

2 

4  +  «=rj  J08 

71 

4,  ?,  «.  y.  and  p 

S  —  4 

3 

«  =  I  —  4 

3  ©”  z 

4 

Ull  rr:  5S  —  214  4“  44 

4  — 44 

? 

HK  > —  44  =  Sf 2S4  =5  pp 

2  • —  e 

6 

^  f  =  J 

0  Q-  2 

7 

^ —  2^e  4-ee  “  yy 

7  — 

8 

—  ize  zzzyy  — T-  ff  rr 

8. 

9 

^  —  2^e  =  JS  —  2Sfti 

By  Fjg. 

lo 

*  :  P  : :  p  :  e 

10  V 

II 

Is* 

<T; 

I! 

5,  II 

12 

Ue  =  55  —  2  54 

PP 


& 


•  \ 
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12  4 

13 

13  X  1Z 

14 

9  4"  14 

IS  x  4 

16 

Irf  + 

17 

17  25 

18 

Subjlitute 

I* 

Then 

20 

20  CQ 

2 1 

2 1  UU  2 

22 

22  —  X 

13 

I—23 

24 

per  13 

*7 

2—27 

2  6 

234-27 

27 

55  —  2  54 


*ze  ^=' 


2^,SJ  — 


=  IS — 2S4  + 


2*,55  *— •  4*,S 4 


«4  =S  S5^  * —  2544  +  2*,SS 4*,S* 

2544  +  zza  4"  4^  554  =:  zzss 

+  ZZ&  1  . 

-  4*  2^,4  — “  2^54  -*-*  ^ 

21 

IX  =  -  4-  iz  — 1  iS=  1 14 

25 

4“*  2X4  =  ^,5  =  7776 

444-  2x4  4^^:=::^  4“:vx  ^  11027 
4  4'*  #  —  V  ^s4-XX=  lOf 
4  =  \/xs  4~  •  —  x  4  2 

u  ~  60  —  The  Bafe. 

_  js_  _ 

<e  2  17 

'^=45'  =:  the  Cathetus. 

4  4~  e  =  77  =  the  Hypothenufe. 


PROBLEM  XI. 

^  The  Difference  of  the  Sides  of  any  Oblique-angled  'plane 
Triangle ,  the  Diff  erence  of  the  Segments  of  the  Bafe ,  and 
the  Difference  between  the  greater  Side,  andtheBa/e}  be - 
ing  given ,  *o  find  the  Bafe ,  &c. 

cf  “  the  Difference  of  the  Sides  1=4050 
b  =  the  Difference  of  the  Segments  =  497 

167  the  Difference  of  the  greater  Side  and  Bafe. 
4  =  the  leaft  Side  *v 

d-\-a  +  x=z  the  Bafe 


•  1 


6 

7  ± 
8-r-ld—b 

1  4"  9 

3  +  10 


1 

2 

3 

4 

5 

6 


d 4" 4 4” x •  d 4"  za::d:b 
By  Theorem  16. 

7'  db^ba-^-bx^ dd  fi-zdd 
o  •  ida  —  ba=zdb~\-'bx' —  dd 

db  4“  bx  t-  dd 
9  *=:- 


10 


_  I  I  8_I  2.  S 

—  TIT 


2d  • —  b 

d  4“  4  =:  780  ==:  the  greateft  Side. 


II  d  4"  4  4“*  =*  945  =  the  Bafe. 
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PROBLEM  XII. 

The  Difference  of  the  Sides  of  any  plane  Triangle ;  the 
Difference  of  the  Segments  of  the  Bafey  and  the  Perpendi- 
cular  let  fall  from  the  vertical  Angle ,  being  given y  thence  to 
find  all  the  Sides . 

?  ZZ4°*?as  before. 

0  =  4  91% 

P=  3°° 

the  leaft  Segment. 


Let^ 

And 

Quere 

Then 


n  —  dd 

Subftitute 

7,  8 

*-r-  id 

r  But 
3o  ©*  2 

31,  12 

23  X  dd 

14  i 

8,  15 


16 


ix 


17  CD 


18  uu  1 


19 


\b 


1 

2 

3 

4 


20  X  a 

2  *4- 

lo,  Num. 
I  +  23 


5 

7 

8 


10 

11 

12 

13 

14 

I? 

16 

17 

18 

19 

20 

21 

22 

23 

24 


b~\~ia:  : :  d  :  b 

bb  -f-'  ibn  =2  dd  4"  zde 
bb  —  dd 4"  iba=:zd e 
zx  =2  ££  —  dd  =  Si  coo 
2#  -j- zbdz=:  ide 
bd 

- : - 223  e 


pp^an  —  ee  By  Theorem  1 1. 

xx  -f-  2  xba-hbbaa 

- -  — -  es 


dd 


xx  4-  2  »bA  4-  hbM 


dd 


:  pp  +  At 


xx  4-  ixba  +  bbxit  —ppdd  4-  ddte 
bbaa  ■ —  ddu  4-  2 xba  =  ppdd  —  xx 
ixii  -4*  ixba  —  ppdd ' —  xx 

U  —  *- 


2# 


44  4-  ^  4"  \bb  =  4^  4"  ~ —  ^ 

'  2# 

✓ 


*+ibz=z 


ibb+ppu-kx 

IX 


vibb+r^ 


IX 


:  —  i^  =  2.£y 


2 a  =2  45:0 

b  4-  24222  94<  the  Bafe. 
e  =  37?.  =3  the  lefTer  Side. 
d  4-  e  2=  780=  the  greater  Side. 


problem  XIII. 

The  Sum  of  the  two  Sides  of  any  plane  Triangle ,  the  Dif¬ 
ference  of  the  Segments  of  the  Bafey  and  the  Perpendicular 

let 


Hr- 
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Jet  fall  from  the  Vertical  jingle  upon  the  Bafe,  being  giveuy 
thence  to  find  the  Bafe,  and  the  Sides .  / 


Let 


Put  < 

Then 

And 


PerF/g.  ^ 

8 

9 

9  LU>  l 

10 

8 

II 

II  4 

1 2 

Suppofe 

13 

Then 

14 

14  -T-  25 

15 

IOJ  1? 

1 6 

TO  Q"  2 

*7 

17  x  ss 

18 

18  4- 

19 

13>  I*| 

20 

20  -r»  2X 

2 1 

21,  hence 

22 

22X2 

2+^3 

24 

lo  .Numb. 

i* 

1  —  2^ 

26 

1 

2 

3 

4 

$ 

6 

7 


s*=;  11  the  Sum  of  the  Sides. 
d  =  the  Difference  of  the  Segments. 

00  the  Perpendicular. 
a=the  leafl  Segment. 
e  =  the  leaf!  Side. 
d-f~  2<z  =:  the  Bafe. 

j  —  ie  =2  the  Difference  of  the  Sides. 


d-\-ia:  s : : s  —  2 e:d 
xx  *-f-  pp  =  ee 

V x,x  -'pp  =:  e 
Ad  -f-  2  dx  —  is-—  2Se 
lie  E=S  SS  —  dd  —  2di* 

2#  =  ss  —  dd 

2Se  =  »c- —  zdx 

x  —  dx 
e  = - - — * 


x 


—  d^ 


S 


2=:  y'  +  pp 


xx  « —  ixdx  4-  ddtftf  , 

- — —  =:  ax  ~}~pp 


ss 

xx  —  ixdx  ~f-  ddax  m  ss<w  ~b 
uaa ' —  ddxa  ixdx  =zxx  —  ispp 
ZXXX  -j-  ixdx  2=:  xx  ' —  SSpp 

xx  +  dx^  \x  — ■ As  before. 

2X  5 

4=  22J 
2<Z  —  4?o 

d  “j-  zx=:  94 5"  the  Bafe. 
e  =  37  f  the  leffer  Side, 
s  — e  =3  780  the  greater  Side. _ 


PROBLEM  XV. 

The  Jrea  of  any  oblique-angled  Triangle  ;  the  Differ¬ 
ence  of  the  Sides ,  the  Difference  of  the  Segments  of 

the  Bafe  being  given,  thence  to  find  the  Bafe,  &c. 


Let 


1 

2 

3 


^=141750^:  the  Area. 
d  =  40? 

&  =  49) 

11  11 


Put 
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Put 

Then 

Per  Fig. 

7 

8  —  dd 

9  &  2 

Per  Fig 

II  &  2 

6  X  z 

13  -r-  a 

14  2 

Per  Fig. 

10  -H  4^i 
16,  17 
1§  X 

19  X  4  «M 

20  i 

2 1  -r* 
2Z  CD 


4 

5 

6 

7 

8 

9 

10 

1 1 

I  2 

13 

14 

iy 

17 

1 8 

15 

10 

11 

r  2 

23 


y  =t=  the  Perpendicular. 
a  =  the  Bafe. 

iy*  =  ^ 


i  :  d  +  2? .  d :  & 
ide 

bx  —  dd  zde 
bbxx  — •  z dibit  -f-  dddi  zzz  4 ddee 

1  ZF JL~  u  the  lefTer  Segment  of  the  Bafe. 
2 

xx  —  2^  -f-  bb 


4 

_yi  =  2,4 
zA 
y~ 


uu 


23  IUJ  2  “4 

24  ~i_  2.  j 2  5 

25  w;  2  26 


aAA 

yy  t=2  - 

4<Z 

yy  +  ««  =  « =>-p  i - ; 

—  zddbx  4  dddd 

*—  2 ddbx-\~  cf4 _ ^ 

4c/ji  XX  4 

/;£<z4  —  zddbx3  A  A  ,  <Z4  —  2^Z3  4 

4  ^  ~ 

S  bbx^  —  zddbx3  -| d*  XX 1 6  A  Add  ddx* 

d  —  zddbx3  -J-  ddbbxx 
bbx4  • — ddx4  d*xx — •  ddbbxx  s=s  16  A  Add 

\6AAdd 

(i  t xx  1  dxxx  r—  .  .  | 

bb  —  dd 

MM  —  UU  +  iiiii==~.~j+  i J4 

bb — ’da 


"  *  bb-U  ^ 


XX 


1 11  I  ^  itddU  .  , 

1<UH  -jb  _  (U  +  *Wi 


*=  v' :  4«+  ^  -irA-^ijr  mil 

bb  —  aa 


W< 
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PROBLEM  XV. 

There 

is 

an  oblique-angled  plane  Triangle,  •wherein  a 

c Perpendicular  is  let  fall  from  the  Vertical  Angle  upon  the 

Bafe,  the 

leaf  Side,  and  the  Bafe  are  given.  And  the 

Re  SI  angle  of  the  Difference  of  the  Sides  into  the  leaf  Side 

is  equal 

to 

the  Square  of  the  Difference  of  the  Segments  of 

the  Bafe 

:  Tis  requir  d  to  find  the  Segments  of  the  Bafe,  &c. 

Let  -5 

1 

c—j6~  the  lead  Aide. 

i 

B  =  92  :=;  the  Bafe. 

And 

3 

x  tc  —  B 

Pat 

4 

y  =z  the  Difference  of  the  Sides. 

Then 

5 

cy  z=.ax  by  the  Queftion. 

By  Figure. 

6 

B:  tc-j-y::  y:a ,  for  B  =;a~\-ie 

6  _V 

7 

Bx  =  2  cy  yr 

$  X  2 

8 

tcy  =s  txx  '  .  A' 

\  c 

7  —  8 

9 

Bx  —  2 xx  yjr  y  c 

w  \ 

1  A. 

_  k  \ 

5  ©-  2 

Io 

ccyy  —  axxx  ^  A  V  .  I  . .  \ 

lo  ■“-*  cc 

II 

uuxii  * - —  — . - 

yy  •==>  -  3  • . 

CC 

n  axxx ' 

9  11 

12 

Ba  —  tax  - 

cc 

I  2  X  cc 

r3 

ccBx  —  teexa  —  axxx 

13  * 

14 

ccB —  teex  =:  xxx 

14  ‘“f-  tea 

15 

xxa  -1-  tcca  z=:ccB 

1 5  .  in  Nutn 

16 

axxAf  6tyta  =  288512 

The  Value 

of  a ,  in  this  Equation,  may  be  found  as  in 

the  Ex- 

am  pies,  Pxye 

238,  viz,,  by  putting  r  +e  =za,  &cc.  As  in  thofe  Ex- 

amples,  y 

OU 

will  find  a~  37,55501,  6c c. 

PROBLEM  XVL 

The  three  Chords  or  Subtenfes  of  three  Arches  completing 
a  Semi-circle,  being  each  given,  thence  to  find  the  Diame¬ 
ter  of  that  Circle . 

That  is,  any  Trapezium  being  infer iV d  in  a  Semi-circle, 
if  one  of  its  Sides  be  the  Diameter,  and  the  o':  her  three 

Sides  be  given,  thence  to  find  the  Diameter,  or  fo  irth  Side • 

U  u  z  Eec 
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Then 
And  k 


c  =  4^ the  three  Sides. 
i^z  the  Diameter  fought. 


5  ©*  i 

6  X  7 

S,  =  9\ Io 

lo  -r*  I  i 

II- —  Cii  I  2 

12,  Nurn.  ll 


Draw  the  two  Diagonals 
e  and  y 

a  ey.  ;By  Theorem  ip. 

,u  bb  —yy?  Theorem  io  and  H 
il  —  ad  :=  ee  \  1 

ecu  ibdci  -f"  bbdd  —  eeyy 

4444  — •  —  diii  -{"  WdJ  —  eeyy 

4444 —  ecii  4~  2 Wei 

—  bbi  > —  ddi  ===  cci  4-  2  bic 

in — •  bbi  —  ddi  —  cci  —  2  bde 

111 — '50 1  •.=  I  20 


%  I  ■  ' 

This  Equation  being  folv’d,  as  in  EMtmple  2,  Pige  240,  you  will 
find  1  =  8,05581,  &c. 


PROBLEM  XVII. 

In  any  Right-angled  Triangle y  the  Area  and  the  Sum  of 
the  Hypothenufiey  when  added  to  either  Sidey  being  given  y 
thence  to  find  the  Sides  y  &c. 

1  —  A  =  1350.  The  Area 
2 

z\y  “B  e  ”  s  =  1 20.  The  Sum,  &c. 

3  I  Quere  1 ,  e.  arid  y 


SupPofe 


1X2 
4  -1-*  i 
Per  Fig- 


6 

e\  7 


e ; 


2  /df 
2^4 


8  2  ? 

5  ©■  2  Io 

,  ! 

Io  44  II 


44  4"  er  =  yy 

z  A 
1 

4$  A 


yy~* 


4 

4^M 


+ 


4  A  A 


11 


11 


11  4"*  ee 


4  A  A 


11 


1  1 

—  *-p  11 


f>  9>  II 
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4  A  A  .  4$  A  ,  4-4  4 

- J-MssjjsaM - - 

44  a  AA 

6,  %  II 

14 

12,  That  is 

13 

4tA 

44  =  ss - - 

a 

13  X  i 

14 

aaa  =  554  —  41 A 

14  ± 

15 

II 

l 

1 5,  in  Nmw. 

16 

I44004 —  444  =648000 

The  Value  of  4,  in  this  ^Equation,  may  be  found  as  in  the 
third  Example,  Page  24I  :  qhat  is,  by  making  r  +  e  =  a,  &c.  it 
will  be  found  that  4  =  60. 


PROBLEM  XVIII. 

V here  is" an  oblique-angled  plane  Triangle,  wherein  a 
1 Perpendicular  is  let  fall  from  the  Vertical  Angle  upon  the 
Bafe ,  the  Sum  of  each  Segment  of  the  Bafe ,  when  added 
to  its  adjacent  or  next  Side ,  and  the  Area  of  the  Triangle ? 
are  given,  To  find  the  Perpendicular,  and  each  Side . 


5x2-4- 
Per  Fig. 


1 

2. 

9 

10 

7j 

8, 

13 

H 

15 

16 


& 

©- 


a 


y 

e 

2 

2 

1 1 

12 

± 

± 

2Z 

25 


I7  -p  18 


7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 
1 9 


|  ^  Quere  y,  b,  e  and  u 


y  ►-{-  b~z  —  I  500 
e  -f-M  =;  S  =  6 00' 

A  =  the  Area  s=s  141750 
a  =  the  Perpendicular  fought, 
y-f-  eX^azzz 


J  + 


2  A 
a 


yy  aa  —  bb 

eeAj-  aa  —  uu 

b  =  — y 

KSSJ- —  e 

bb^z  zz*—  i*y  “h  .yy 

uu  —  ss  —  2$e  -p  ee 

• — ■  2^7  =s  44 

jj  —  25?  aa 

zz  —  44  =  izy 

ss  —  aa  —  2Se 

zz  —  aa 
— 

ss  —  aa 


zs 
zz - 


Having  found  the  Value  of  a , 
from  the  24th  Step,  e  and  y  will  be 
eafily  found  by  thefe  2  Steps.  And 
b,  u  by  the  9th  and  loth  Steps. 


aa 


ss 


aa 


2  z 


2  s 


=>  + e 


6,  I? 


I 
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19 

20 

< — xx  T  $s  —  xx  2  A 

20  X 

2Z 

21 

iz,  1  25  a 

,  ^,5J — <,44  azA 

z,x,  —  ax-b - = - 

s  a 

4  zAs 

Z,ZS  —  S44  4-  *,SS  • —  Z,XX  — 

21  X 

s 

22 

22  X 

a 

*3 

Z>Z>SX  < —  J444  4-  -US4  • —  *444  =  AzAS 

23, 

24 

9000004 - 444  =:  243000000 

Here  4  =  300  found  as  in  the  Jafl:  Problem . 

PROBLEM  XIX. 

'There  is  a  Right-angled  Triangle,  wherein  a  Right-line 
is  drawn  parallel  tv  the  Cathetus ;  there  is  given  the  Ca¬ 
thetus,  that  Segment  of  the  Hypothenufe  next  to  the  Cathe¬ 
tus,  and  the  alternate  Segment  of  the  Bafe,  thence  to  find 
the  Bafe,  &c. 


Viz,-  Let 

.Then 

Here 

And 


$  ©- 
4  — 

8  X 

9  ± 

That  is 


2 

ax 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 


6=2 o  .  c  =  24  .  and  /;  =  I  % 
64“  x  ==■  the  Bafe.  Quere  CL 


b  4“  x :  c  : :  a:e  per  Figure «. 
ee  ~  bb  Per  Figure, 
cx 

=  e 


b  a 
ccxx 


bb  4“  2 ha  4“*  ax 
bb  — •  xx  =  ee 
ccxx 


'ee 


—  bb  —  xx 


bb  4-  2  bx  4“  xx 
ccxx  =  bbbb  —  bbxx  4~  zbbbx  —  ibx*  -j-  bbxx • — -  a* 
x 4  -f-  zbxxx  ccxx  4-  bbxx —  bbxx  —  ihbbx  =  bbbb 

xxxx  4“*  40 xxx  4“  7  ?  1 44  —  90004  =  90000 


For  a  Solution  of  this  Equation,  let  it  be  made 

xxxx  *4"  bin  4^  cxx  —  dx  =  G  v-  $  b  =  40 
Put  r  4~  e  =  x  =  0000 

’r  4-  irrre  4^  6rree  =  4  4 
Then  J^rrr  4“  3 brre  4~  3 bree  =  6444 

»rrr  4-  ZC.yu  —I—  rep  - 1  /•  ni 


c  =  7^1 
G  =  9000© 


fcrr  4"  icre  4“  cee  = cxx 
— '  dr  - —  ie  =  —  d4 
Let  r  =  10 


■=  G  =  90000 


Then 
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Then 


10000  -4"  4ooce  +  6 ooee' 
l-f*  40000  4"  Iioooe  +  I  zooeel 
I+77I00  +  I  5020?  -f’  75l€e\ 

—  90000  — *  yoooe  _ 


‘=(7=9  0000 


That  is,  35 100  zzozoe  -f-  15  5  lee 
Hence  it  will  be  ziozoe  +  lee 
Confequently,  85^3e  +  ee  s=s  21,72 

And- — — 1—  =  e 


90000 

74900 

V 


Operation  8,63 ) 
-j-  ?  —  2,1 

1  Divifor  =2  10 

2  Divifor  =10,7 


8/3+e 
•  • 
11,72 
20 

1,72 
1,07 


(M  =  * 


pirft  r  =3  To 
+  *j=a  2,1 


47  &c.  r  4-  e  =  12,1=3  y  for  a  fecond 
Operation,  which  being  involv'd,  and  multiply’d  into  the  Co-ef¬ 
ficients  as  before,  will  produce  thefe  Numbers- 
+  21437,8881  4-  7086, 24e  +  878,4^^ 

*4*  70862,4400  4-  l77^9;ioe  4"  !452,ooeeC. _ ; (* 

+  109973,9100  +  18174, 2oe  4"  7?I>ocwC 
— ■  108900,0000  —  9000,  ooe _ 3 

Viz*  933?2j2381  T-  33829,^4?  4“*  3081,4^=390000 

Here  becaufe  93352,2381  >  90000.  Therefore  1 2,1  >  <f,  and 
therefore  it  muft  needs  be  made  r  —  e  =2  a,  which  will  produce 
the  fame  Numbers,  on-ly  all  the  fecond  Signs  muff  be  chang’d. 

Thus,  93372,2381  —  33829,64*  4-  3081,46^  =3  90000  from 
whence  will  arife  this  ^Equation, 

4-3382964?' — 3081, 46ee  =  3372,2381 

Confequently,  10,9784?  —  ee  — 1,08787332  =  D 


Operation 

10,9784) 

1,08787332 

(  0,0999  =  ff 

■ —  e 

=  ,0999 

9792 

1.  Divifor 

10,88 

I08673 

'  Laft  r  =  11,1 

2.  Divifor 

10,879 

9791  1 

' — e  =  0  0999 

3.  Divifor 

10,8787 

IO76232 
579°  67 

&c. 

r  ‘ — e  =12,0001  =  £ 

P  R 

0  B  L  E 

M  XX. 

In  the  oblique-angled  Triangle  CAD,  there  is  given  the 
Side  A  D,  and  the  Sum  of  the  Sides  AC\CD\  alfo  with¬ 
in  the  Triangle  there  is  given  the  Line  A  B  perpendicular 
to  the  Side  C  Ay  thence  to  find  the  Side  C  Afitc,  Let 
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let 

And 

Then 


Suppofe 

Then 

And 

But 


6, 

$ 


#  « 


5  2 

Per  Fig. 

11  —  id 

But 

1 2  —  I? 

'  'C  Let 


1  CA^rCV—^  5 1 
AD=  d=  31 
AB  —  b  —  21 
CA  —  a  fought. 
—  a— CD 


*4, 

16 


a 


17  ^  a 

9  O'  2 

18  2 

18,  19 


10 

11 

U 

*3 

14 

If 


the  Line  Z?F 
Parallel  to  AB ,  and  produc’d  to  F. 

AC  AB,  and  A  CFD  will  be  alike. 

Be:  c  a:  :  DC:  cF. 

BC~  \/ bb -f -aa.  Let  AF—e,  and  FD  z=zy 

i/bb^aa  :  a::  s  —  a:  n+  e 
sa< — aa 

<z*f*e 


y/  :  bb  -f  -  aa 
ss  —  isa  +  aa  2=2  JO  CD 

ss  —  2  id  -p  da  =3  aa  -j—  tae  +  ee+yyz=QCF+nfD 
ss  • — “  iso,  2=5  lie  4~  ee  *\~yy 
dd  =35  ee  4"*  yy  =*  □  A  F  4"  □  F  D 
ss  < —  isa —  ddz=,  ne 

IX  =  SI  •—  dd 
1 6  x  —  ae 
x  sa 


17 


18 


19 


20 


2 1 


•  4“*  aa 


>=2  4  + 


s5<m- 


r-T - !—  ^n^  +  g 


##  • — 2JtfJi  -4-  IXCLX^r  MAX - 1MZ  *4-  a*  - - 

- - — - - — ~ - =as  □  a  4- 


J IM 


aa 

21 aaa  +  a* 


bb  4~  A.X 

XX -  IXld  -j-  IX ill  ~f“  SS^-—  2Sd3  4“  a* 


ax 


This  Equation  being  brought  out  of  the  Fra&ions,  and  into 
Numbers  will  become, 

—  2018 xaaa  4*  125:40 $xxx  — *  2464230,25^  4"  354683074  == 
a*  274183922,2^ 

which  being  divided  by  2018,  the  Co  efficient  of  the  highefl 
Power  of  a  will 


be 
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he  5“~^4  +  ^M45 '9^  —  UHylzS  aa-}-  I7f75>9697* 

C  —  135865, 1 3SB75T,  &c. 

And  from  hence  the  Value  of  a  may  be  found,  as  in  the  laft 
Problem,  due  Regard  being  had  to  the  Signs  of  every  Term. 

This  Work  of  reducing,  or  preparing  Equations  for  a  Soluti¬ 
on  by  Divifion,  hath  always  been  taught  both  by  the  Antient  and. 
Modern  Writers  of  Algebra^  as  a  Work  fo  necefiary  to  be  done, 
that  they  do  not  fo  much  as  give  a  Hint  at  the  Solution  of  any 
adfeCted  ^Equation  without  it. 

Now  it  very  often  happens,  that  in  dividing  all  the  Terms  of 
an  ^Equation,  fome  of  their  Quotients  will  not  only  run  into  a 
long  Series,  but  alfo  into  imperfect  Fractions,  (as  in  this  ^Equa¬ 
tion  above  )  which  renders  the  Solution  both  tedious  and  im¬ 
perfect. 

To  remedy  that  Imperfection,  I  (hall  here  fhew  how  this  JE- 
quation  (and  confequently  any  other)  may  be  refolv’d  without 
luch  Divifion,  or  Reduction. 

J^et  &  =  2018.  ct=z  115:409.  d  rs  24(^4230,2 5' 

.  f  ^  35 468307.  And  274183922,25' 

Then  the  precedent  ^Equation  will  ftand  thus,' 

—  baaaa  +  caaa  — •  dux  -\-fa  =;  G 
Put  r  -f  e  z=zd>  As  before. 

C—  br4  —  4-brrre  —  6brreez=z — ba4"^ 

Then  will  -H  ‘J3  +  y.m  +  Vree  =  +  f  C  -G. 

£+  fr  +  fe .  —  +  /*  3 

Th  is  is  plain  and  eafily  conceiv’d;  The  next  thing  will  be  how 
to  eftimate  the  firft  Value  of  r;  and  to  perform  that,  let  G  be 
divided  by  4,  only  fo  far  as  to  determine  how  many  Places  of 
whole  Numbers  there  will  be  in  the  Quotient;  confequently, 
how  many  Points  there  mult  be,  (according  to  the  Height  of  the 
Equation. 

♦  » 

Thus  6^:2018)  G'zz  274183922,25’  (  130000 

2018 


7238  &rc. 

Now  from  hence  one  may  as  eafily  guefs  at  the  Value  of  r,  as 
if  all  the  Terms  had  been  divided.  That  is,  I  fuppofe  r  ~~  io, 
which  being  involv’d,  &c.  as  the  Letters  above  direCt  will  be 

X  X  «“*=*£  0 1 8©00<3 


=s  G 
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—  20180000 * — *'  8072,00©?—  IU0800?? 

*4-  I 2 5409000  +  376ii7ooe  +  3762,270?? 

•—  24642,3025  —  49284605?— •  1464230,15'?? 

3^4683070  +  35468307? _  -* 

r^.  113489045  +  15734402?+  87239  7 5??  ^2,741839 
Hence  1 57344o:?+87239575??—  6o694877,2S 
Confequently,  180,3?+  ??  =  695,72  =  i/ 

V 


And 


[Bo,3  + 


Operation  18o>3_)  ^95>7i 
+  e==z  3,7  54  9 

1.  Divilor  =  183 _  i4^72 

2.  Divifor  =  184,0  _  128,80 

&c. 


(  h7 


Firfl:  r  =:  10 
+  ?==  2>7 


v^vt  y  +  ?  =  1 37 —  r  for 

,  fecond  Operation,  with  which  you  may  proceed,  as  in  the  la  ft  * 
Problem,  and  fo  on  to  a  third  Operation,  it  Occafion  require 
fuch  Exaftnefs.  But  this  may  be  fufficient  to  (hew  the  Method 
of  refolving  any  adfefled  Equation,  without  reducing  it;  which 
is  not  only  very  exaft,  but  alfo  very  ready  in  Practice,  as  will 
fully  appear  in  the  la  ft  Chapter  of  this  Part,  concerning  the  Pe¬ 
riphery  and  Area  of  the  Circle,  &(.  wherein  you  will  find  a  far¬ 
ther  Improvement  in  the  Numerical  Solution  of  High  Equations 
than  hath  hitherto  been  publilh’d. 


CHAP.  V. 

^Practical  gjoMemS  and  H.UltS/or  finding  the  Superfici¬ 
al  Content!),  or  Stea’s  of  Right-lin’d  Figures. 

BEfore  I  proceed  to  the  following  Problems,  it  may  be  conve- 
nient  to  acquaint  the  Learner,  that  the  Superficies  or  Area 
of  any  Figure,  whether  it  be  right-lin’d  or  circular,  is  compos’d 
or  made  up  of  Squares,  either  greater,  or  lefs.  according  to  the 
different  Meafures  by  which  the  Dimenfions  of  the  Figure  are  ta¬ 
ke*'1  or  meafur’d.  .  ,  ,  ... 

That  is,  if  the  Dimenfions  are  taken  in  Inches,  the  Area  will 
be  compos’d  of  Square  Inches;  if  the  Dimenfions  are  taken  in 
Feet,  the  Area  will  be  compos  d  of  Square  Feet ;  if  in  Yards,  the 
Area  will  be  Square  Yards;  and  if  the  Dimenfions  are  taken  by 
Poles  or  Perches,  ( as  in  Surveying  of  Land,  &c.  )  then  the  Area 
will  be  Square  Perches,  &s.  Thefe  Things  being  underftood, 
'  " .  $nd 
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and  the  Definitions  in  the  283  and  284  Pages  well  conlider'd,  will 
help  to  render  the  following  Rules  very  eafy. 

PROBLEM  I. 

1 To  find  the  Superficial  Content ,  or  Area  of  a  fe  qaaic;  or-  of 
any  right-angled  )$atalUlQ£tant« 

c  Multiply  the  Length  into  its  Breadth ,  and  the 
HuU.  <  BroduB  will  be  the  Area  requir'd •  (  See  Lem- 
C  ma  1.  Page  302.  ) 


Example,  Suppofe  the  Line  AB=:6 
Yards,  and  the  Breadth  AC  or  B  D 
3  Yards. 

Then  A  B  X  =  6X3^18 
will  be  the  Number  of  Square  Yards 
contain'd  in  the  Area  of  the  Paralle¬ 
logram  A  BCD. 


This  is  fo  evident  by  the  Figure  only,  that  it  needs  no  Demon- 
ftration. 


PROBLEM  II. 


Lo  find  the  Area  of  any  oblique-angled  ^Parallelogram 9  viz* 
either  of  a  IRfjombus  or  3Rl)Gmt>0ifceg. 

rMultiplythe  Length  into  its  perpendicular  Heighty 
Eltle.  <  (  or  Breadth  )  and  the  Brodittf  will  be  the 

C  Area  requir'd * 

That  is,  the  Side  A  BxB  P  =  the  Area  of  the  Rhombus  A  BCD* 
For  if  B  P  be  drawn  perpendicular  to 
CD ,  and  A  G  be  made  parallel  to  BP, 
then  will  GC—PD,  and  GP^=CD 
Confequently  A  A  GC—  A  B  P  D,  and 

ABGP  =  Rhombus  AB  CD. 

But  ABxBP  —  cjABGP.  There¬ 
fore  A  B  X  B  P,  or  CD  x  B  P  =  the  Area 
of  the  Rhombus  ABCD . 

Example,  Suppofe  the  Side  AB  =  23  Inches,  and  the  Perpendi¬ 
cular  B  P  =■  17,5  Inches,  (being  the  flaorteft  or  neareft  .pittance 
between  the  two  Sides  A  B  and  CD.) 

Then  A  Bx  B  P  =  23  x  17,5  =  401,?  Square  Inches,  being  the 
Area  of  the  Rhombus  requir'd. 

The  like  may  be  done  for  any  Rhomboides,  whole  Length  and 
Perpendicular  Breadth  are  given. 

X  x  2, 


G . C  <P  D 


q  o- 
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PROBLEM  III. 

To  find  the  fuperficial  Content ,  or  Area  of  any  plane  Cr{« 

angle. 

Ed  ery  plane  Triangle  is  equal  to  half  its  cir  cum  for  thing 
cj "Parallelogram >  (41.  e.  1,  )  which  affords  the  following 

mat. 

Multiply  the  Bafe  of  the  given  Triangle  into  Half  its  per - 
pendicular  Height ,  or  Half  the  Bafe  into  the  whole  Ter - 
pendiculary  and  the  TroduSf  will  he  the  Area. 

That  is,  BZ>  X  k  CP,  or  \  BD  X  Area  of  A  BCD.  For 

AC~BP,AB=CP,  andBCis 
common  to  both  A  A.  therefore 
A  A  BC  =  A  BC  P.  Andforthe 
like  Reafons  A  CPDz=z  A  C  P  D- 
Therefore  ABCP-{~ACPD 
s=s  ABFD.  Conlequently  t 
BD  XCP,orBDXlCP  will  be  the 
Area  of  the  A  B  C  D. 


Example,  Suppofe  the  Bafe  B  V  =  32  Inches,  and  the  perpendi¬ 
cular  Height  CP  =  14  Inches. 

Then  =  224.  Or  BD  X  i  C  P  32  X  7 

r=  214* 

Or  thus,  32  x  14=^448.  Then  2  )  448  (214=:  the  Area  of 
the  Triangle  BCD  in  Square  Inches. 

.  PROBLEM  IV. 

To  find  the  Superficies ,  or/  Area  of  any 
Firft,  Divide  the  given  Trapezium  into  two  Triangles,  by 
drawing  a  Diagonal  from  one  of  its  acute  Angles  to  the  oppofite 
Angle;  and  let  fall  two  Perpendiculars  ( from  the  other  two  An¬ 
gles)  upon  the  Diagonal,  as  in  the  following  Figure.  Then 


Rule. 


Multiply  Half  the  Diagonal  into  the  Sum  of  the 
two  Ter  pendicular  S)  or  Half  the  Sum  of  the 
c Perpendiculars  into  the  Diagonal y  and  the 
TroduB  will  he  the  Area . 


That  is,  i  AC  x  b  p  ~}~  ED.  Or  A  C  x  ±BP  +  i  ED  =  Aiea  of 
the  Trapezium  A  BCD. 

For  the  A  ABC  is  Half  its  circumfcribing  Parallelogram  ; 
And  the  A  AC  D  is  alfo  Half  of  its  circumfcribing  Parallelogram, 
as  hath  been  prov’d  at  the  laft  Problem. 

Confequently, 
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Confequently,  BP  +  EDXiAC,  or  *  BP  +  bED  XAC  will 
be  the  Area  of  the  Trapezium,  As 
above. 

Example,  Suppofe  the  Diagonal 
AC=z  33  Feet,  the  Perpendicular 
BP  ^  15  Feet,  and  the  Perpendicu¬ 
lar  E  D  ==  14  Feet.  Then  B  ?  -f* 

E  D  x=.i$  Feet,  and  B  P  -J-  E  V  X  £ 

A  29  X  16,5  !=!  47 8, 5.  Or  AC 
XiBP  +  |EP=:33XV=  47M  V 

Or  thus,-  29  X  33  2=3  957.  Then 

2)  (  478,5  any  of  thefe  Produ&s  are  the  Area  of  the  Trapezi¬ 

um  A  B  CD* 

PROBLEM  V. 

To  find  the  Superficial  Content  or  Area  of  any  irregular  Polygon  or 
many-lided  Figure,  which  by  fome 

Authors  is  called  a  Triangulate,  9  q 

becaufe  (  as  I  fuppofe)  it  mull  be 
divided  into  Triangles,  as  in  the 
annexed  Figure  ABCDFGj  by 
by  which  it  is  evident  that  the 
Sum  of  the  Area's  of  all  thofe  Tri¬ 
angles,  found  as  in  the  laft  Pro¬ 
blem,  &c.  will  be  the  Area  of 
their  circumfcribing  Polygon. 

P  R- O  B  L  E  M  VI. 


To  find  the  Superficies ,  or  Area  of  any  regular  Qolygoiiy 
viz.  of  any  regular  pentagon,  ^ejagon,  heptagon, 
fi>ctagon,  &c. 

General  IRule. 

Multiply  Half  the  Sum  of  its  Sides  into  the  Radius  of  the 
inferib’ d  Circle ,  or  Half  the  faid  Radius  into  the  Sum 
0]  the  Sides ,  and  the  dProduB  will  be  the  Area  requir'd. 

.  AB  +  BD  +  DE  +  EF+FG  +  GH  +  HK+KA  # 

x  hat  is,  — "  ■■■  ■'  ■■■"  ■■■  ■  ■  m  . . .  ■  —  X  C P 

2 

=  the  Area  of  the  annexed  O&agon;  wherein  it  is  evident,  that 
its  Area  is  compos'd  of  fo  many  equal  Ifofceles  Triangles  as  there 
are  Number  of  Sides  in  the  Polygon,  viz-  of  eight  Ifofceles  Tri¬ 
angles,  whofeBafes  are  the  Sides  of  the  G&agon,  viz .  AB^=  B  P=: 
J)E.&cc.  And  the  Sides  of  thofe  Triangles,  C  A,  C  B,  CD,  Arc.  are 
the  Radius's  of  the  circumfcribing  Circle  ;  and  their  perpendicular 
Heights,  viz-  CP ,  is  the  Radius  of  the  inlcrib’d  Circle.  Buc 
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But  the  Area  of  any  one  of  thofe  Triangles,  is  k  A  5  X  C  P, 
By  Problem  3.  Confequently 
the  Sum  of  all  their  Area's  will  G 

be,  CP  into  Half  the  Sum  of  all 
their  Bafes,  as  above. 

This  being  equally  evident  in 
all  regular  Polygons  whatfoever,  # 
makes  the  Rule  general  for  find¬ 
ing  their  Area's. 

Now  becaufe  it  is  requir'd  to  .  . 
have  the  Radius  of  the  propos'd 
Polygon's  infcrib'd  Circle,  I  (hall  \\ 
here  infert  (  and  demonftrate  ) 
the  Proportions  that  are  between 
the  Sides  of  feveral  regular  Poly-  A 

gons,  and  the  Radius's  both  of 

their  infcrib'd  and  circumfcribing  Circles ;  the  one  will  help  to 
delineate  or  proje<5b  the  Polygon,  (if  Occafion  require  it)  and 
the  other  will  help  to  find  its  Area. 


And  Firft ,  Of  an  (Equilateral  'STtiangle. 


To  0^773*027  &C. 
To  0,288675:13  &c. 
To  0,866025:40  &c. 


The  Side  of  any  equilateral  plane  Triangle,  is  in  Proportion 
to  the  Radius  of 

SCircumfcribing  Circle,  As  I 
£  Infcrib'd  Circle,  As  1 

And  to  its  Perpendicular  Height,  As  I 

That  is  S A  B:cd  ::  1 :  ©,*773*027 
,jinac  lb>  £  A  B  :  C  G  :  1:0,18867*13 

And  AB  :  AG: :  1  : 0,86602*40 

SDemonfiration. 

let  AB  —  BD  —  i: 

Then  will  BG  —  GD^o  r 
4  But  G  AB  —  QBG~C\AG 

By  Theorem  11. 

That  is,  1  —  o,2*  =  0,75  =:  □  AG. 

Confequently,  ^0,7*  ;=;  0,86602*40 
=  AG: 

Then  AG :  A  B  :  :  A  B  :  A H.  By  Theorem  1 3. 

That  is,  0,86602*4  : 1  :  1  :  1.1*4700*4  &cc.=zA  H. 

Then  4  AH  =  o,*773  5027  =  dC.  Again,  AG:  D  G :  .*  D  G  :  C  G. 
That  is,  0,86602*4  :  o,  ?  :  :  o.* :  0,28867*1 3 —  CG.  Q..  E  D. 

Now,  by  the  Help  of  the  firft  of  thefe  Proportions,  it  will  be 
eafy  to  refolve  the  following  Problem.  P  R  Q- 
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B 


0  PROBLEM  VII. 

The  Side  of  any  equilateral  Quine  5  ri angle  being  given.  To 
find  its  Jlrea .  .  . 

"Example,  Suppofe  the  Side  of  the  propos'd  Triangle  ABC  to  be 
25  Inches,  viz,-  A  B  C~CA~  25  Firft 
j  :  0.8660254  : :  A  B  =  25 : 2-l,55o635  =5 
B  P.  By  Theorem  1 3. 

Then  AP  (t=:^C A)  xBP=:  the  Area 
of  A  ABC.  By  Kw/e  to  Problem  3. 

That  is,  12,5  x  21,650635  =:  270,6325?  the 
Area  in  Square  Inches. 

Or  this  Problem  may  be  otherwife  re- 
folv’d,  thus : 

Let  l  —  AP~\AC.  Then  ib  —  A  B.  V 

But  □  A  B  —  □  1=  □  BP.  Per  Theorem  if. 

That  is,  Abb  —  bb  =  366  =  □  B  P.  Confequently,  y'  3  bb  z=  B  P 
Then  b%/  ibb^BP  X  \  AC.  Viz.  v"  3 bbbbz=z  the  Area  of  the 
Triangle. 

Secondly ,  For  a  pentagon. 

The  Side  of  any  regular  Pentagon,  is  in  Proportion  totheRa- 

p.  5 Circumfcribing  Circle,  As  1  :  To  0,85065080  &:c. 

flius  or  its  ^Infcrib’d  Circle,  As  i  :  To  o,«88ijo9«f  &c. 

And  to  its  Perpendicular  Height,  As  1  :  To  1,53884176  &c. 


' AB  :  AC: :  1  :  0,85065080 
ffe.  ^AB  :  c  h  : :  1 :  0,68819096 
AB  :  Ah:  :  1 :  1,53884176 


5 


SDemonfltaHoti. 

Let  AB  —  1.  And  draw  the  Dia¬ 
gonals  AD,  A  Fand  I> <7,  which  will 
he  equal  to  one  another.  Then  will 
AGX.DF:-}-  AVXGF—AFX  D  G 
By  Theorem  19. 

Confequently,  AG  X  DF=  A  P  X 
T>G:  —  A  D  xG  F 

Thatis.  :  —ADxGF—i 

Hence  it  will  be  AD  =  1,61803398 
Then  □  ^  P—  ri  -DH—  □  4 H.  By  *W.  I 1.  But  Z? H 
Therefore  y'  □  1,5388417^- 

Again,  AH:  A  ID:  l  AD:  AX~i  AC.  For  A  A  HD  and  A  AVX 
are  alike.  ■  *  •  Ergo 


£  AB 
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Ergo  P— *— — =3  z  AC~  I,79TPB'fI.  Hence  AC=z  o)8?o6jo8o 
A  M 

But  AH  —  ACz=zCH=; 90  6 


. .  .  __  _  0,V  ^';o  6  &C:  Q.  E.  D- 

From  hence  it  will  be  eaf>  to  refolve  the  following  Problem. 

PROBLEM  VIII. 


The  Side  of  any  regular  c Pentagon  being  given,  T9  find  its 

Jlrea « 

Example,  Suppofe  the  given  Side  to  be  15  Inches  long,  then  it 
will  be,  as  1  :  1,5:3884176  ::  15  121,08 26264  the  perpendicular 
Height;  and  by  the  general  Rule  12,0826264  X  V  —  165, 615)658 
the  Area  requir'd. 

Thirdly,  For  an  £DctSgon. 

The  Side  of  any  regular  O&agon  is  in  Proportion  to  the  Radius 
r«f  ifc  SCircumfcribing  Circle,  As  1  :  To  1,30656296  &c. 
f  Inscrib’d  Circle,  As  1  ;  To  1,20710678  &£• 

BA:cA: :  1: 1,30656296 

BA: Cp  : :  1 :  1,20710678 


jDemonflration. 

Draw  the  Right-line  D  By  and 
from  the  Point  B  let  fall  the  Per¬ 
pendicular  B  x  upon  the  Diameter 
D  A. 

Then  will  ABBA  and  A  BxB 
be  alike.  By  Theorem  10  and  12. 

let  .  t—C A. 

C  ez=DB  and  y  ~Bx. 


Then 


\ 


2  a  :  b  : 


Viz.  D  A  :B  A 


D  B  :  Bx. 


2  ©* 


But 

That  is, 

4  X  bb 

*  .  * 

Again, 


4&ayy 


bb 


4i4^ 


—  ee  —  OLB 


4  axyy 
bb 


U 


□  BA  —  O  B  B  =z  H  B A.  By  Theorem  11. 

5  ’  4-bbdX  —  4 aayy  =  bbbb 

A  5i aa—yy.  For  Cx~Bx 
Zai  ' 


,and  □  C*  +  □  B*=;  □  CB 


U 


S>« 


Chap.  5. 

of  3&«les  about  ^tea’0.  345 

1*  6 

7 

\bbaX'— '  za4  =r£4,  Or  za 4  —4 bbaa=. — b4 

7-7-2, 

8 

aaai  —  z  bbaa~> —  4 b 4 

sen 

9 

a 4  — —  zbbaa  -f-  £4  =?  h4  — 

9  WJ  2 

10 

aa  • — <  bb  f  ^b4 

Io  -j-*  bb 

II 

aa  =:  bb  -j-* 

II  WJ  2 

12 

at=.\/ :  PP-f-v/  —  1,30656296  Scc.^CA 

Then 

13 

aa  —  $bb~nCP.  Viz.  □  □  CP 

13  WJ  1 

14 

^ aa — $bb  =  1,20710678  &:c.  =  CP. 

From  hence  it  will  be  eafy  to  find  the  Area  of  any  Octagon. 

PROBLEM  IX. 

The  Side  of  any  regular  OB  agon  being  given  to  find  its 
drea* 

Example,  Suppofe  the  Side  given  to  be  12  Inches  long;  Firft,  As 
I  :  1,20710678  : :  12  :  14,48*28136  =;  the  Radius  of  its  infcrib'd 
Circle.  Then  12  X  4  =;  48  is  Half  the  Sum  of  its  Sides  ;  and  48 
X  14,48*28136  =  695,2735  the  Area  requir'd. 

Fourthly ,  for  a  SDecagon. 

The  Side  of  any  regular  Decagon y  (  viz.  a  Polygon  of  Ten 
equal  Sides  )  is  in  Proportion  to  the  Radius  0} 

Tf  S  Circumfcribing  Circle,  As  1  :  To  1,61803398  &c. 

7  Tnfcrib'd  Circle,  As  1  :  To  1,53884176  &:c. 


f 
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PROBLEM  X. 

r 

_  \ 

The  Side  of  any  regular  Decagon  being  given.  To  find  its 

Jlrea. 

Example,  Let  the  given  Side  be  14  Inches  long  :  Then, 

As  1  :  1,53884176  : :  14  :  21,543784  =  the  Radius  of  the  infcrib'd 
Circle.  And  14  x  5  =  70  is  Half  the  Sum  of  its  Sides.  Lafliy, 
21,543784X70  =  1508,06488  the  Area  requir'd. 

Fifthly ,  For  a  SDotJecagOtt. 

The  Side  of  any  regular  Dodecagon ,  (  viz.  a  Polygon  oj 
twelve  equal  Sides  )  is  in  Proportion  to  the  Radius  of 
•  SCircumlcribing  Circle,  As  1  :  To  1,93185165  &c. 

1  k  1  Infcrib’d  Circle,  As  1  :  To  1,86632012  &c. 

Xb  a  :  c  A  : :  1 :  1,93185165 
£B  A  :  c p  : :  1  :  1,86632012 

SDemonflratioti. 


Vi 


Let  b  —  BAz 
And  e  =  x  A. 


:  I  .  a  ==  C  A  as  before 
Then  a —  e  ==  C  x  D 


1, 

4 


Firft 

But 
©*  2 

v  3 

VJJ  2 

Again 
Viz.. 
X  2d 

—  7 

8 


2 


s 

4  — 

7j 

5  ± 

10 

11  Hb 

13  C  □ 

I  tUJ  2 

1 4  ibb 

1 5  UJU  2 
Again 

I7,  Hence 


10 

11 

U 

13 

14 

it 

16 


* 


B  x  =. 


\  By  Figure. 

B  v 

□  ZLc  ~  4:^4 
bb  —  \xx  z=:  ee 

y/  bb — \xx  =  e 
ix  ■  t^xx  ' — ■  <z#  ““ 

□  CB —  □  B* 


2<ze 

_  -•  □  C*. 

tZ  —  4:  1 — -*  “xXe 

bb  • —  4^  —  2dy/  ^  —  4^ 


ee  2iZe 


\xx  —  2<zy/  bF — 4^ 


1 7  *' 


44  - — ■  \xx  xx  “J-1  ])b 

iX  \/  bb — TfXX—bb 
4  bbax  — axxx  =;  l>4 
—  4 bbxa  — .  £4 

Z<Z<W  —  4 bbxii  4 b*  “  =  3 

Z<Z —  ibb.  —  f  3  —  1,7320508075 
4iZ  :=  ibb  *-[-*  y6 3  r=:  3 .7  32°508°75 
2  =  y/  3  7320508075  =  1.93 185 i6t  —  (7^ 
xx  ■ —  =  QCP.  Pk,  QCF-nPF^ 


18  f€P=\/  ax—lbl  —  1  86632012 


□  CP 
Q.  E.  D. 

Cm- 
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C  O  N  S  E  C  T  ARY. 

Hence,  if  the  Side  of  any  regular  Dodecagon  be  given,  the  Ra¬ 
dius  of  its  infcrib’d  Circle  may  be  eafily  obtain'd,  and  thence  the 
Area  found,  as  in  the  laft  Problem. 

The  Work  of  the  foregoing  Polygons  being  well  confider’d 
will  help  the  young  Geometer  to  raife  the  like  Proportions  for 
others,  if  his  Curiofity,  or  Occafion  requires  them  :  And  not 
only  fo,  but  they  will  alfo  help  to  form  a,  true  Idea  of  a  Circle's 
Periphery  and  Area,  according  to  the  Method  which  I  ihall  lay 
down  in-  the  next  Chapter  for  finding  them  both. 


CHAP,  VI. 

A  new  and  eafy  Method  of  finding  the  Circle's  ^etipljetp 
and  0rea,  to  any  affignd  Exattnefs  (  or  Number  of  Fi¬ 
gures  )  by  one  jEquation  only .  Alfo  a  new  and  facile 
IVay  of  making  Natural  £>iUC$  and  ^tangent#* 

LET  us  fuppofe  (what  is  very  eafy  to  conceive)  the  Circle’s 
Area  to  be  compos  d  or  made  up  of  a  vaft  Number  of  plane 
llolceles  Triangles,  having  their  acuteft  Angles  all  meeting  in 
the  Circle’s  Center:  And  let  us  imagine  the  Bafes  of  thofe  Tri¬ 
angles  fo  very  fmall,  that  their  Sides  and  their  perpendicular 
Heights,  viz-  the  Radius’s  of  their  circumfcrib’d  and  infcrib’d 
Circles,  (vide  Problem  6.)  may  become  fo  very  near  in  Length  to 
each  other,  as  that  they  may  be  taken  one  for  another,  without 
any  fenfible  Error.  Then  will  the  Peripheries  of  their  circum- 
J'cribing,  and  inferib’d  Circles,  become  (although  not  co  inci¬ 
dent,  yet)  fo  very  near  to  each  other,  as  that  either  of  them  may 
fye  indifferently  taken  for  one  and  the  fame  Circle. 

But  how  to  find  out  the  Sides  of  a  Polygon  (viz-  the  Bafes  of 
thole  Ifofceles  Triangles)  to  fttch  a  convenient  Smallnefs,  as  may 
be  neceffary  to  determine  and  fettle  the  Proportion  betwixt  a 
Circle’s  Diameter  and  its  Periphery,  (  to  any  afltgn’d  Exa&nefs  ) 
hath  hitherto  been  a  Work  which  requir’d  great  Care  and  much 
Time  in  its  Performance,  as  may  eafily  he  conceiv’d  from  the 
Nature  of  the  Method  us’d  by  all  thofe  wjpo  have  made  any  con- 
fiderable  Progrefs  in  it,  viz. .  A  chimedes -  Sne/lius .  Hugeniui,  Matjuu 
Vdn-Culen ,  &rc.  Thefe  proceeded  with  the  Bife&ing  of  an  Arch, 
and  found  the  Value  of  its  Chord  to  a  convenient  Number  of 

Y  y  z  figures 
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Figures  at  every  fingle  Bife&ion,  repeating  their  Operations  un¬ 
til  they  had  approach'd  to  the  Chord  defign'd. 

And  this  Method  is  made  Choice  of  by  the  learned  Dr.  Wallis, 
in  his  Treatife  of  Algebra,,  wherein,  after  he  hath  given  us  a  large 
Account  of  the  different  Enquiries  made  by  feveral  (  very  emi¬ 
nent  in  Mathematical  Sciences)  in  order  to  find  out  fome  eafier 
and  more  expeditious  Way  of  approaching  to  the  Circle's  Peri¬ 
phery,  as  in  Chap.  82,  84,  8?,  8 6,  and  feveral  other  Places,  he 
comes  to  this  Relult.  (  Page  321.) 

“  *Tis  true,  (faith  he)  we  might  in  like  Manner  proceed  by 
<c  continual  Trife&ion,  Quinquife&ion,  or  other  Section,  if  we 
had  for  thefe  as  convenient  Methods  of  Operation  as  we  have 
“  for  Bife&ion:  But  becaufe  Euclid  fhews  how  to  bifedt  an  Arch 
“  Geometrically,  but  not  to  trifeft,  & Jc.  and  the  one  may  be  done 
(Algebraically)  by  refolving  a  Quadratic  ^Equation  ;  but  not 
<s  thole  other,  without  ./Equations  of  a  higher  Compofition,  I 

4  therefore  make  Choice  of  a  continual  Bifeclion,  &c. 

And  then  he  lays  down  thefe  following  Canons. 


The  Subtenfe  of  £ 
of 
o  f 
cf 

ol  yV 


y  •  m 


V't—V-i 

V  \z— v/:2+/:2+v/-a+V/,*3 
\/:z — \/ '.z-\~y/  ‘z^-yiz-d-  v-3 

V ’2 — \/  :z^-\/ :z~\~\/ :z-\-v/‘.2~-\/‘.zA~'/'3 

/  :H-V  :a+/  :2+v/-‘i+/  ^4V«**4V 13 

<&c. 


into 

6 

into 

12 

&c- 

24 

43 

5* 

1 92 

384 

768 

&c. 


How  tedious  and  troublefom  the  Work  of  thefe  complicated 
Extractions  is,  I  leave  ^0  the  Conlideration  of  thofe,  who  either 
have  had  Experience  therein,  or  out  of  Curiofity  will  give  them, 
felves  the  Trouble  of  making  Trial. 

Again,  in  Page  347,  the  Dodlor  inferts  a  particular  Method  pro¬ 
pos'd  by  Leibnitius ,  publifh’d  in  the  Ala  Eruditorum  at  Leipficf^,  for 
the  Month  of  February  1682.  in  order  to  find  the  Circle's  Area, 
and  confequently  its  Periphery,  which  is  this  : 

As  1 :  To  -f-i+f— ;-+7-t't+t't-tV+tV-tV  &c. 

Infinitely  :  :  So  is  the  Square  of  the  Diameter:  to  the  Circle’s  A- 
rea.  But  this  convergeth  fo  very  flowly,  that  it  is  not  worth  the 
Time  to  purfue  it. 

1  (hall  here  prcpofe  a  new  Method  of  my  own,  whereby  the 
Circle’s  Periphery  (and  confequently  its  Area)  may  be  obtain'd 

infinitely 
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infinitely  near  the  Truth,  with  much  greater  Eafe  and  Expediti¬ 
on,  than  either  that  of  Bife&ion,  or  that  of  Leibnitm ,  as  above, 
or  any  other  Method  that  I  have  yet  feen,  it  being  perform’d  by 
refolving  only  one  Equation,  deduc’d  by  an  eafy  Procefs  from 
the  Property  of  a  Circle,  (known  to  every  Cooper)  which  is 
this. 


1 The  Radius  of  every  Circle  is  equal  to  the  Chord  of  one 

fxth  (Part  of  its  Periphery. 

That  is,  AD  ~DHz=:HGj  the 
Chords  of  j  Part  of  the  Semicir¬ 
cle,  are  each  equal  to  A  F  its  Ra¬ 
dius. 

Then  if  the  Arch  A  D  be  tri- 
fe&ed.  it  will  be  A  B  ==  B'z=  ZD . 

Cr=:AF~  1 
Let  <c  —  A  Dzzz  j  I 

C,a=:AB  Quere  a. 


Then 

And 

That  is, 
For 


4  X  &c. 


4 

5 


at 

R:  a:\R-.  — -  :c—  zt 

XV 

F  B:  B  Z :  :  Fe :  exz=z  A  D  —  n 
A  AF  B  and  A  BAe ,  are  alike. 

And  AB  ==  Ae  —  Dx,  &c. 

ait 

Rc  —  2R1  z=:Rt - — - 

K 

$Rt  —  tai'zzz  RRc.  That  is,  31  —  ait  —  1. 
Here  a  ==  the  Chord  of  TV  Part  of  the  Circle. 
For  |  of  ^  =  tV- 


Let 
f  ©*  _3 
f  x  3 
3  —  2 


Next,  To  trifecl  the  Arch  A  B. 


1 

1 

3 

4 


3y — yl  ~a  the  laft  Chord. 

17yi  . — ■  z  7j/s  4-5?; 7  *—ysx=za} 

9y—  3/  ==: 

9y  —  3 o y 3  +27vs  —  9y 7  -\~y9  —  3a  * —  a3  ~  1 

Here  ^  —  the  Chord  of  Part  of  the  Circle. 


Again, 
Let 


1  3  2, 

l  &  5  3 


To  t  rife  ft  the  Arch ,  whereof  y  is  the  Chord , 

31  —  1*  zzzy 

zja*  -—27 1*  -f*  Qt1  —  ^ 9  ,-=rrj/3 

24  34-  —  7  4~  270 1^ 9a1 }  4- 1 ta1 3  — ^is  —yS 

I  ©  7 
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i  ©-  7 


i 

1 

2 

3 


©■  _9 

X  J 

X  30 
X  27 


4  X 

6—7 

+8 — 9( 

+  5, 


5 

6 

7 

8 


Io 


218747  —  51034*  -\-H03a11  — 2835413  9454 1  5 

I96834* — 59049411  -I-78732413  612364’ j 

5 


Si9«s 


r 


274  nr-  94* 2 3 *  t=:  5 )y 

8lo43  — ■  8lo45  -[-2704 7  — 304*^30 y3 

S^5<^I4S -  1093  54  7  +  7Z£?04*  -  243041  1  +  40541 

C  — 274iS  s=:  27_y5 

S  196S347  — 459274*  459274’ 1  — 255  I5413 

d  +  85054IS  ^9)/7  _ 

274  —  81943  737145  — 3088847  y 

--729304*  —  I0740641  1  I 

_  --IQ4652413 — 697684’*  j 

Here  4  =  the  Chord  of  Tk  Part  of  the  Circle. 


Proceeding  on  in  this  Method  of  continually  trifeding  the  Arch 
of  every  new  Chord,  and  ftill  conneding  the  produc'd  Equati¬ 
ons  into  one,  as  in  the  two  laft  Trifedions,  it  will  not  be  diffi¬ 
cult  to  obtain  the  Chord  of  any  affign'd  Arch,  how  fmall  foever 
it  be. 

Now  in  order  to  facilitate  the  Work  of  raffing  thefe  Equati¬ 
ons  to  any  confiderable  Height,  it  will  be  convenient  to  add  fome 
few  ufefulObfervationsconcerning  the  Nature,  and  of  fuch  Con- 
tradions  as  may  be  fafely  made  in  them  ;  which,  being  well  un¬ 
derhood  will  render  the  Work  very  eafy. 

1. 1  have  obferv'd  that  every  Trifedion  will  gain  or  advance  one 
Figure  in  the  Circle's  Periphery,  but  no  more.  Therefore  fo  ma¬ 
ny  Places  of  Figures  as  are  at  brfl:  defign'd  to  be  perfed  in  the 
Periphery,  fo  many  Trifedions  muft  be  repeated  to  raife  an  E- 
quation,  that  will  produce  a  Chord  anfwerable  to  that  Defign. 


2.  I  have  alfo  found,  that  all  the  fuperior  Powers  (of  4)  whofe 
Indices  are  greater  than  the  Number  of  Trifedions,  viz.  whofe 
Indices  are  greater  than  the  Number  of  defign'd  Figures,  may  be 
wholly  rejeded  as  infignificant. 

3.  When  once  the  Number  of  Trifedions,  and  thence  the  high- 
eft  Power*  (of  4)  is  determin'd,  the  third  Procefs,  viz.  the  third 
Trifedion  )  may  be  made  a  fix'd  or  a  conftant  Canon  ;  for  by  it, 
and  Multiplication  only  all  the  fucceeding  Trifedions,  how  ma¬ 
ny  foever  they  are)  may  be  completed,  without  repeating  the  le- 
veral  Involutions. 

4  In  raffing  and  colleding  the  Co-efficients  of  trhefeveral  Pow¬ 
ers,  (ot  4)  it  will  be  fufficieni  to  retain  only  fo  many  fignificane 

Figures 
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Figures  (at  a?  )  as  there  is  defign'd  to  be  Places  of  Figures  in  the 
Periphery;  (or  at  moft  but  two  more)  and  every  fucceeding  fu- 
perior  Power  may  be  allow'd  to  decreafe  two  Places  of  fignificant 
Figures.  But  herein  great  Care  muft  be  taken  to  fupply  the  Pla¬ 
ces  of  thofe  Figures  that  are  omitted  with  Cyphers,  that  fo  the 
whole  and  exadl  Number  of  Places  may  be  truly  adjufted,  oth£r- 
wife  all  the  Work  will  be  erroneous. 

Now  the  Number  of  thofe  fupplyiqg  Cyphers  may  be  very  con¬ 
veniently  denoted  by  Figures  plac'd  within  a  Parenthefis ;  thus, 
576(8)  43,  may  fignify  57600000000  43,  as  in  the  following  E- 
quations.  The  like  may  be  done  with  Decimal  Parts,  thus  (,7) 
658  may  fignify  ,0000000658,  &c.  which  will  be  found  very  ufe- 
ful  in  the  Solution  of  thefe,  and  the  like  Equations. 

The  aforefaid  Contradlions  may  be  fafely  made,  becaufe  both 
the  fuperior  Powers  of  4,  which  are  rejected;  as  alfo  thofe  Num¬ 
bers  that  are  omitted  in  the  Co  efficients  (and  fupply'd  with  Cy¬ 
phers)  would  produce  Figures  fo  very  remote  from  Unity,  as  that 
they  would  not  affedl  the  Chord  defign'd.  That  is.  they  would 
not  affiedt  the  Chord  in  that  Place  wherein  the  defign'd  Periphe¬ 
ry  is  concern'd,  as  will  in  Part  appear  in  the  following  Example. 

If  thefe  Diredfions  be  carefully  minded,  it  will  be  eafy  to 
raile  an  Equation  that  will  produce  the  Side  of  a  regular  Poly¬ 
gon,  whofe  Number  of  Sides  (hall  be  vaftly  numerous,  confe- 
quently  infinitely  fmall.  But  I  prefume  it  will  be  fufficient  for 
an  Example,  to  find  the  Side  of  a  Polygon  confining  of  258280326 
equal  Sides;  that  is,  if  I  find  the  Chord  of  Part  of 

the. Circle’s  Periphery,  and  that  requires  but  fixteen  Trifedtions, 
which  being  order'd  as  before  diredted,  will  produce  this  Equa¬ 
tion. 

4  3  0467  2, 1  £ —  3  32  360I7  948696861 2(4)4* 

98 376 5 3  l95J7l4(2o)rt5 — 8491 218 5  32841(35)4 7 

■^“^4633331 143(  5  o)^-9— .2  3008  3348(66)4 1 1 
-|-683ocj88(79)413*— I5072(94)4j  5 

Here  the  Value  of  a  will  have  23  Places  of  Figures  true;  that is^ 
the  sides  of  the  infcrib'd  and  circumfcrib'd  Polygons,  will  be  ex- 
adlly  the  fame  to  23  Places  of  Decimal  Parts,  but  not  farther;  all 
which  may  be  eafily  obtain'd  at  two  Operations.  And  for  the.firft, 
will  be  fufficient  to  take  only  three  Terms  of  the  Equation; 
which  will  admit  of  being  yet  farther  contradlcd,  thus 

^43046721^—  33236ol794(l2)42  7  , 

let  £+7698376  5(27)4*  ^ 


And 
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And  let  r  +  e  =  <*.  Then  rejecting  all  the  Powers  of  e ,  that 
irife  by  Involution  above  eee, 

it  will  be  r3  +  3 rre  +  $ree  +  eee  =  aaa 

And  r5  +  5r46—  io r36e  +  lorreee  =  <ts 

Then  the  firft  fingle  Value  of  r  may  be  thus  found ; 

4304672.1)  1,00000000  (>00000002  =  r 

This  ,00000002  =  r  being  duly  involv’d,  and  its  Powers  multi- 
ply'd  into  their  refpe&ive  Co-efficients,  will  produce 
+>86  093442+4304672I6  9 

—,02658881 —  39883226 — 199416(9)66 — 3324(i8)e£e>=:  I 
+,00024635+  61587^+  6159(9)66+  308(18)660 

Viz.  83459196+391199866 — I93257(9)0«*-3OI6(i8)666=:  I 
Hence  391199866 — 1932,57(9)66 — 301 6(1 8)666=0,16540804 

All  the  Terms  of  this  laft  Equation  being  divided  by  193257(9 
the  Co-efficient  of  ee,  it  will  then  become 

300000020246 — 66 — 1 56(5)666=,00000000000000085  5  8968  =  D 

Confequently,  4— ^-l~  6 W  eee  —  s 

c,< 


,0000002024 — 6 


Operation, 


,0000002024)  ,0000000000000008558968  ( ,000000004  =e 
—=,0000000043;-)-,  000000000000000000  9984  =  1 56(5)666 

•  •  •  • 

I  Di., 000000198)  ,0000000000000008568952  (000000004327 

a  Di., 0000001 98 1  792 


6489 

5943 


Firft  r  =,00000001 
+  e=  ,000000004327 


54^7 

3962 

&:c. 


r  +  e  =,000000024327  =  a.  Or  rather  new  r  fora  2d  Operation. 

Now  if  this  firft  Value  of  4=  000000024327  were  not  conti¬ 
nued  to  more  Places  of  Figures,  by  a  fecond  Operation,  but  only 
multi ply’d  into  the  Number  of  Chords, 

Viz.  ,00000002^327  x  258280326  =  6,28318539  &c.  the  Pe¬ 
riphery  or  that  Circle,  whofe  Diameter  is  2,  nearer  than  either 

Archimedes 


* 
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Archimedes,  or  Mcetius’ s  Proportion  :  For  A xbimedes  makes  it  6.2,85714 
&c.  viz,*  As  7  to  22.  And  Mcetius  makes  ic  6,18518584  &c.  viz-  as 
113  to.  35T5- 

But  it  the  whole  Equation  before  propos'd  be  now  taken,  and 
we  proceed  to  a  fecond  Operation,  the  Value  of  a  may  be  increas’d 
with  twelve  Places  of  Figures  more,  and  thofe  may  be  obtain'd 
by  plain  Divifion  only. 

Th  us,  let  ?  +  ?  =  <*,  as  before,  and  let  all  the  Powers  of  e  be 
now  reje&ed  as  infignificant ; 


and 


The  feveral  Powers  of  r  =  ,000000024327  being  rais’d  and  mu!- 
tiply’d  into  their  refpe&ive  Co-efficients,  will  produce  theie  fol¬ 
lowing  Numbers. 


+  5 )rse~ 


I  o 


ir1 1  +  1  Jr 

,13  ^  lyrH  e 

yl  5  +  Ijt14  e 


e  a 
za, 

2  d 


1  1 


I  3 
1  S 


+I,°47I9758i7^7  + 

—  ,047849196598394865— ’ 
+  ,000655906484595355+ 

• —  ,000004281440413375 — 

+ 

,0000000163025  1 7 86 3+ 
• — -  ,00000000004063 1 167 — 
+  ,000000000000071 388+ 

—  ,000000000000000093 — 


4304672!^. 

590075 ie 
134810? 

1232? 

6e  r 
ce 
oe 
ce 


Viz >  1,0000000:6474745  Ic6  +  372.7 5?5  54e  =  I 
Hence  37179554?=—  000000026474745 126 
Or  rather* — 3727 95  54?  =,000000026474745106  =  l> 

Confequently; 


Operation. 


37279554 


37279554)  jCg0occo2647474,5ic6(  (>r  s)7lol6y$Cj  e 

260956878 


37905730 

37^79554 


6:6 1 7660 

37279554 

. « 

&c. 

Z  z  Lafl 


\ 
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La  ft  r  t=s  ,0000000143 -7 
—  e  222:  .0000000000000007 1016796 7 


^  D,  K  PerFi^ 
V  d(  A  iric* 


r —  e  =: .000000024326999289832033  =:  £  the  Chord  or  Side  of 
the  Polygon  requir’d. 

The  next  Work  will  be  to  examine  how  many  Places  of  thefe 
Fig  tires  will  hold  true  to  the  Circle's  Periphery  :  In  order  to  that 
let  cl  be  represented  by  the  Chord  B 
in  the  annexed  Scheme;  and  letBx™ 
xb.  Then  will  Bx  ~  4  a,  ~  (  ,7  ) 

12.163499644*16016$  And  □  B  C— 

□  B.v  =  D  C  x.  Let  the  Radius  B  C  1 
as  before.  Then  will  y/  f]  BC—  Q  B  x 

—  Cxz=z, 9  99990  9099099999,  6CC. 

But  C  c :  x  B :  :  C  A 
Or  Cx  Bb:\  CA 

Ergo  D  d=;  (57)143269991898320354  the 
Side  of  the  circumfcribing  Polygon. 

Then  will  a  x  158280326  be  t he  Peri¬ 
meter  of  the  infcrib'd  Polygon, 

And  D  d  x  258280316  will  be  the  Perimeter  of  the  circumfcri¬ 
bing  Polygon. 

That  is, '6,2831853071795859  e=e  the  Perimeter  of  theinfcrib’d 
Polygon. 

And.  6,2831853071795865 1=:  the  Perimeter  of  thecircumfcrib'd 
Polygon. 

%  4 

Hence  'tis  evident,  that  the  Circle's  Periphery,  whole  Diame¬ 
ter  is  2,  may  be  concluded  6.2831853071795864  true,  becaufe  the 
Perimeters  of  the  infcrib’d  and  circumfcrib  d  Polygons  are  lo  far 
very  near  being  co  incident,  or  the  fame., 

'Tis  poflible  there  may  be  fame  who  will  think  this  is  tedious 
and  troublefom  Work;  but  if  thole  pleafe  to  conlider.  that  if 
this  Periphery  were  to  be  found  by  the  aforefaid  Method  of  Di¬ 
rection,  it  would  require  thefe  following  Extractions. 


$/  .*  2  —  \/ :  1  +  \/  :  2  *4-  \/ 

4-  \/ :  1  “j~  \f  \  2  -4-  /  *  2  H—  \/ 

Viz .  -j-*  y/  .’  2  -j-  \/  \  2  ~\~  y/  !  2  ~j-  y/ 

+  v  :  2  -f-  y/  i-j- /-t/ 

ply  'd  into  402809984. 

*  *■ 

Here  the  fir  ft  Root  (  viz,,  y/  3.  )  mu  ft  be  extra&ed  at  lea  ft  to  one 
kindred  and  two  Places  of  Figures.  The  fccond  Root  ( viz. 

y/  :  2 


2  -4*  V  :  z  +  V  •  1  4~  V  :  z 
2  -b  /  •* z  +  / .*  2  +•  V  .‘2 
2  +  / :  2  4-  y/ :  2  4-  y/  :  2 
2  +  / :  2+  /  .*3  Multi- 


T 


V  :  2  y' :  3  )  mud  have  99  Places  of  Figures  in  it.  The  _  third 
Root  (viz-  V  :  z  +  V  :  *  ~r  V  3)  ntuft  have  96  Places  in  it, Cm;. 
every  Extra&ion  bei^g  allow'd  to  decreafe  three  Places,  that  lo 
the  lad  Root  (viz.  the-Chord  iought)  may  conlift  ot  24  Places  of 
Figures,  as  above. 

1  lay,  whoever  duly  confiders  the  Trouble  of  thefe  lo  often 
repeated  Extractions,  will,  I  prefume,  be  pleas'd  with  what  I  have 
done.  For  truly  when  I  conlider  of  the  greacTime  and  Cate  re¬ 
quir’d  in  them,  I  cannot  but  admire  at  the  Patience  ot  the  labo¬ 
rious  Vjlyi  Cuten,  who  proceeded  that  Way  until  he  had  found  the 
Circle’s  Periphery  to  thirty  fix  Places  of  Figures,  to  wit, 


6,283  185307  179586476925286766 5  5  900576. 

Thefe  Numbers  are  laid  to  be  engraven  upon  his  Tomb-done  in 
St.  Peter's  Church  in  Leyden,  for  a  Memorial  of  l’o  great  a  Work. 


Having  thus  obtain’d  the  Circle’s  Periphery,  its  Area  may  eafily 
be  found  (to  the  fame  Number  of  Figures)  by  Problem  6. 

That  is,  if  Half  the  Periphery  of  any  Circle  be  multiply’d  in¬ 
to  Half  its  Diameter,  the  Product  will  be  that  Circle’s  Area,  as 
will  appear  farther  on.  Therefore  3,141552653585793  will  be  the 
Area  of  the  Circle  whole  Diameter  is  2. 


Thus  I  have  fhew’d  the  young  Geometer  how  to  find  the  Cir¬ 
cle’s  Periphery  and  Area  to  what-ExaCtnefs  hepleales  to  approach; 
for  preciiely  true  they  cannot  be  found,  notwithstanding  the  late 
Pretendons  of  a  certain  Frenchman ,  who  hath  publifh’d  to  the 
World,  (in  th e  iVorfa  of  the  Learned)  that  after  twenty  five  Years 
Study  he  had  found  the  Quadrature  of  the  Circle:  But  if  he  had 
perus’d  the  83d  Chapter  of  Dr.  JVallWs  Algebra,  he  might  there 
have  leen  his  Error,  viz .  the  ImpoGibility  of  what  he  pretended 
to;  for  it  is  as  impoHible  to  fquare  the  Circle  ( that  is,  to  find  its 
true  Area )  as  it  is  to  find  the  Root  of  a  Surd  Number. 


Note,  What  I  have  here  propos’d  and  done  by  the  TrifeCtion  of 
an  Arch,  may  as  eafily  and  much  more  lpeedily  be  perform’d  by 
QuinquefeCtion  or  Septi FedYi  >n.  &c.  But  becanfe  the  Scheme  for 
TrifeCtion  is  more  fimple  and  may  be  eafier  underitood  bv  a 
Learner  than  thole  of  the  other  Safh’ons,  (of  which  fee  my  CSw- 
pendium  of  Algebra.  Pages  7  6  and  7  9)  1  have  for  that  Reafon  iuade 
Choice  of  TrifeCtion. 

As  to  the  Proportion  of  one  Circle  to  another,  and  of  the  Cir¬ 
cle  to  the  Ellipds,  t£c*  thofe  fliall  be  fully  fhew’d  when  we  come 
to  the  fifth  Part. 

'/.xi 


Before 
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Before  I  conclude  this  Part,  I  fhall  make  fome  life  or  Applica¬ 
tion  of  the  above  found  Periphery,  in  finding  the  Quantity  of 
Angles,  which  is  done  by  the  Help  of  Righ^-lines,  call’d  Sines  and 
Tangents,  the  Length  whereof  is  calculated  to  every  Degree  and 
Minute  of  a  Quadrant,  by  much  Labour.  But  I  fhall  here  fhew 
bow  to  find  the  Natural  Sine  (and  coniequently  the  natural  Tan¬ 
gent)  of  any  propos’d  Arch  or  Angle,  by  two  Equations,  with¬ 
out  the  Help  of  any  preceding  Sine  as  ulual;  which  I  did  lome 
Years  ago  communicate  to  the  ingenious  Mr.  'fofeph  Rapkfon ,  and 
he  fo  well  approv’d  of  them,  as  to  make  them  the  20th  and  21ft 
Problems  in  the  fecond  Edition  of' his  Anayfis  /E^uationum  Uni - 

Vt  rflfis. 

And  becaufe  in  finding  the  Quantity  of  Angles*  every  Circle 
is  j'uppos’d  to  be  divided  into  360  equal  Parts,  call’d  Degrees; 
every  Degree  is  fubdivided  into  60  Parts,  call’d  Minutes;  and 
every  Minute  into  60  Seconds,  (1 T'c.  (  See  Paye  294.) 

Therefore  360  )  6  283 1S5 3  UTc.  (  0,0174532925  &c,  is  an  Arch 
of  the  above-found  Periphery,  equal  to  the  Arch  of  one  Degree. 

And  fo  )  0,0 1 745 31925  (  0,0002908882  &c.  —  the  Aich  of 

one  Minute. 

Then  if  the  given  A*rch  (or  Angle)  be  lefs  than  45  Degrees, 
reduce  it  imo  Minutes,  and  multiply  thole  Minutes  inro  this 
confiant  Mulriplicator,  vrt.  0,0002908882  calling  the  Product  p% 
And  for  the  Sine  fought  put  a.  Then  it  will  be 

—  ma-\-  izpaaa —  19544 —  36/^44  4~  240^4  —  wpp* 

Example. 

Let  it  be  requir’d  to  find  the  Sine  of  190.  13'  =221153' 

Here  0,0002908882  X  1 1 5 3  =2  0.335394094(5  —p 

And  —  4  4  —f- 4,0247-9^  —  199,049611^  4~  80,4945834  m: 

5,06201394. 

Let  r  4~  e  222  a 
Crr  4~  ire  4“  ee  —  aa 
Then  <  rrr  4~  3rre-\-  3 ree  =  444 

rrrr  4“  4 me  4“  6rne  —  am 

Note,  In  this  Cafe  the  nrft  r  may  always  be  taken  equal  to  the 
firfi  Figure  in  the  Product  5=  p.  Viz,.  here  r~  0,3  which  being 
involv’d  as  its  Powers  dire<5l,  and  rhofe  Powers  muhiply’d  into 
the  relpcdlive  Co-efficients  of  the  ^Equation,  it  will  be 

4-  24,1483  4~  80.491? 

—  17:9144  — T  1 19  Ale —  I99:°5fe 
4-  0,1086  -f-  l,oSe4"  3 -6zet 

—  0.0081  — •  oile —  c,^ee 

Lfc.  6  3341  —  37.s7c —  *95,9 7&  —  5,0620! 


=2  5,06201394 


Hence 
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Hence  37-97?+ I9?j97#  =  1.27139 
And  0,1 93? +  ee  =  0,00^45?!  =2  D 

Theorem.  > - r—  =  e 

<-,193+? 

•  •  • 

Operation.  ,193  )  0,006492,  (0,029=;? 

+  ?  =  ,029  )  42- 

I.  Divifor  ,21  2292 

a.  Divifor  .222  1 998 

Fird  r  =  0,3  ' 

+  f  o  029 

r  +  e  = 0,329  =  r  for  a  fecond  Operation. 

Which  being  involv’d  and  multiply’d,  &c.  as  before,  will  pro¬ 
duce  thefe  Numbers. 

+  26.4827178 1  +  80,4945:8? 

—  2l,T4ni894  —  130,97464? — •  199,0496?? 

+  0,14332578+  1,30692?+  3.9724# 

-  O.Oll7f6lI— ■ -  0.1424-4? -  0,6494?? _ 

Viz,-  5, 06899854 —  49,31558? — -195,7266?? — 5,06201394 

HenCe  49,31558?+  195,7266??  ==.0069846;  which  being  divided 
by  195.7266  the  Co-efficient  of  ??  will  become 
,25196?  +  ??  =,0000356854=  D 

Then  *5 - —  =  ? 

6,25196  +  ? 


Operation.  0,25196)  ,0000356854  (0,0001415  =  ? 
+  ?  =  0,000 1 4  2520 


I.  Divifor  0.2520 


104854 


2.  Divifor  0,25210  100840 


40140 

25210 

Lad  r  =  0.329  &c. 

+  ?  =  o  000I415 

r  +  f5S4=  0,3291415  being  the  natural  Sine  of  19®  .  15 r 
A s  was  requir’d. 

Thus  you  may  find  the  right  Sine  of  any  Arch  or  Angle  lefs 
than  45  Degrees. 

But 
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But  if  the  given  Arch  be  greater  than  4 5  Degrees,  you  nriuft 
take  its  Compliment  to  90° .  viz,,  fubtraft  it  from  90  Degrees,  ami 
reduce  the  Remainder  into  Minutes,  As  before..  t 

Then  multiply  the  Square  of  thofe  Minutes  into  this  coni. ant 
Multiplicacor,  0,000000084616  calling  their  Product  p,  and  put¬ 
ting  4  =  the  Sine  fought,  As  before.  Then  will 

44  +  +  19544  -J-  tfpaa  108 pi —  284=:  1 96  —  81  p 


Example. 


Suppofe  it  were  requir’d  to  find  the  Sine  of  7*°.  31'-  Or  (which 
is  the  fame  thing)  to  find  the  Co-fine  of  14°-  —  868  who  e 

Squaie  753414  X  0,000000084616  =1.0,06  37yl72-l1^  ^  P’ 
the  ./Equation  in  Numbers  will  be 


And 


Then 


4444  -j-  i%4U  -f-  197,19506140,  —  21,114814^ 

1^0,8361102588 

Let  r  • —  e  =  4 
rr  —  ire-\-ee=z4a 
rrr  > —  3  rre  -j-  3  ree  =  444 

/  rrrr  —  4 me  -{-*  6 nee  =  4X14  . 

Note ,  I  here  take  *  =  1  becaufe  the  Arch  is  fo  near  to  $o°.  ana 

therefore  I  make  it  r  —  e  =  a. 

C —  21.1148+  21,110  ^ 

Then  ■<  +  T?7  Z^6  —  394,19e+l97>19"  190,8361 

y+  28,0000 —  84,000  “T'  84.0000  (T 

L -j-4  roooo' —  4,000 -j-  6. ocee  _J  _ 

Viz,-  205.1808  —  461,480 -j-*  287,2700  2=190,8361 

Hence  46 1.480  —  287,2900=  14-3447 
And  1,6060 —  ce  =  ,049930  =  D 

5 — iL.  -  ■  --  • 

<-  1.606  — 


77/00' 


•0/;z. 


~  e 


Operation.  I,6c6  ) 
—  e  =  0,03* 

1.  Divifor  1,57 

2.  Divifor  1,575 


,049930  (0,031 
‘47* 


2830 

J57  5_ 
&c. 


Firfi  r  =  1 ,000 
■ — 0  =  0  031 

r  ■ — e 


0,969 


for  a  Second  Operation;  which  being  involv’d  as  before,  will 
produce  theie  following  Numbers*. 


—  20 
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— ^  20,460254766  21,11481? 

-f  185,252368710  —  382.35,783?  -f  197,295: Iff 

4-  25^475889852 —  78,87272? -f-  81,5'^oee 

-j-  0,8816477*9 3 63941?  +  556337?? 


Viz .  1 9 1,1496 5  V 1  5  —  443 >7 55 1 5^  *f  284,5248^  = 

1 90  8  36 1 1  oV  5  9 

Hence  it  will  be  443  75515?—  284,5248??=; 0,313541256 
And  1,55963?  —  ??  =  ,0011019821  =  Z) 


Then 


i 


_ Z> _ 

1,5*963—* 


Operation.  1,55963  )  0,0011009821  (0.0007068=? 


—  e  =0,00070 

1.  Divifor  1  5589 

2.  Divifor  1,55893 

Lafl  r  =  o  969 
—  ?  =  0,0007068 

JC#— ? 


109123 

10752 10 
935358 
1398520 
1247144  &c. 


<2  =  0,9682932  the  Sine  of  75 °.  32'.  As  was  requir’d. 


Having  found  the  Sine  and  Co-fine  of  any  Arch,  the  Tangent 
is  ulually  found  by  this  Proportion  ; 

cAs  the  Confine  of  any  Arch\  is  to  the  Sine  of  that 
Viz.  ^  Arch :  :  fo  is  the  Radius  t  to  the  Tangent  of 
C  the  fame  Arch . 


"For  fuppofing  BC~B  D  Radius,  A 
Then  B  A  is  the  Co-fine,  and  F  D 
the  Tangent  of  the  fame  Arch.  But 
B  A:  c  A::  B  D  :F  V,  &c. 

Now  by  this  Proportion,  there  is 
requir’d  to  be  given,  both  the  Sine 
and  Co-fine  of  the  fame  Arch,  to 
find  the  Tangent. 

’Tis  true,  if  the  Radius,  ajad  ei¬ 
ther  the  Sine  or  the  Co-fine  be  given, 
the  other  rilav  be  found 


C  the  Sine  of  the  Arch  C D. 


Thus,  Q  E  C —  Q  C  A=.B  A.  Or  y  Q  B  C~~  □  B  A  =  C  A. 


But  if  either  the  Sine  or  Co-fine  b&  given,  the  Tangent  may  (I 
p  re  fume)  be  more  eafily  found  by  the  following  Theorems.  . 

Let 
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LetJ3C=i.  CA^S.  BA^x.  andb'D^T.  Then  if  be 
given,  T  may  be  found  by  this 


Theorem 


Or  if  x  be  given,  T  may  be  found  by  this 


Theorem 


Let  the  Sine  of  190.  13'.  (  before  found,  be  given,  viz* 

0,3*9 i4iy  =  5,.^f’^o  find  T  the  Tangent  of  the  fame  Arch.  ^  * 

'  5  x  ,329141*  =;o, 108334H7  A 

Again  1  —  0,108334127  =  0,891665873  =  1  — S$. 

Then  0,891665873)  0,108334127  (0,1214963253 

And  ^o, i2i4963253=;o, 3485632=  T  the  Tangent  of  190.  13'. 
As  was  requir’d. 

And  fo  you  may  proceed  to  find  r=the  Tangent,  when  x  = 
the  Co-fine  is  given. 

Perhaps  it  may  be  here  expe&ed,  that  I  fliould  have  ftiew’d 
and  demonftrated  (or  at  leafl:  have  inferted)  the  Proportions 
from  whence  the  foregoing  Equations  for  making  Sines  were 
produc’d ;  but  I  have  omitted  them,  as  alfo  their  Ufe  in  compu¬ 
ting  the  Sides  and  Angles  of  plane  Triangles  by  the  Pen  only, 
(viz.  without  the  Help  of  Tables)  for  the  Subjetl  of  another 
Difcourfe  hereafter,  if  Health  and  Time  permit. 

In  th£  mean  time,  what  is  here  done  may  ftiffice  to  (hew, 
that  the  making  of  Sines  by  fuch  a  laborious  and  operofe  Way, 
as  was  formerly  ufed,  is  in  a  great  Meafure  overcome,  which,  I 
think,  I  may  juftly  claim  as  my  own. 
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PART  IV. 

CHAP.  L 
Definitions  of  a  Cone  and  its  ^CCfiong. 

THere  are  feveral  Definitions  given  of  a  Cone  :  The  learned 
Dr.  Barrow  upon  Euclid  hath  it  thus  : 
u  A  Cone  ( faith  he)  is  a  Figure  made  when  one  Side 
u  of  a  Retdangled  T riangle,  (  viz.  one  of  thofe  Sides 
a  that  contain  the  Right-angle  )  remaining  fix’d,  the 
u  T riangle  is  turn’d  round  about,  till  it  return  to  the 
a  Place  from  whence  it  firffc  mov’d.  And  if  the  fix’d 
<c  Right-line  be  equal  to  the  other,  which  containeth  the 
“  Right-angle,  then  the  Cone  is  a  re6fangled  Cone  ; 
u  but  if  it  be  lefs,  it  is  an  obtufe-angled  Cone  ;  if  great- 
u  er,  an  acute-angled  Cone.  The  Axis  of  a  Cone,  is 
a  that  fix’d  Line  about  which  the  Triangle  is  mov’d* 
<c  The  Bafe  of  a  Cone  is  the  Circle,  which  is  defcrib’d 
a  by  the  Right-line  mov’d  about,  (  Defin.  18,  ip,  20* 
a  Euclid  ii.  •  T  : 

Sir  Jonas  Moor,  in  his  Treatife  of  Conical  Sections,  (taken  out  of  the 
Works  of  Mydorgius  )  defines  it  thus  : 

u  If  a  Line  of  fuch  a  Length  as  fhall  be  needful,  fhali 
a  upon  a  Point  fix’d  above  the  Plane  of  a  Circle,  fo 
a  move  about  the  Circle,  until  it  return  to  the  Point 
u  from  whence  the  Motion  begun,  the  Superficies  that 
u  is  made  by  fuch  a  Line,  is  call’d  a  conical  Superficies, 

A  a  a  '  u  and. 


v 
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a  and  the  folid  Figure  contained  within  that  Superficies 
a  and  the  Circle,  is  call'd  a  Cone.  The  Point  remain- 
u  ing  ftill  is  the  Vertex  of  the  Cone,  &c. 

Altho’  both  thefe  Definitions  are  equally  true,  and,  with  a  lit¬ 
tle  Confideration,  may  be  pretty  eafily  underftood ;  yet  I  {hall 
here  propofe  one,  very  different  from  either  of  them,  and,  as  I 
prefume,  more  plain  and  intelligible,  efpecially  to  a  Learner. 

If  a  Circle  defcrib’d  upon  fhff  Paper  (or  any  other  pliable  Mat¬ 
ter)  of  what  Bignefs  you  pleafe,  be  cut  into  two,  three,  or  more 
Seniors,  either  equal,  or  unequal,  and  one  of  thofe  Seniors  be  fo 
roll'd  up  as  that  the  Radius’s  may  exadtly  meet  each  other,  it  will 
form  a  Conical  Superficies. 

That  is,  if  the  Se&or  HVG  be  cut 
out  of  the  Circle,  and  fo  roll’d  up 
as  that  the  Radius’s  VH  and  VG  may 
juft  meet  each  other  in  all  their  Parts, 
it  will  form  a  Cone,  and  the  Center 
Fwill  become  a  folid  Point,  call’d 
the  Vertex  of  the  Cone;  the  Radius 
VH  being  every  where  equal,  will 
be  the  Side  of  the  Cone,  and  the 
Arch  H  G  will  become  a  Circle,  whofe 
Area  is  call’d  the  Cone’s  Bafe. 

A  Right-line  being  fuppos’d  to  pafs 
from  the  Vertex  or  Point  V,  to  the  Cen¬ 
ter  of  the  Cone’s  Bafe,  as  at  C,  that  Line 
( viz .•  VC  )  will  be  the  Axis,  or  perpendi¬ 
cular  Height  of  the  Cone. 

If  a  Solid  be  exa&ly  made  in  fuch  a 
Form,  it  will  be  a  complete  or  perfect 
Cone;  which  I  (hall  all  along  call  a  right 
Cone,  becaufe  its  AxisFCftands  at  Right- 
Angles  with  the  Plane  of  its  Bafe  HG,  and 
its  Sides  are  every-where  equal. 


Any  Cone  whofe  Axis  is  not  at N 
Right-Angles  with  the  Plane  of  its  Bafe, 
may  be  properly  call’d  an  imperfeft 
Cone,  becaufe  its  Sides  are  not  every 
where  equal  (as  in  the  annexed  Fi¬ 
gure.)  Now,  fuch  an  imperfeft  Cone 
is  ufually  call’d  a  Scalene,  or  oblique 
Cone. 


Any 
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Any  Solid  Cone  may  be  cut  by  Planes,  (  which  Iihall  all  along 
hereafter  call  Right-lines)  into  five  Seflim. 

SECT.  1, 

If  a  Right-Cone  be  cut  di redly  through  its  Axis,  the  Plane  or 
Superficies  of  that  Sedion  will  be  a  plane  Ifofceles  Triangle,  as 
HVG  Figure  2.  viz,*  the  Sides  (  HT  and  VG)  of  the  Cone  will 
be  the  Sides  of  the  Triangle,  the  Diameter  (  HG)  of  the  Cone’s 
Bafe  will  be  the  Bale  of  the  Triangle,  and  (VC)  its  Axis  will  be 
the  perpendicular  Height  of  the  Triangle. 

SECT.  II.  • 

If  a  Right  Cone  be  cut  (any  where)  off  by  a  Right-line  paral¬ 
lel  to  its  Bafe,  as  h  g  (it  will  beeafy  to  conceive,  that)  the  Plane 
of  that  Sedion  will  be  a  Circle,  becaufe  the  Cone’s  Bafe  is  fuch; 
wherein  one  thing  ought  to  be  clearly  underflood,  which  may 
be  laid  down  as  a  Lemma  to  demonflrate  the  Properties  of  the 
following  Sedions. 

Lemma. 

If  any  two  Right-lines  inferib'd  within  a  Circle,  do  cut  * 
or  crofs  each  other  (as  b  g  doth  bb  in  the  annexed 
Figure)  the  Re&angle  made  of  the  Segments  of  one 
of  the  Lines  will  be  equal  to  the  Rectangle  made  of 
the  Segments  of  the  other  Line,  (  See  Theorem  ij9 

Wage  3 15.)  y 

That  is,  h  a  X  g a  =:  b  a, X  ab^^ 

And  HAXGA—BAXAB $  'a 

Confequently,  if  b  a  =zab 
And  if  B  A  ==  A  B. 

Then  it  will  be,  /;  a  □  ha. 

And  in  the  Cone’s  BzfeHAxGA—nBA, 


SECT.  III. 

If  a  Right  Cone  be  (any  where)  cut  off  by  a  Right  line,  that 
cuts  both  its  Sides,  but  not  parallel  to  its  Bafe  (as  TS  in  the  fol¬ 
lowing  Figure)  the  Plane  of  that  Sedion  will  bean  Ellipfis  (vul¬ 
garly  call’d  an  Oval,  viz.  an  oblong  or  impeded  Circle,  which 
hath  feveral  Diameters,  and  two  particular  Centers.  That  is, 

1.  Any  Right-line  that  divides  an  Ellipfis  into  two  equal  Parts, 
is  call’d  a  Diameter;  amongft  which,  the  longeft  and  the  fhorteft 
are  particularly  difHnguifli’d  from  the  reft,  as  being  of  moft  ge¬ 
neral  U!e;  the  other  are  only  applicable  to  particular  Cafes. 

A  a  a  2  2.  The 
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a.  The  longed:  Dia.meter  (as  PS)  is  called  the  Tranfverfe-Dia¬ 
meter,  or  Tranf/erfe-Axis;  being  that 
Right  line  which  is  drawn  through 
the  Middle  of  the  Ellipfis,  and  doth 
fhiw  or  limit  its  Length. 

5.  The  fliorteft  Diameter,  call’d  the 
Conjugate-Diameter,  is  a  Right-line 
that  doth  interfedf  or  crofs  the  Tranf¬ 
verfe-Diameter  at  Right-angles,  in  the 
middle  or  common  Center  of  the  El¬ 
lipfis,  (as  N»)  and  doth  limit  the 
Ellipfis  Breadth. 

4.  The  two  Points,  which  I  call 
particular  Centers  of  an  Ellipfis,  (for 
a  Reafon  which  fhall  be  fhew’d  farther  on)  are  two  Points  in  the 
Tranfverfe-Diameter,  at  an  equal  Diftance  each  Way  from  the 
Conjugate-Diameter,  and  are  ufually  call’d  Nodes,  Focus's,  or  burn¬ 
ing  Points. 

5.  All  Right-lines  within  the  Ellipfis  that  are  parallel  to  one 
another,  and  can  be  divided  into  two  equal  Parts,  are  call’d  Or - 
dinates  with  refpeff  to  that  Diameter  which  divides  them.  And 
if  thev  are  parallel  to  the  Conjugate,  viz.  at  Right-angles  with 
the  Tranfverfe-Diameter,  then  they  are  call’d  Ordinates  rightly  ap¬ 
ply  d.  And  thofe  two  that  pals  through  the  Focus’s,  are  remarkable 
above  the  reft,  which  being  equal  and  fituated  alike,  are  call’d 
both  by  one  Name  viz-  Latus  Reftuyi  or  Right  Parameter,  by  which 
all  the  other  Ordinates  are  regulated  and  valued  \  as  will  appear  far¬ 
ther  on. 


SECT.  IV. 

If  any  Cone  be  cut  into  Two  Parts,  bv  a  Right-line  parallel  to 
one  of  its  Sides,  (as  s  A  in  the  following  Scheme)  the  Plane  of  that 
Section  (viz.  Sb  B  A  B  hS)  is  call’d  a  Parabola. 

I-  A  Right-line  being  draw  n  through  the  Middle  of  any  Parabo¬ 
la,  (as  S A)  is  call’d  its  Axis  or  intercepted  Diameter. 

2 .  All  Right  lines  that  interfe#  or  cut  the  Axis  at  Right  angles, 
(as  B  B,  and  b  b  are  fuppos’d  to  cut  or  crofs  SA  )  are  call’d  Ordi¬ 
nates  rightly  apply’d.  (as  in  the  Ellipfis)  and  the  greatefi  Ordi¬ 
nate  as  BB  which  limits  the  Length  of  the  Parabola’s  Axis  (S  A) 
is  ufually  call’d  th«  Bafe  of  the  Parabolg. 

3.  That 


V 
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3.  That  Ordinate  which  pafles  through  the  Focus,  or  Burning- 
Point  of  the  Parabola,  is  call’d  the 
LitusReftuw,  or  Right-Parameter  (as 
in  the  Ellipfis)  becaule  by  it  all  the 
other  Ordinates  are  proportion'd,  and 
may  be  found. 

4.  The  Node,  Focus,  or  Burning- 
Point  of  the  Parabola,  is  a  Point  in 
its  Axis  (  but  not  a  Center  as  in  the 
Ellipfis  )  diftant  from  the  Vertex  or 
Top  of  the  Se&ion,  (viz,-  from  5* ) ; u ft 
one  fourth  Part  of  the  Lat us  Rettum\  as 
fhall  be  fhew’d  farther  on. 


\G 


cr 


5'.  All  Right-lines  drawn  within  a  Parabola  parallel  to  its  Axis 
are  call’d  Diameters  \  and  every  Right-line  that  any  of  thofe  Di- 
ameters  doth  bifett  or  cut  into  two  equal  Parts,  is  faid  to  be  an,1 
Ordinate  to  that  Diameter  which  bife&s  it. 

rp  ~  SECT.  V. 

If  a  Cone  be  any  where  cut  by  a  Right-line,  either  parallel  to 
its  Axis,  (as  SA,  or  otherwife  as*  N.) 
fo  as  the  cutting  Line  being  continu’d 
through  one  Side  of  the  Cone,  (  as  at 
S,  or  x)  will  meet  with  the  other  Side 
of  the  Cone,  if  it  be  continu’d  or 
produc’d  beyond  the  Vertex  V,  as  at  T. 

Then  the  Plane  of  that  Seftion,  (viz,. 
the  Figure  S  b  B  B  b  S  is  call’d  an  Hyper- 
boil. 

1.  A  Right-line  being  drawn  through 
the  Middle  of  any  Hyperbola,  viz,-  w  ith- 
in  the  Se&ion,  (  as  5  1  or  #  N)  is  call’d 
the  Axis  or  intercepted  Diameter,  (as 
in  the  Parabola  )  and  that  Part  of  it 
which  is  continu’d  or  produc’d  out  of 
the  Se<5fion,  until  it  meet  with  the  o- 
ther  Side  of  the  Cone  continu’d,  viz.. 

or  T  x  See.  is  call’d  the  Tranfverfe- 
Diameter,  or  Tranfverfe-Axis  of  the 
Hvperbola. 

2.  All  Right-1  ines  that  are  drawn  within  an  Hyperbola,  at  Right- 

j^ng’e,  ro  its  Axis,  are  call'd  Orimm  titbth  tpph’i i  as  in  the  Filip, 
frs  and  Parabola.  4  '  .3  Thai 
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y  That  Ordinate  which  pafles  through  the  Focus  of  the  Hyper¬ 
bola,  is  call’d  Lam  Return,  or  right  Parameter,  for  the  lame  Reai'on 
as  in  the  other  Sections. 

4.  The  middle  Point  of  the  Tranfverfe-Diameter  is  call’d  the 
Center  of  the  Hyperbola,  from  whence  may  he  drawn  two  Right- 
lines  (our  of  the  Se&ion)  call’d  Asymptotes,  becaufe  they  will  al¬ 
ways  incline  (  that  is i  come  nearer  and  nearer)  to  both  Sides  ot 
the  Hyperbola,  but  never  meet  with  (  or  touch  )  them,  altho’  both 
they  and  the  Sides  of  the  Hyperbola  were  infinitely  extended,  as 
will  plainly  appear  in  its  proper  Place. 

Thefe  five  Se&ions,  viz.  the  Triangle,  Circle,  Ellipfis,  Parabo¬ 
la,  and  Hyperbola,  are  all  the  Planes  that  can  poflibly  be  produc’d 
from  a  Cone.  But  of  them  the  Three  laft  are  only  call’d  Conic 
Sections,  both  by  the  Antient  and  Modern  Geometers. 

SCHOLIUM. 

Befides  the  foregoing  Definitions,  it  may  not  be  amifs  to  add, 
by  Way  of  Obfervation,  how  one  Section  may  (or  rather  doth) 
change  or  degenerate  into  another. 

An  Ellipfis  being  that  Plane  of  any  Se&ion  of  the  Cone,  which 
is  between  the  Circle  and  parabola,  it  will  be  eafy  to  conceive 
that  there  may  be  great  Variety  of  Eilipfes  produc’d  from  the  lame 
Cone;  and  when  the  Sedlion  comes  to  be  exa&ly  parallel  to  one 
Side  of  the  Cone,  then  doth  the  Ellipfis  change  or  degenerate  in¬ 
to  a  Parabola.  Now  a  Parabola  being  that  SedBon  whofe  PUne 
is  always  exaftlv  parallel  to  the  Side  of  the  Cone,  cannot  varyas 
the  Ellipfis  may  :  For  fo  foon  as  ever  it  begins  to  move  out  of  that 
Pofition,  (  viz.  from  being  parallel  to  the  Cone's  Side)  it  dege^ 
iterates  either  into  an  Ellipfis.  or  into  an  Hyperbola.  That  is,  if 
the  Sedlion  inclines  towards  the  Plane  of  the  Cone’s  Bale,  it  be¬ 
comes  an  Ellipfis;  but  if  it  incline  towards  the  Cone’s  Vertex, 
it  then  becomes  an  Hyperbola,  which  is  the  Plane  of  any  Se£Hon 
that  falls  between  the  Parabola  and  the  Triangle.  And  therefore 
there  may  be  as  many  Varieties  of  Hyperbola’s  produc’d  from  one 
and  the  fame  Cone,  as  there  may  be  Eilipfes. 

To  be  brief,  a  Circle  may  change  into  an  Ellipfis,  the  Ellipfis 
into  a  Parabola,  the  Parabola  into  an  Hyperbola,  and  the  Hyper¬ 
bola  into  a  plane  Ifcceles  Triangle.  And  the  Center  of  the  Cir¬ 
cle  which  is  its  Focus  or  Burning-Point,  doth,  as  it  were,  pare 
or  divide  it  felt  into  two  Focus’s  fo  foon  as  ever  the  Circle  be¬ 
gins  to  degenerate  into  an  Ellipfis;  but  when  the  Ellipfis  changes 
into  a  Parabola,  one  End  of  it  flies  open,  and  one  of  its  Focus’s 

vani  flies. 
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vaniihes,  and  the  remaining  Focus  goes  along  with  the  Parabola 
when  it  degenerates  into  an  Hyperbola.  And  when  the  Hyper¬ 
bola  degenerates  into  a  plane  Ifofceles  Triangle,  this  Focus  be¬ 
comes  the  Vertical  Point  of  the  Triangle,  (viz,,  the  Vertex  of  the 
Cone. )  So  that  the  Center  of  the  Cone's  Bafe  may  be  truly  laid 
to  pafs  gradually  through  all  the  Sections,  until  it  arrives  at  the 
Vertex  of  the  Cone,  flill  carrying  its  Lam  Reftutn  along  with  it; 
For  the  Diameter  of  a  Circle  being  that  Right-line  which  paffes 
through  its  Center  or  Focus,  and  by  which  all  other  Right-lines 
drawn  within  the  Circle  are  regulated  and  valued,  may,  (I  pre¬ 
fume)  be  properly  call'd  the  Circle's  Lxtus  Reftum ;  and  altho'  it 
lofes  the  Name  of  Diameter  when  the  Circle  degenerates  into  an 
Ellipfis,  yet  it  retains  the  Name  of  Latus  Reffiwi,  with  its  firft  Pro¬ 
perties  in  all  the  Se&ions,  gradually  ftiortening  as  the  Focus  car¬ 
ries  it  along  from  one  Sedlion  to  another,  until  at  laftit  and  the 
Focus  becomes  coincident,  and  terminate  in  the  Vertex  of  the 
Cone. 

I  have  been  more  particular,  and  full  in  thefe  Definitions," 
than  is  ufual  in  Books  of  this  Subjeft,  which  I  hope  is  no  Fault, 
but  will  prove  of  Ufe,  efpecially  to  a  Learner;  and  altho'  they 
may  perhaps  feem  a  little  ftrange,  and  at  firft  hard  to  be  under¬ 
flood,  yet  when  they  are  well  confider'd  and  compar'd  with  a 
Cone,  cut  into  fuch  Se&ions  as  have  been  defin’d,  they  will  not 
only  be  found  true,  but  will  alfo  help  to  form  a  true  and  clear 
Idea  of  each  Se&ion. 


CHAR  II. 

Concerning  the  chief  Properties  of  an  (£lUptt£. 

Note ,  If  the  Tranfverfe-Diameter  of  an  Ellipfis,  as  T  S  in  the 
following  Figure,  be  interfered  or  divided  into  any  two  Parts 
by  an  Ordinate  rightly  apply'd,  as  at  the  Points  A,  C,  a,  &c.  Then 
are  thofe  Parts,  TA ,  TC  Tx,  and  S  A,  SC,  Sx,  &c.  ufu ally  call’d 
AbfcifTa's,  ( which  fignifies  Lines  or  Parts  cut  off)  and  by  the 
Rectangle  of  any  two  AbfcifTa's,  is  meant  the  Rectangle  of  fuch 
two  Parts  as.  being  added  together,  will  be  equal  to  the  Tranf¬ 
verfe-Diameter. 

As  TA  +  SA^TS.  And  + 

Or  TA  +  SAzzTS,  See. 
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SECT.  I. 

EVery  Ellipfis  is  proportion’d,  and  all  filch  Lines  as  relate  to 
it,  are  regulated  by  the  Help  of  one  general  Theorem. 

(  As  the  ReB  angle  of  any  two  Ahfciffa  s  :  is  to 
I  the  Square  of  Half  the  Ordinate  which  divides 
them  : :  So  ts  the  Re  Bangle  of  any  other  two 
1  Ahfcijfa  s :  To  the  Square  of  half  that  Ordinate 
\which  divides  them . 

That  is, 

TAx  SA:  □  B  A  : :  Ta x  s  a  :  □  be 
TAXSA'.QBA : :  tcxsc :  □  NC 
Tex  sc:  □  NC : :  Taxsa:  Q  be i 

See. 


JDcmonffratioii. 

Let  the  annex’d  Figure  reprefent  a 
right  Cone,  cut  through  both  its 
Sides  by  the  Right-line  TS ;  then  will 
the  Plane  of  that  Se&ion  bean  Ellip¬ 
fis,  (by  Setffc.  3.  Chap.  1.)  T  S  will  be 
the  Tranfverle-Diameter  NCN  and 
b  db  will  be  the  Ordinates  rightly  ap- 
ply’d.  As  before. 

Again,  if  the  Line  V  d  and  K  k  be 
parallel  to  the  Cone’s  Bafe.  they  will 
be  Diameters  of  Circles  (  by  Se£f.  2. 
Chap.  1.)  Then  will  ATC  JST and  T J 

be  alike.  Alfo  A  Sad  and  A  S  C  li 
will  be  alike. 


V 


Ergo 

And 


•  • 


1 

2 

2x3 
But 
And 
Then 
s,  c,  7. 
Hence 


rc:CLAra':CJ:}  Theorem  ij. 

SxXCk  —  a.  dxSC. 

TaXCk—TCXaD. 

SaXCb^XTaXC K  —  adXSCXTCXdV.  Per  Axiom  3* 

C  KXCk^  □  NC?  „  T  Coo 
~  v  n  u  r  ?er  Lemma  Sect.  2. 

a  DX  a  a  =  □  b  a,  >> 

far  CKxck,  and  a  D  xad.  take  Q  N C,  and  Q  b* 

1  Sax  Tax  □  NC—TCXSCx  □  ba.  Per  Axiom  5. 
i  Sa  xTa:  Q  ba:\  TC  X  SC:  □  NC.  See  Page  1 9* 


See  Page  1 94. 

1  Q.  -E;  T>.y 

-Hr 
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Or  the  Truth  of  thefe  Proportions  may  be  otherwife  prov’d  by 
a  Circle,  without  the  Help  of  the  Cone.  Thus; 

Let  any  Ellipfis  be  circumfcrib'd  and  ififcrib'd  with  Circles,  as 
in  the  following  Figure.  Then  from  any  Point  in  the  circumfcri- 
bed  Circle's  Periphery,  as  at  B ,  draw  the  Right-line  B  a  parallel 
to  the  femi-conjugate  Diameter  NC ,  then  will  b  x  be  a  lemi*ordi- 
nate  rightly  apply'd  to  the  Tranfverfe  Diameter  T S.  as  before. 

Again  from  the  Point  b  (in  the  Ellipfis4.'.  Periphery)  draw  the 
Right  line  b  d,  parallel  to  the  Tranfverfe  TS‘,  and  draw  the  Ra¬ 
dius  BC. 


Then  will  A  BCa  and  A  Cfd  be  alike. 


Therefore 

But 

Confequ. 

Or 

4  in  [Ts 
But 

Therefore 


iBC.Bx:  :Cf:dC 
<  Per  theorem  13. 

TC—BC  NC^Cf 
/  and  b  dC 
TC:  B  a  ::  NC:  bx 
7C:  NC: :  B x:  b  a 
DTC  ONC::nBi:Qba 
\TxX  S  a~  □  B  x 
7  Per  Lem.  SeH.  z.C'r.  I. 

ST  a  X  *a.iQ  b  x  ::T  C  X  SC~  U?C\ 
/  As  before. 


And  fo  for  any  other  Abfciffa's,  and  their  Semi-ordinates. 
Thefe,  Proportions  being  found  to  be  the  true  and  common 
Properties  of  every  Ellipfis,  all  that  is  farther  requir'd  in  (  or  a~ 
bout  )  that  Se&ion,  may  be  eafily  deduc'd  from  them. 


Se&.  2.  To  find  the  Latug  iRctfttm,  Or  JUgtyt  l^arametct 

of  any  Ellipfis * 

There  are  feveral  Ways  of  finding  the  Latm  Rectum ;  but  I  think 
none  fo  eafy.  and  fhews  it  fo  plainly  to  be  the  third  principal 
Line  in  the  Ellipfis,  as  the  following  Theorem. 

rJls  the  Tranfverfe  Diameter  :  is  in  ^Proporti - 
<on  to  the  Conjugate  :  :  So  is  the  Conjugate :  To 
Cthe  Latus  Redtum* 

Viz.  (  in  the  following  Figure  )  TS:Nn  ::  N n  :  L  R  the 

Latus  Re6lum. 

STemontttatton. 

g  From  the  lad  Proportions  take  either  of  the  Antecedents,  and 
Its  Conlequent,  vh.  either  TC  X  SC  \  □  N€.  Or  TxxSa  :  □  V  a 
*  B  b  b  4  and 
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_  •  - - -  -  - - V . > 


and  make  TS  the  third  Term,  to  which  find  a  fourth  Proportio¬ 
nal,  and  it  will  be;=  LR: 


Thus 

But 

Therefore 
And 
l>  3’  4 

6  X  4 
7  -r-  ST 
viz,. 
Again 

I,  Io 


I 

z 

3 

4 

5 

6 

7 

8 

9 

Io 

II 


rcxsc :  dnc::Ts:LR 
S  TC  —SC 
l  And  NC  —  Cn 
TCXSC—kUTS  T 

□  NC  =  |Nn 
$QT$:%C\Nn::Ts:LR 
±QTSXLR=:±NnXrs 

□  TSXLR—DNnXTS  n 

S T$XLR=~  □  Nn 

£  Which  gives  the  following  Analogy. 
T  s :  N  n : :  Nn  :  LR 
STCXSC:  □  Nc  ::Taxs  a:  □  b  a. 

£  By  common  Properties. 
t's :  LR:  :  TaxSa :  n  ba 


£ 


\ 


From  hence  ’tis  evident,  that  LR  thus  found,  is  that  Ordinate 
by  which  the  other  Ordinates  may  be  regulated  and  found.  There¬ 
fore  (according  to  its  Definition,  Sect.  ■$.  Chap.  i.)  it  is  the  true 
Lam  Rectum.  Q..  E.  D. 

ConfeBary. 

Hence  it  follows,  that  if  the  Tranfverfe,  and  Conjugate  Dia¬ 
meters  of  any  Ellipfis  are  given  (either  in  Lines  or  Numbers) the 
Lam  Reflum  may  be  eafiily  found;  and  then  any  Ordinate,  whofe 
Diftance  from  the  Conjugate  is  given,  may  be  found,  as  above. 


Se&.  3.  To find  the  jfocujS  of  any  Ellipfis. 

The  Focus  is  the  Diftance  of  the  Lam  Refium  from  the  Conjugate 
or  Middle  of  the  Ellipfis,  (  vide  Definition  4-  Page  358. )  And  that 
Diftance  is  always  a  mean  Proportional  between  the  Half  Sura 
and  Half  Difference  of  the  Tranfverfe  and  Conjugate  Diameters, 
which  gives  this  Theorem. 

f From  the  Square  of  Half  the  Tranfverfe^  fabtraB 
I  the  Square  oj  Half  the  Conjugate ;  the  fquare 
Root  of  their  'Difference  will  be  the  Diftance  oj 
each  Focus  from  the  middle  or  common  Center  oj 
\the  Ellipfis. 

That  is,  fuppofing  the  Points  f  and  F.  to  be  the  two  Focus’s, 
viz./ (7=  CF.  and  TC~iTS.  NC=:^Nn.  Then  T  C  +  N  C:  f  C: : 
FC:  TC  —  NC.  Ergo  □  EC  =  □  TC—  Q  N C.  Confequently, 

Fc=^  ✓  □  re—  □  nc. 


SDernon 
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HDemotittration. 


1 


Firft 
And 
That  is 


1  • 


4  ' 

I 

St 

7  * 

8 


R 

4 


N 


UJJ 


T  $  X  L  R  —  □  Nn.  By  8  Step  of  the  laft:  Procefs- 
Ts:  L  R: :  TFxsF :  □  LF.  Per  common  Properties. 
TS\  LR ::  rC  +  CFxTC— CF  :iQLR=QLF 
□  LRXTS  = 

CFXLR 

5  ^LKXW—  arc—  DCF 

^rs’xLK—iaNrt—a 

I  NC 

7 1  □Nfcan;—  DCF¬ 
S',  □  CfaPifr-ClNC 
^C.F=1  y/Q  ft?— G  N6 


Now  from  hence  is  deduc'd  tnat  notao  e  riupuuuuu,  upuu 
which  is  grounded  the  ufual  Method  of  defcribing  an  Ellipfis, 
and  drawing  of  Tangents,  <?c. 

r  If  from  the  two  Focus  s  of  any  Ellipfis  there 
he  drawn  two  Right-lines ,  foasto  meet  each 
IBjOpOfittOU.  ^  other  in  any  c Point  of  the  Ellipfis  s  Qeriphe - 
I  ry,  the  Sum  of  thofe  Lines  will  he  equal  to 

I  the  Tranfoerfe. 

Vi^f  N+  NF—TS.  fL+LF=zTS.  Or  fB  +  B F—  TS,  &c. 

fDemonfltation. 

SCCF+DNC=nTC 

1  By  8th  of  the  laft. 
laCF+aNfeaNF 
£By  Theorem  is. 

sn  NF=  □  TG 

^By  Axiom  5. 

NF=TC 

2  N  F  =  iT  C  ~  T  S 


N 


Firft 

But 


*> 


3  to»  2 
Hence 
Again 
Confeq. 
But 
Ergo 

7  V 
But 
That  is. 

8x4 

10  +  11 

11 


y 

7 

8 

10 

11 

12 

*3 


T  S  •  l R  * :  T  F  x  F  S :  □  L  F.  By  common  PropertieSo 

£T  s :  £L  R : :  T  F  x  F  S :  □  L  F 

J-T  S  r=T  C-  And^LR  —  LF 

TC:  LF  :  :TC  +  CFxTC — CF:  □  LF 

TCxLF=  ClTC  —  □  C  F 

n  fF+G  LF  =  n/L.  By  Theorem  11. 

4 □  C  F  +  □  L  F  =  □  /  L  for  2  C  F:  =/  F 

4TCXLF  —  4(~]TC  —  4CICF 
4  □  T  C  +  DL  F  =  4  T  C  x  L  F :  +  □  /  L 
4  □  T  C :  —  4 T C x  LF:  +  G  LF^GfL 

B  b  b  2 
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WJ 


14  -j-4  L  F 
Ergo 


14 

15 


iTC  —  LF  =  fL 

:TC=/L+LF.  But  iTC^TS 
flxLf  =  TSc  


Q.  E.  D. 


And  this  Propofition  muft  needs  hold  true  to  every  Point  in 
the  Ellipfis's  Periphery,  viz,,  at  B.  &c.  as  will  evidently  appear  to 
any  one  who  rightly  confiders,  That 

As  a  Thread  juft  the  Length  of  the  Diameter  of  any  Circle,  ha¬ 
ving  its  two  Ends  ty'd  together,  and  then  mov'd  about  a  Point 
in  the  Center,  (  viz,,  by  making  it  a  double  Radius  )  will,  by 
drawing  another  Point  in  its  Extremity,  deferibe  the  Periphery 
of  a  Circle  (  vide  Definition,  Page  280. )  Even  fo, 

If  a  Thread,  juft  the  Length  of  the  Tranfverfe  Diameter  (TS) 
having  its  two  Ends  fo  fix'd  upon  the  two  Focus's,  (/  and  F  )  as 
that  it  may  be  mov'd  about  them,  by  drawing  a  Point  in  its  Ex¬ 
tremity,  (viz.  at  its  full  Stretch)  it  will  deferibe  the  true  Peri¬ 
phery  of  an  Ellipfis. 

Now  although  this  eafy  Way  of  deferibing,  or,  as  ufually 
phras’d,  drawing  an  Ellipfis,  be  mechanical,  and  known  even  to 
moil  Joyners,  Carpenters,  &c.  yet  it  gives  as  complete  and  clear 
an  Idea  of  that  Figure,  as  any  other  Way  whatfoever;  and  by  de¬ 
feribing  it  thus  about  its  two  Focus's,  as  a  Circle  is  about  its 
Center,  doth  plainly  {hew  thofe  two  Points  are  not  improperly 
call'd  particular  Centers  in  Definition  4.  Se<5h  3.  Chap.  1.  For 
each  of  them  bears  much  the  lame  Refpeft  to  the  Elliplis's  Periphe¬ 
ry,  as  the  Circle’s  Center  doth  to  its  Periphery. 


Se6l.  4.  To  deferibe^  or  delineate  an  Ellipfis  feveral  Ways • 

There  are  feveral  (other)  Ways  of  deferibing  an  Ellipfis,  both 
Geometrically  and  Numerically,  according  to  peculiar  Occafions; 
but  I  ihall  only  mention  two  or  three  of  them,  leaving  the  reft  to 
the  Learner's  Genius.  Now  in  order  to  that  Work,  it  will  be 
convenient  to  confider  what  Lines  are  requifite  to  limit  or  bound 
its  Form,  which  I  take  to  be  chiefly  thefe  following. 

1.  If  the  Tranfverfe  and  Conjugate  are  given,  the  Ellipfis  is 
perfectly  limited,  ( vide  Confe&ary  Page  363.)  For  if  T  S  and 
Nm,  be  fpt  at  Right-angles  in  their  Middle  at  C.  and  T  C  orCS, 
be  let  oft  from  N,  or  n.  both  Ways  upon  the  Tranfverfe  to/ and 
F  j  (  viz-  make  /  N  r=: T C  =  N  F)  then  will  thofe  Points / and  F 
be  the  two  Focus’s,  (  by  4th  Step  of  the  laft  Procefs )  and  then  the 
Ellipfis  may  be  deferib'd  as  above. 


*.  If 


j  -nr  _- l-i  ,—  -  ■  ■»  .  .  -rr^yT.i 
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z.  If  the  Tranfverie  Diameter  and  Latin  Return  are  given,  the 
Ellipfis  is  truly  limited,  becaufe  by  them  the  Conjugate  may  be 
found,  by  Sect.  2. 

3.  Or  if  only  the  Tranfverfe,  and  the  Proportion  it  hath  either 
to  the  Conjugate  or  Latus Retfum,  be  given,  the  Eilipfis  is  thereby 
limited.  As  for  Inflance,  iuppole  the  given  Ratio  between  the 
Tranlverfe  and  Conjugate  to  be,  As  a:  to  d; 

Viz.  a  :  d  : :  T  S  :  N  n,  then  x  ^  —  n  n>  grC, 

(L 


4Vlf  eitfer  theL  Ti:anfverfe>  or  Conjugate,  and  the  Diftance  of 
the  Focus  trom  the  Conjugate  be  given,  the  Eilipfis  is  limited, 

tu  r  Hy  •* hem  thl:  Conjugate  or  Tranfverfe  may  be  found, 
lhele  being  premis’d,  and  the  preceding  Work  a  little  confi- 
der  d  xt  mul  needs  be  eafy  to  defcribe,  or  delineate  any  Eilipfis 
in  Ptino,  either  Geometrically  or  Numerically 


I.  To  defcribe  an  Ellipfs  Numerically  hy  Pol  tits • 


Suppofe  the  Tranfverfe  Diameter 
T  S  =  2.0,  and  the  Conjugate  N  n 
*-“•  1 2,  (either  Inches  or  any  other 
equal  Parts)  and  let  them  crofs  each 
other  at  Right-angles  in  their  Mid¬ 
dles,  As  in  the  Point  C. 

Then  will  TC^CS=  10. 

And  NC^C n=:6 
And  it  will  be  20  :  11 
the  Lam  Rectum. 


N  ab  * 


12  :  7  2  = 


Thus 


■  A.  I. 


Again  20  :  7,  2  Or  rather  take  their  Ratio. 

1  :  0,35- :  :  10  ixio-i:  Oa.  ||  i. 

1  .*  0.36" : .  10  +  2  x  10  —  2  :  fjb. 1[  2. 

^  1  •*  °,36  •  Mo  +  3  X  Io —  3  :  n d.  j[  3.  &c, 

C^ioo— -ixo,3fe q^.i.  Hence  ^99  X  o, 3^—5, 97  isfc. 

Viz,.  <  too  4Xo>36'=D  b. 2.  96  X  03^, 88  &c.  z=zb.  2. 

^100  9X°:36~nd.3.  V  91  X  0,^6=:^JZ  &c.z=:d.,3. 

If  fo  many  Semi-ordinates  as  may  be  thought  convenient  ( the 
more  the  better)  be  found  in  this  manner,  and  every  one  of  them 
be  Set  off  at  Right-angles  from  its  relpe<ffive  Point  in  theTranf- 
verfe  Diameter  each  Way ;  viz.  from  1  to  a,  from  2  to  b  from  3 
d  &:c.  1  hen  if  a  curve  Line  be  carefully  drawn  with  an  even 
Hapd,  through  thofe  extreme  Points  a ,  b}  d,  &c.  it  will  be  the 
Lllipfis  Periphery  requir'd, 

2.  To 
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2.  To  deferibe  an  Ellipjis  Geometrically  by  ^Points . 

Having  the  Tranfverfe  and  Conjugate  Diameters  given,  viz.  TS 
and  Nn ,  plac'd  at  Right-angles  in  their  Middles,  as  before;  then 
from  eicher  End  of  the  Conjugate,  viz*  N(or  n)  fet  off  Half  the 
Tranfverfe  Diameter  to  x.  That  is, 
make  Nx  ~  TC  (  continuing  the 
Conjugate  N  when  it  is  fhorter 
than  T  C.  )  Or,  which  is  all  one, 
make  C*  =rC—  NC.  Then  take 
any  Point  in  the  Line  C  x  at  Plea- 
fure.  Suppofe  it  at  G,  and  from 
that  Point  at  G  fet  off  the  Difiance 
Cx  to  the  Tranfverfe,  as  at  E,  viz • 
make  GE^Cx,  and  join  the  Points 
GE  with  a  Right-line,  produc'd  fo  far  beyond  E,  as  to  make  E  B 
=  NC -  Confequently,  G  B  TC. 

Then  I  fay,  that  where-ever  the  Point  G  was  taken  between 
C  and  x,  the  Point  B  will  jufi:  touch  (  or  fall  in  )  the  Ellipfis's 
Periphery. 

SDemonflratton. 


N 


Draw  the  Right-line  B  A  perpendicular  to  TS.  viz.  let 
B  A  be  a  Semi-ordinate  rightly  apply  d  to  the  Tranfverfe 
Diameter  T S.  Then  A  GCE  and  A  B  AE  will  be  alike . 


Confequen. 

1 

CElAE ::  EG*  E 

1,  And 

2 

CE  +  AE:  AE:: 

But 

3 

CE-f  A  E~C  A. 

Therefore 

4 

CA:  AE::  tc:  zv 

C,  in  CTs 

5 

□  c A:  n  A  E  :: 

,  •  • 

5 

n  CAx  □  NC 

5> 

1  ]  TC 

But 

6 

□  NC  —  Q  A  B  - 

That  is 

7 

□  EB-  □  AB- 

£  n 

0 

O  CAX  n 

C5  / 

c 

O  TC 

8  X  □  T  6’ 

9 

QCAXQ  NC  = 

9  ± 

Io 

□  NCX  n  TC:  - 

Io.  Analogv 

1 1 

□  TC  oc  N::r 

That  is 

11 

rCxcs:  □  NC : 

By  ThpO'em  13. 


NC. 


□  NC 


1  A  E 
D 


A  E 
AE 


□  NCX  □  TCl—QA  *  X  ore 
-n  C  AX  Cl  NC=0  ABxQ  TC 
l  TC —  [JC  4:  [“MB 


Which  is  according  to  the  common  Properties  of  the  Ellipfi? 
Therefore  the  Point  B  is  truly  found.  Q-  E-  D 


Hence 
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Hence  it  follows,  that  if  a  convenient  Number  of  fuch  Lines 
as  G  E  B,  be  fo  drawn,  as  above  direded,  from  the  like  Number 
of  Points  taken  between  C  and  x,  their  extreme  Points  (  as 
at  B  )  will  be  thole  Points  by  which  (with  an  even  Hand)  the 
Ellipfis  may  be  truly  defcribed,  as  before: 

But  if  this  be  well  underflood,  it  will  be  veryeafy  to  conceive 
how  to  defcribe  an  Ellipfis  very  readily,  without  drawing  thofe 
Lines,  by  having  a  thin,  ftrait,  narrow  Ruler,  juft  the  Length  of 
T  C,  made  fomewhat  fharp  at  both  Ends,  upon  which,  from  one 
of  its  Ends,  fet  off  the  Length  of  N  C.  Then  if  the  Point  upon 
the  Ruler  which  reprefents  E  be  gradually  or  eafily  mov'd  along 
the  Tranfverfe  T  S,  and  at  the  fanie  time  the  Point  or  End  re- 
prefenting  G  be  kept  Aiding  clofe  along  the  Conjugate  tin,  'tis 
evident  from  the  Work  above,  that  the  End  of  the  Ruler  repre¬ 
senting  £,  will,  by  that  Motion,  affign  the  true  Periphery  of 
the  Ellipfis  requir'd.  For  by  that  Motion  the  ftrait  Edge  of  the 
Ruler  doth  fupply  an  infinite  Number  of  the  aforelaid  Lines  ;  as 
will  appear  very  plain  and  eafy  in  Pradice. 


S  CHOLIUM. 


Now  from  hence  was  deduc’d  the  firft  Invention  of  that  well- 
contriv'd  Inftrument  for  drawing  an  Ellipfis  by  one  Motion, 
commonly  call'd  the  Elliptical  Compares,  being  ufually  made  of 
Brafs,  and  compos'd  of  three  Parts,  two  of  which  reprefent  (or 
rather  fupply  )  the  Tranfverfe  and  Conjugate  Diameters  fet  to¬ 
gether  at  Right  angles;  and  the  third  Part  is  a  moveable  Ruler, 
which  performs  the  Office  of  the  laft  mentioned  thin  Ruler. 
But  becaufe  the  making  of  it  is  fo  well  known  to  moft  Mathema¬ 
tical  Inftrument-Makers,  efpecially  to  that  accurate  and  ingenious 
Artift  Mr.  John  Rowley.  Mathematical-Inftrument-Maker,  under  St. 
D unft an  Church  in  Fleet-ffreet ,  London ;  who  for  his  great  Skill  in 
contriving,  framing,  and  graduating  all  Kind  of  Mathematical- 
Inftruments,  may  I  believe,  be  juftly  call'd  one  of  the  beft  Work¬ 
men  of  his  Trade  in  Europe.  I  think  it  needlefs  therefore  to  give 
a  particular  Defcription  of  that  Inftrument. 

Alfo  from  hence  came  that  ingenious  Invention  of  making 
Engines  for  turning  all  Sorts  of  Elliptical  or  Oval  Work,  as  Oval- 
Boxes  and  Pidure-Frames,  &TV. 
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Sedh.Jj.  Any  Ellipfis  being  given y  To  find  its  <Crat)ffc)CtCe 

dud  Conjugate  Diameters * 

Suppofe  the  given  Ellipfis  to  be  T  N  S  n  (in  the  annex’d  Scheme) 
In  which  let  it  be  requir’d  to  find  the  Tranfverfe  Diameter  T  S, 
and  its  Conjugate  N». 

Draw  within  the  Ellipfis  any  two 
Right-Lines  parallel  to  each  other, 
as  H  b  and  M  tn\  and  bifeft  thofe 
Lines,  viz-  find  the  middle  Point  of 
each,  as  at  K  and  P.  Then  through 
thofe  Points  K  and  P,  draw  a  Right- 
line,  as  D  A,  and  it  will  be  a  Diame¬ 
ter  ;  for  it  will  divide  the  Ellipfis 
into  two  equal  Parts.  (  See  Vefinit.  i. 

Page  357. )  Confequently  the  Middle 
of  D  A  will  be  the  true  Middle  or  common  Center  of  the  Ellipfis, 
as  at  C. 

For  Jtis  the  Nature^  or  Property  of  all  Diameters,  howfoever 
they  are  drawn  in  any  Ellipfis,  (as  it  is  in  a  Circle)  to  cut  or  crofs 
one  another  in  the  common  Center,  or  Middle  of  the  Figure,  as  at  C. 

Upon  the  Point  C  deferibe  an  Arch  of  any  Circle  that  will  cut 
the  Ellipfis  Periphery  in  two  Points,  as  at  B  and  b  \  then  joyn 
thofe  Points  B  b  with  a  Right-line,  and  it  will  be  an  Ordinate, 
through  whofe  Middle,  (as  at  a)  and  the  common  Center  C,  the 
Tranfverfe  Diameter  T  S  mu  ft  pals. 

ForBS=:S6,  and  B  £  is  at  Right-angles  with  TS5  therefore 
the  Line  B  b  is  an  Ordinate  rightly  apply’d  to  T  S  the  Tranfverfe 
Diameter.  And  if  through  the  Point  C  there  be  drawn  the  Right¬ 
line  N  n  parallel  to  B  b ,  it  will  become  the  Conjugate  3  as  was  re¬ 
quir’d. 


Sedf.  6.  To  draw  a  ®artgcnt,  or  Right-line  that  may  touch 
the  Ellipfis* s  Periphery  in  any  affign  d  Toint . 

The  drawing  of  Tangents  to  or  from  any  aftign’d  Point  in  the 
Ellipfis’s  Periphery,  admits  of  three  Cafes. 

CASE  I.  If  it  be  requir’d  to  draw  a  Tangent  that  may  touch 
the  Ellipfis  in  either  of  the  extreme  Points  of  its  Tranfverfe  Di¬ 
ameter,  as  at  T  or  S',  it  is  plain  the  Tangent  mud  be  drawn  pa¬ 
rallel  to  the  Conjugate  Diameter  N  n,  as  H  K  in  the  following 
Figure  is  fuppos’d  to  be. 


CASE 
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C  A  S  E  2.  Or  if  the  Tangent  muft  be  drawn  to  touch  the  El  li  pits 
in  either  of  the  extreme  Points  of  its  Conjugate  Diameter,  as  at 
N  or  »,  ’tis  as  evident  that  it  muft  be  drawn  parallel  to  the  Tranf- 
verfe  Diameter  T  S,  as  KM.  Corifequeritly,  if  that  Tangent, 
and  the  Tranfverfe  were  both 
infinitely  continu’d,  they 
would  never  meet. 

CASE  3.  But  if  it  be  re¬ 
quir’d  to  draw  aTangent  that 
may  touch  the  Ellipfis  in  any 
other  Point,  as  at  B ,  &c. 

Then  if  the  Tangent  and  the 
Tranfverfe-Diameter  be  both 
continu’d,  they  will  meet  in  fome  Point,  as  at  P  ;  and  tliofe  two 
Points  (viz-  B  and  P)  do  fo  mutually  depend  upon  each  other, 
that  one  of  them  muft  be  afftgn’d  in  order  to  find  the  other,  that 
fo  the  Tangent  may  by  them  be  truly  drawn. 

Let  Dv=:TS.  yv^ASl  and  z~=-AP.  Then  if  y  be  given,  ^ 


may  be  found  by  this  Theorem 


5  z 

LiB  —  y 


Or  if  be  given,  y  may  be  found  by  this  Theorem: 

Ctjcojnn.  1 2-^  ±  ^££±*5.-, 

c.  4 

SDhtt  outfit  iott. 

Draw  the  Semi-Ordinate  b  a,  as  in  the  Figure;  then  will  A 
BAP  and  A  h  a  P  be  alike.  Put  x  =  An  the  Di fiance  between 
the  two  Semi-Ordinates  (viz.  between  BA  and  b  a)  which  weiup- 
pofe  infinitely  fmall. 


Then 
But 
That  is, 
I  in  □’$. 
Suppofe 

3,  Then 

4,  And 


1 

2 

3 

4 

5 

6 

*7 

/ 

8 

9 

10 

1 1 


z  :  z  —  x  :  :  B  A:  b  a.  By  Theorem  x 3. 

D  —  y  Xy:  V  — y^x  A  y  —  x::  □  BA:  □  ha 
V y  — yy :Py—yy-\*  2 yx  —  D x  —  x x : :  □  BA:  □  h a 
zz : z  z - — •  z  zx  ~\~x  x::  n  B  A:  □  ha 
x'—  o  That  lo  x  may  be'  everv  where  reje&ecf. 

By  — yy •  By  — yy H-  - y  —  d::qb  a:  □  b  a 

Z  Z:  zz  —  2^::  □  B  A  :  O  h  a 
By- — yy:  By—  yy  D  : :  zz  :  z  -~az 

2  yzz' —  Dzz~  zyy  Z'—z  D  y  z 
y  z  —  iDz  ~yy‘ — By 
i  D  z  y  z  «  By  — y  y 
C  c  c 
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c 

II 

12 

^  —  I 

Analogy. 

13. 

2.* 

IV  — 

Io  — y  z 

14 

y  y  —  1 

14  c  □ 

15 

yy—i 

iy  wj  2 

16 

y—i 

That  is. 

r  7 

— m 

11 

Conic  Sections* 


c  the  following  Analogy. 
::  D — y:  z,'  Viz,  CA.  HA: :  r 
-  yz.  —  —  i  Dz- 


x*> 


£  Theor.  Q.E.D. 

The  Geometrical  Performance  of  thefe  two  Theorems  is  very 
eafy,  as  by  the  following  Figure. 


i.  Suppofe  the  Point  B  in  the  Ellipfis's  Periphery  were  given, 
and  it  were  requir'd  to  find  the  Point  P,  Sec. 

Make  TC  Radius,  and  upon  the  common  Center  Cdefcribe  the 
Semi-circle  T  d  S,  and  joyn  the  Points  C  and  d  with  a  Right-line; 
then  bileft  that  Line,  (  by  Prob.  2.  Page  287.  )  and  mark  the  Point 
where  the  bifefting  Line  would  crofs  the  Tranfverfe,  as  at  [|  e. 
Upon  that  Point  ||  e,  with  the  Radius  C  ey  (or  ed)  defcribe  an¬ 
other  Semi  circle,  producing  the  Tranfverfe.Diameter  to  its  Peri- 
phery^and  it  will  afiign  the  Point  P. 

For  if  D  ~TS>  y~AS.  z,~AP,  as  before. 


Then 

I 

D—yXy^z  fid  A 

And 

2 

— y  X.  Q  dA 

For 

T A:  d  A: :  d  A  :  s  A 

And 

4 

C  A  :  d  A  ::  d  A  :  AP 

But 

C  A=:£D  —  y,  Sec. 

f  1 

5  iVz—yz=:Dy-—yy 

Ay  ~ 

5 

2  As  at  11  Step  before. 

Therefore  the  Point  P  is  tru¬ 
ly  found.  Confequently,  if  a 
Right  line  be  drawn  through  thofe  Points  B  and  P,  it  will  be  the 
Tangent  requir'd,  according  to  the  Hr  fi  Theorem. 


2.  The  Converfe  of  this  is  as  eafv;  to  wit,  if  the  Point  P  be 
given,  thence  to  find  the  Point  B  in  the  Ellipfis's  Periphery. 
Thus,  circumlcribe  Half  the  Ellipfis  with  the  Semi  circle  T  d  8, 
as  before;  and  bifeft  the  Difiance  between  the  Points  C  and  P, 
as  at  j]  e,  viz.-let Ce—*eP.  Then  making  Ce  Radius,  upon  the 
Point  ij  e  !|  defcribe  the  Semi  circle  C d P;  and  from  the  Point 
where  tie  two  Semicircles  interleft  or  crofs  each  other,  as  at  {]  d, 
maw  the  Right-lme  d  A  perpendicular  to  the  Tranfverfe  T  s\ 

and 


\ 
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and  it  will  afllgn  the  Point  of  Contad  B  in  the  Ellipfis’s  Periphe¬ 
ry  through  which  the  Tangent  muft  pafs. 

But  a  Practical  Method  of  drawing  Tangents  to  any  afflgn’d 
Point  in  the  Ellipfis’s  Periphery,  may  (without  finding  the  afore- 
iaid  Point  P)  be  eafi’y  deduc’d  from  the  following  Property  of 
Tangents  drawn  to  a  Circle,  which  is  this. 

If  to  any  Radius  of  a  Circle,  a sCB 
there  be  drawn  a  Tangent-Line(as  HE) 
to  touch  the  Radius  at  the  Point  B, 
the  two  Angles  which  the  Tangent 
makes  with  the  Radius,  will  always  be 
two  Right-angles,  (  i6}  17,  18,  ip 
Euclid  3. ) 

That  is,  L  HBC~  LCBK^po0 

In  like  manner  the  two  Angles  made  between  the  Tangent  and 
the  two  Lines  drawn  from  the  Focus’s  of  an  Ellipfis  to  the  Point 
of  Contad,  will  always  be  equal,  but  not  Right-angles,  lave  on¬ 
ly  at  the  two  Ends  of  the  Tranfverfe-Diameter. 

TThefe  being  well  conlider’d,  and  compar’d  with  what  hath  been 
[aid  in  Page  366,  it  mud:  needs  be  eafy  to  underftand  the  follow¬ 
ing  Way  of  drawing  Tangents  to  any  aflign’d  Point  in  the  El- 
lipfis’s  Periphery  ;  which  is  thus: 

Having  by  the  Tranfverfe  and  Conjugate-Diameters  found  the 
two  Focus’s /,  and  F,  by  Sett.  3.  from  them  draw  two  Right-lines  to 
meet  each  other  in  the  aflign’d 
Point  of  Contad,  a sfb  an d  F£  (or 
fB  and  F B)  in  the  annex’d  Figure. 

Next  fet  off  (viz.  make  )  b  d--=ib  F, 

(or  B£>  =  BF)  and  join  the 
Points  F  d  (  or  F  D  )  with  a  Right¬ 
line. 

Then,  I  fay,  if  a  Right-line  be 
drawn  through  the  Point  of  Con* 
tad  b  (  or  B)  parallel  to  d  F,  or 
(DF)  it  will  be  the  Tangent  re¬ 
quir’d.  For  it  is  plain,  that  as 
the  Z.  fSH  =  L.  FM K  when  the  Tangent  is  parallel  to  the 
Tranfverfe-Diameter,  even  fo  is  the  L.fbb'=zL.¥h\,  (  and  L. 
f  B  H  =  F  B  E)  and  will  he  every  where  lo,  as  the  Point  of 

Contadi  b  ( or  B)  and  its  Tangent,  is  carry’d  about  the  Ellipfis’s 
IJeriphery  with  the  Lines  fbF  (or  fBF) 


h 


C  c  c  1 


C  H  A  P, 
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CHAP.  III. 

Concerning  the  chiej  '* Properties  of  every  parabola. 

NOte,  In  every  Parabola,  the  intercepted  Diameter,  or  that 
Part  of  its  Axis  which  is  between  the  Vertex  and  that  Ordi¬ 
nate  Which  limits  its  Length,  as  Sa  or  SA  &c.  is  call’d  Abfciflfa. 
Sect.  i.  The  -Plane  or  Figure  of  every  Parabola^  is  proper-* 
tiond  tyy  its  Ordinates  and  Abfcijfas ,  as  in  the  jollow - 
mg  Theorem. 

cAs  any  one  AbfciJJa\  is  to  the  Square  of  its 
Semi-ordinate  : :  fo  is  any  other  AbfciJJa :  to  the 
<-  Square  oj  its  Semi-ordinate.  S 

That  is,  it  we  fuppoie  the  annex’d 
Pi  sure  to  be  a  Parabola,  wherein  S  a,  and 
SA  are  AbfciflVs,  and  b  ab,  BAB,  Or¬ 
dinates  rightly  apply ’d,  it  will 

n  t,  A  C  wherefoever 
the  Perns 
c4>  ar^  taken. 

And  fo  for  any  other  Abfcififa,  t?c. 

SDemonBration, 

Let  the  following  Figure  H  VG  reprefent  a  Right  Cone,  cut 


he  Sa:  □  b  a  :  :S  A :  □  BA 
OrSaiSA ::  □  ha 


WJV,  lUi.uvuuf,  I  ^  !  I  r  VJ-  I  Cpi  C  1CI1U  d  JXlglt  V'  V/Wl  iw, 

into  two  Parts  by  the  Right-line  SA ,  parallel  to  its  Side  V  H. 
Then  the  Plane  of  that  Se&ion,  viz  BbSbB  will  be  a  Parabola 
by  faft.  4.  Page  358.  wherein  let  us  fuppofeS^  to  be  its  Axis,  and 
b  a  b,  BAB  to  be  Ordinates  lightly  applyJd  to  that  Axis 

Again,  imagine  the  Cone  to  be  cut  by  the  Right  line  k  g  pa¬ 
rallel  to  its  Bafe  H  G.  Then  will  hg  be  the  Diameter  of  a  Circle, 
357-  And  A  Sag  like  to  A  SA  G. 


b.y  Sect, 


There¬ 
to  re 

I  V 

X  b  a 
But 
And  < 


t>  4 


4,  5 


6,  Analogy 


^ Sa  \ag  : :  SA  :  A  G 
£  By  'theorem  13. 

SaxAG  —  SAxag 
KsaXAGX  ba=:S  Axagx  ba 
y  By  Axiom  3. 

S  HA  rr:  h  a  becaufe  S  A 
5 is  paral  lei  to  VH 

□  BA—  4G  X  HA  ?  By  Lem. 

□  b  a  ~ a  g  X  b  a\  P.  357  . 
gS A  x  □ [B  A  ===  S  A  X  □  ba 
IBy  Axiom  y. 

\  Sa:Q  haws  A:  n  BA 
l  Vide  Page  1 94. 

— — - : - ~Q.  E.  Do 


Thefs 
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Thefe  Proportions  being  prov’d  to  be  the  common  Property 
of  every  Parabola,  all  that  is  farther  requir’d  about  that  Section, 
or  Figure,  may  from  thence  be  eafily  deduc’d. 


Se&.  2.  To  find  the  nattts  Ketfntn,  or  Right  Parameter 

of  any  Parabola- 

The  Latus  Return  of  a  Parabola  hath  the  fame  Ratio  or  Propor¬ 
tion  to  any  Ablciffa,  and  its  Semi-ordinate,  as  the  Latus  Retiumot 
an  Ellipfis  hath  to  its  Tranfverfe  and  Conjugate* Diameters,  and 
may  be  found  by  this  Theorem. 

rAs  any  Abfciffa  :  is  in  Proportion  to  its  Se* 
<  mi-ordinate  :  :  fo  is  that  Semi-ordinate  to  the 
c  Latus  Re&um. 


Then 

And 


•  • 


Let  L  =:  the  Latus  Reftum. 

t 

Sa  :  la  ::  b  a  :L?  £  wherever  the  Points  a}  and  A3 
Sa.BA :  :B  A  :L\  £  are  taken  in  the  Axis. 

abll=L:  Or  Stf  X  L  =  □  ill 


Sa 

□  B  a 


Sa 

QB  A 


=  L:  Or  SAXL  =  QBA 


{3  S  a 
b  a 


Per  Axiom  5. 


SA 

s  X  6SaxE}BA~Sa'X'Qba  Which  gives  this 
f  Analogy  7  s  a:  n  b  a  :  :  S  A:  □  BA  The  fame  as  the  7th  Step  of 
the  laft  Procefs  ;  therefore  L  (  thus  found)  is  the  true  Latus  Reftiwr, 
by  which  all  the  Ordinates  may  be  regulated  and  found,  accor¬ 
ding  to  its  Definition  in  Section  4*  Bage  358. 

For  by  the  3d  Step  S axL~  □  ba.  And  by  the  4th  Step  SA 
X  L  —  Q  B  A.  Confequently,  S  ax  L  =  ba  And  S  A  XL 
□  B  A  y  and  fo  for  any  other  Ordinate. 

Or  if  the  Ordinates  are  given,  to  find  their  Abfciflfa’s ;  then  it 
will  be,  L:  ba::  ba:  s  a.  And  L :  BA::  B  A:  SA,  &c. 


Confequently, 


□  ba 


S  a.  And 


DBA 


S  A,  &c. 


From  the  Confideration  of  thefe  Proportions,  it  will  be  eafy 
fo  conceive  how  to  find  the  Lam  Return  Geometrically,  thus: 

Join 
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Join  the  Vertical  Point  5*  of  the  Axis,  and  either  extreme  Point 
of  any  Ordinate,  a <■  B,  (or  b)  with  a 
Right-line,  viz.  SB  (or  Sb)  and  bife& 
that  Line,  (  by  Problem  2.  Page  287.) 
marking  the  Point  where  the  bife&ing 
Line  doth  interfeft  or  crofs  the  Axis, 
as  at  E,  (ore)  and  with  the  Radius 
SE  (or  S  e)  upon  the  Point  E  (  or  e  ) 
defcribe  a  Circle  ;  (  as  in  the  annex’d 
Figure  )  then  will  the  Di (lance  between 
the  Ordinate  and  that  Point  where  the 
Circle's  Periphery  cuts  the  Axis  viz. 

A  R  (  or  ar  )  be  the  true  Latui  Retfum 
requir’d. 

For  S  a:  B  A  :  :  B  A :  A  R.  And  S(t:  ba:  :  ba:  ar.  By  Tbeor.  1 3 

Therefore  AR  —  L.  And  a  r  =;  L  by  the  ift  and  2d  Steps  a- 
bove. 


CONSECTARY. 

From  thefe  Proportions  of  finding  the  Lam  Reftum>  it  will  be 
eafy  to  deduce  and  demonflrate  this  following  Theorem. 

As  the  Latus  Re  cl  urn  :  Is  to  the  Sum  of  any 
)two  Semi-ordinates  :  :  fo  is  the  Difference  of 
Uhofe  two  Semi-ordinatcs :  to  the  Difference  of 
■their  Abfciffa  s. 

Suppofe  any  Right-lir.e  drawn  within  the  Parabola,  as  b  D , 
parallel  to  its  Axis  S  Ay  then  will  that  Line  (  viz •  b  D  )  be  a  Dia¬ 
meter  (  by  Vef.  Page  3 )  which  will  make  ED=zAB*\-ab, 
I)  B  —  A  R —  ah,  and  b  V  ■=.  i  A  —  Sa.  Then  it  will  be 
L:  E  D:  :  V  B:  b  D  according  to  the  Theorem, 

SDemnnflrattom 
,  n  b  a  „  . 

S  A  ==  — - — -  By  Step  2.  $ 


Firft 


And 


of  the  lafi-  Procefs. 
□  b  a 


Sa  “ 


By  Step  1. 


1  —  2 


qX  L 


But 


6 ,  Analogy 

0 


4' 


Si 


SA 


of  the  laft  Procefs. 

a  BA  — a  ba 


sa 


SA  —  □  BA— Ob  a 


B 


D  BA—Dbi=B  4-\~baXBA — bi 
SA  —  ?axL=~BA  f -bass  BA  -bi 
L:  B  A  xb  a::  B  A  —  ba:  SA—rja 
L:  ED: :  DB:  bD 


‘Which  gives 
the  following 
Analogy. 


This 
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This  peculiar  Property  of  the  Parabola  was  firft  publifh'd  Anno 
1684.  by  one  Mr.  Thomas  Bilker,  Rector  of  Bijhop  Nympton  in  Devon - 
flrire,  in  a  Treatife  intitled,  The  Geometrical  Key :  or ,  The  Gate  of  /Equa¬ 
tions  unlocl£dy  wherein  he  hath  ftiew'd  the  Geometrical  Conftruition. 
and  Solution  of  all  Cubic  and  Biquadratic  adfe&ed  Equations  by 
one  general  Method,  which  he  calls  a  Central  Rule ,  deduc'd  from 
this  peculiar  Property  of  the  Parabola. 


SecS.  3.  To  find  the  Focus  of  any  Parabola. 

The  Focus  of  every  Parabola  is  that  Point  in  its  Axis  through 
which  the  Latus  Rettum  doth  pafs.  (See  Definition  3.  Sett.  4-  Pa-go  35  9*) 
Therefore  its  Diftance  from  the  Vertex  of  the  Parabola  may  be 
ealily  found,  either  by  the  Latus  Rettum  it  feif,  or  by  any  other 
Ordinate,  and  its  AbfcilTa. 

Thus,  fuppofe  the  Point  at  F  to  be  s 

the  Focus,  S  the  Vertex,  the  Ordinate 
RFR  —  L  the  Latus  Rectum,  and  b  a  b  a- 
ny  other  Ordinate. 


Then  willSFs=iL  OrSF 


n\bx 


Firft 
And 
2  ©•  2 

I,  =  3 

4  L 

Again 

Confeq. 


4Stl 

SDemonftrattcm. 

$FxL~  n  FR  By  Sett.  z*-Page  375. 

FRz=z  i  L.  For  the  Ordinate  RfR  —  L  as  above.' 

SFX  i  =  int 

SF^=z^L  As  by  Definition  4.  Sett.  4.  Page  SS9‘ 
FL  .A  —  1  by  the  third  Step  in  Page  375. 


□  b  a 
4  S  a 


i  L.  &c.  As  above. 


Q.  E.  D. 


Sed.4.  To  SDefctibe,  or  Draw  a  (Parabola  fever al  Ways . 

Note,  There  are  two  or  three  Ways  of  drawing  a  (Para¬ 
bola  Injlr ument ally  at  one  Motion  \  but  becaufe  thofe  In- 
jlr aments  or  Machines  are  not  only  too  perplex  d  for  a  Lear- 
71  er  to  man  age ,  but  alfo  a  little  fubje6l  to  Err  or ,  I  have 
therefore  chofen  to  pew  how  that  Figure  may  be  {the  bef ) 
drawn  by  a  convenient  Number  of  (points ,  viz.  Ordinates 
found ,  either  Numerically  or  Geometrically ,  according  to 
the  2Data ;  which 5  if  the  Work  of  the  three  lajl  Sections  be 
well  confderdy  mujl  needs  be  very  eafy . 


3  84  COtttt  ggCtiOttg.  Part  IV. 

1.  If  any  Ordinate  and  its  Abfcifla  are  given,  there  may  by 
them  be  found  as  many  Ordinates  as  you  pleafe  to  aflfign  or  take 
Points  in  the  Parabola's  Axis,  (by  Seel-  i.Page  374.)  and  the  Curye 
of  the  Parabola  may  be  drawn  by  the  extreme  Points  of  thofe  Or¬ 
dinates,  as  the  Ellipfis  was  Page  3 67. 

2.  If  the  Lam  Rettum,  and  either  any  Ordinate,  or  its  Ablcifla,' 
are  given,  then  any  align'd  Number  of  Ordinates  may  by  them  be 
found,  (by  Sett.  2.  Page  375,)  either  Numerically  or  Geometrically, 
e yc. 

3.  If  only  theDiftance  of  the  Focus  from  the  Vertex  of  the  Pa¬ 
rabola  be  given,  any  aftign’d  Number  of  Ordinates  may  be  found 
By  it.  For  S  F  —  ?  L  the  Lam  Rettum ,  and  \  L  —  F  ft  as  fri  the  laft 
Section  \  and  it  will  be,  asSF:  is  to  □  FR::  fo  is  any  other  Abfcifla 
(viz.  54,  or  SA ,  &c.)  :  to  the  Square  of  its  Semi-ordinate,  (viz.  □  ba3 
or  QBA)  according  to  the  common  Property  of  the  Parabola. 

Althoi  any  of  thefe  Ways  of  finding  the  Ordinates  are  eafy  e- 
nough,  yet  that  Way  which  may  be  deduc’d  from  the  following 
Proportion,  will  be  found  much  more  eafy,  and  ready  in  Pra&ice. 

tfhe  Sum  of  any  Abfcijfa  and  focal  Diftance 
)  from  the  Vertex,  will  be  equal  to  the  Diftance 
\from  the  Focus  to  the  extreme  cPoint  of  the 
■ Ordinate  which  cuts  off  that  Abfcijfa 

For  Tnflance,  Suppofe  S’ to  be  the  Vertex  of 
any  Parabola,  the  Point  P to  be  its  Focus,  and 
AB  any  Semi-ordinate  rightly  apply’d  to  its 
Axis  SA.  Then  I  fay,  where-ever  the  Point 
A  is  taken  in  the  Axis,  it  will  be  SA-F  SF—  FB. 

Confequently,  if  Sf—SF,  it  will  be  fj 
~  FB. 


•f 


jBDemonftratfou. 


Fir  ft 
Ergo 
2  ©■  2 
Again 

4  XL 


3  -  6 
But 
Ergo 

9  vjj  1 


$ 

2 

3 

4 

5 

6 

7 

S 


A 

A* 


SF~=  |L  bv  the  7tb  Step,  Sett.  „ 
f  A  =j  PA  -f- £L  by  Conftrudion  above. 

QfA-  UFA+PaxL:  itt 

SA  —  fzT+jL  by  the  Supposition  and  Figure. 

SA  XL  —FA  X  L :  +  fLL  But  SA  XT,  —Q  A3 
QAB^Fax  L  :  +  £LL 

Of  A  □  AB—OFA:  Confe.  OftTss  UFA  +  QA3 
□  PA  +  □  AB  =3  □  FB.  By  iheorm  1 1. 

Of  A  —  FB 


To  If  A—  FB 


Q^F,  D. 


Chis 


This  Proportion  being  well  underflood,  it  will  be  very  eafily 
apply ’d  to  Practice,  fuppofing  the  Focal  Diflance  given,  or  any 
other  Data  by  which  it  may  be  found. 

Thus  draw  any  Right  Line  to  reprefent  the  Parabola’s  Axis, 
and  from  its  Vertical  Point,  as  at  S,  let  off  the  Focal  Diflance 
both  upwards  and  downwards.  viz>  make  S/==:SF  the  Diflance  of 
the  given  Focus  from  the  Vertex,  as  in  the  laft  Scheme 
Then  by  the  Proportion  it  is  evident,  that  if  never  fo  many 
Lines  be  drawn  ordinately  at  Right  Angles  to  the  Axis  the  true 
Diflance  between  the  Point  f  out  of  the  Parabola,  and  any  of 
thofe  Lines  (or  Ordinates)  being  meafur’d  or  let  off  from  the  Focus 
F  to  the  fame  Line  (or  Ordinate)  it  will  aflign  the  true  Point  in 
that  Line  through  which  the  Curve  muff  pafs.  That  is,  it  will 
fhew  the  true  Limits  or  Length  of  that  Ordinate,  as  at  B  in  the 
laft  Scheme. 

Proceeding  on  in  the  very  fame  Manner,  from  Ordinate  to  Or¬ 
dinate,  you  may  with  great  Expedition  and  Exattnefs  find  as  many 
Ordinates  (or  rather  their  Points  only,  like  B)  as  may  be  thought 
convenient ;  which  being  all  joyn’d  together  with  an  even  Hand, 
will  form  the  Parabola  requir’d. 

N.  B.  The  more  Ordinates  (or  their  Points)  there  are  found, 
and  the  nearer  they  are  to  one  another,  theeafier  and  exa&er  may 
the  Curve  of  the  Parabola  be  drawn.  The  fame  is  to  be  obferv’d 
when  any  other  Curve  is  requir’d  to  be  drawn  by  Points. 

Se<5l.  5.  To  draw  a  '(EangCUt  to  any  given  Point  in  the 

Curve  cf  a  Parabola. 

Tangents  are  very  eafily  drawn  to  the  Curve  of  any  ParatoU* 

For,  Suppoling  S  to  be  its  Vertex, 

B  the  Point  of  Contact  viz-  the  Point 
where  the  Tangent  muil  touch  the 
Curve.  And  P  the  Point  where  the 
Tangent  will  interfeft,  (or  meet  with) 
the  Parabola’s  Axis  produc’d.  Then 
if  from  the  Point  of  Con ta&  B.  there 
be  drawn  the  Semi-ordinate  B  A  at 
Right  Angles  to  the  Axis  SA,  where- 
loever  the  Point  A  falls  in  the  Axis, 
it  will  be  SP  =  S  A. 

SDcmcnflraticm. 

* 

Draw  the  Semi-ordinate  ba  (as  in  the  Figure)  then  will 
the  A  BAP,  and  A  be  alike.  Let  y  —  AS  the  Abfciffa,  and 

D  d  d  '  }  s,  s=  S  P  > 
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—  SP£  p\itx^=Aa  the  Diftance  between  the  two  Semi-ordi¬ 
nates  \  which  we  fuppole  to  be  infinitely  near  each  other,  as  in 
the  Elliphs,  Pag.  37 1- 

y  4  z,  ‘  BA  '  *  y  -{-  z,  4  x  \  b  a.  Per  Theorem  1 3. 
y  4  z.  ‘  y  4  z.  4 x  •  *  B  A  :  bn.  See  Page  1 92. 
y  :  Cl  B  A  ::  y  4  x  :  □  b  a.  Per  Toeorem  Page  374. 
y  :  y-\~x::  GBA  :  □  ha 

S77  4  27^  4  yy  4  2 yx  4-  z,z,  4  zzx  4 

>  XX  ::  DBA  :  n  la 

\y  :y  +  x  :  1774^  4  **-^4  ^  +  4 

/  zz.x-\-xx 


Then 
1,  Or 
Again 
3,  Or 

2  in  □’$ 


4>  5 

6  .% 

That  is, 
Suppofe 
Then 
Io  tUJ  2 


3 

4 

5 

6 


S 

5? 

10 

11 


yy  4-  2y<,  4.7*  4"  4  izx  4-  —  =3 


yy  4 27-^  41  xyx  4  ^ 4*^4 xx 

z=.yx  4**-  Confequently-^  r=,y  4*  x 
*=o  And  reje&ed,  as  in  the  Ellipfis,  Page  371. 


- — =7  Confeauently 
J' 

^:=7  That  is,  S  P  S  A 


-yy 


Q.E.D 


CHAP.  IV. 


Concerning  the  chief  Properties  of  the  ^ppctbola* 

"Ote,  Any  Part  of  the  Axis  of  an  Hyperbola,  which 
is  intercepted  between  its  Vertex  and  any  Ordinate, 
(v/z.  any  intercepted  Diameter)  is  call'd  an  AbfciiFa,  As 
in  the  Parabola. 

Se6t.  1.  The  Plane  of  every  Hyperbola  is  proportion'd 

by  this  General  Theorem . 

(  As  the  Sam  of  the  Tranfoerfe  and  any  A  bfciha 
J  multiply  dint 0  that  Abfcifla:  is  to  the  Square  of 
€l;eorcm.<<  its  Semi-ordinate  ::  fo  is  the  Sum  of  the  Trail]* 
I  verfe  and  any  other  Abfc  ill  a  multiply  d  into  that 

l  AbFcifla  :  To  the  Square  of  its  Semi-ordinate . 

That 
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That  is,  if  TS  be  the  Tranfverfe  Diameter, 

A  d  S  A,  AbfcifTa's. 

cbt,  BA ,  Semi-ordinates. 

Then  is = 

men  ^^rA—rs^.SA, 

And  it  will  be 

Taxsainba  ::TAxsA:  DBA. 

That  is, 

TS+Saxsa  :  aba  ::  rs+SAxsA:  C 

&c. 


r 


c  > 


SDemonfltation. 


Let  the  following  Figure  H  V  G  reprefent  a  Right  Cone  cut  into 
two  Parts  by  the  Right  Line  S  A;  then  will  the  Plane  of  that 
Seftion  be  an  Hyperbola  (by  &#.  5.  Chap.  1.)  in  which  let  SA  be 
its  Axis,  or  intercepted  Diameter,  b  a  b,  and  BAB,  Ordinates 
Rightly  apply’d  (as  before  in  the  Parabola)  and  TS  its  Tianfverfe 
Diameter. 

Again,  if  the  Cone  is  fuppos'd  to  be  cut  by  bg,  parallel  to  its 
Bafe  HG,  it  will  alfo  be  the  Diameter  of  a  Circle,  &'c.  as  in  the 
Ellipfis  and  Parabola. 


Then  will  the  AS^  and  ASGA 
be  alike,  alfo  the  AT ab  and  TAH 
will  be  alike 5  therefore  ic 


will  be 
And 

1 

2 


•  % 


■3 

4 


3  xy 

But^ 

And  !  7 


6,  7 
Anal. 


8 


S a  !  Ag  ! !  S  A  AG 
T  a  :  a b  : :  T  A  :  AH 
SdX  AG— SA  X  Ag 
T«AH  =  TAxj/; 

V  S  ^  X  T  <2  X  A  G  X  A  H 
A  —  SAxTAx^x  ab 
a  5  x  ah >  =:  □  a  b 
£  A  G  X  A  H  =  □  A  B 
£Per  Lemma  Page  357. 

“S^xTi'X  □  AB=;  h 

SAXTAXO^ 

Which  give  the  following 
a  x  T  a  :  □  a  b  : :  S  A  x  T  A  :  DAB,  &c. 


G 


D  d  d 


Q.  E.  D. 

Theft 
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Conic  Sections. 


Part  IV. 


Thele  Proportions  are  the  common  Property  of  every  Hyper¬ 
bola,  and  fio  only  differ  from  thole  of  the  Ellipfis  in  the  Signs  + 
And  —  As  plainly  appears  in  all  the  T 

following  Proportions. 

That  is,  if  we  fuppofe  TS  the  Tranf- 
verfe  Diameter,  common  to  both 
Sections,  (viz,,  both  the  Ellipfis  and 
Hyperbola)  As  in  the  annex'd  Scheme. 

Then  in  the  Ellipfis  it  will  be 
TS—SaXSa :  □  ab  : :  TS  —  SA  X  SA  :  □  AB 
(As  by  Seel.  i.  Chip.  2.) 

And  in  the  Hyperbola  it  is 
fs-\-Sa x  Sa :  Qab::  TS + s A  X  SA  :  □  AB  2 
As  above. 

And  therefore  all  that  is  farther  requir'd  in  the  Hyperbola,  may 
(in  a  manner)  be  found  as  in  the  Ellipfis,  due  Regard  being  had  to 
to  changing  of  the  Signs. 

Sc6t  2.  To  find  the  iLatiiTiRttfum,  or  Slight  fwmttit 

oj  any  Hyperbola . 

From  the  Iafi:  Proportion  take  either  of  the  Antecedents  and  its 
Consequent,  either  TV  x  Sa'.Qab.  Or,  TAX  SA  :  □  AB.  To 
them  bring  in  the  Tranfverfe  TS  for  a  third  Term,  and  by  thofe 
Three  rind  a  Fourth  Proportional  (as  in  the  Ellipfis)and  that  will 
be  the  Latin  Re  ft  urn. 


Thus 

Then 

But 


2,  3  4 


□  ab  X  TS 

Tax  Sa:  Gab  ::TS:  - - -  : 

Ti  X  Sa 


the  Lam  Rectum,  which 


rail  L  (as  in  the  Parabola.) 
ts:  L  ::  Tax  Sa:  O  ab. 

Ta  x  Sa :  □  ab  : :  T  A  x  S  A  :  □  AB.  Therefore 
TS:  L  : :  TA  X  SA  :  □  AB,  &c. 


Confequently  L  is  the  true  Latus  Reftum,  or  Right  Parameter,  by 
which  all  the  Ordinates  may  be  found,  according  to  its  Definition 
in  Chapter  1. 

And  becaufeF5’+  Sa^Ta.  Let  it  be  TS'-f-SU,  inftead  of  Ta. 

_  .  □  ab  X  TS 

Then  it  will  be — - =  £ 


TSX  Sa  :+  □  Sa 


And  in  the  Ellipfis  it  would  be 


Gab  X  TS 


LR=zL. 


TSX  Sa  :  —  GSa 


Se&. 
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Se&.  3.  To  find  the  jfocug  of  any  Hyperbola . 

The  Focus  being  that  Point  in  the  Hyperbola  s  Axis,  through 
which  the  L dtui  Rectum  mud  pafs,  (As  in  the  Ellipfis  and  Parabola) 
it  may  be  found  by  this  Theorem- 

( To  the  Keel  angle  made  of  half  the  Tranfuerfe 
I  into  half  the  Latas  Re  Bum ,  add  the  Square  of 
half  the  Tranfuerfe  \  the  Square  Root  of  that 
|  Sum  ‘will  be  the  rh'fi  ance  of  the  Focus  from 
[the  Center  of  the  Hyperbola* 

SDcmonCtratiop. 

Suppofe  the  Point  at  F,  in  the  annex'd  Scheme,  to  be  the  Focus 
fought.  Then  will  FR  =  iL- 


Let  Teles’ be  half  the  Tran  fverfe ;  then 
is  the  Point  C call'd  the  Center  of  the  Hy¬ 
perbola  (for  a  Reafon  that  Ihall  be  here¬ 
after  ihew’d.)  and  SFr==.d. 

Again,  Let  C$z=zd-  And  SF—a, 


♦ 

1 


Then 
That  is, 

S 

4  wj  z 
Or,  5,  —  d 


zd:L  : :  id~\~dXd: 

ts:  l::Ts  +  sfx  Fs  :  □  FR 

tjrdL.  ida  dd 

dd  ’-j-'  IjriL  —  dd  4"  2 ,dd  -}“  CLd 

-Fc: 
: SF 


dd  -}—  4;dL  — -  d  *4*  d 

d 


6 1  \/ dd  4“  ^ dL  • —  d 

:  In  the  Ellipfis  it  is,  id  :  L  ::  id  —  a  X  d\  £  LL, 

That  is,  %dL=:zdd —  dd.  &c. 

The  Geometrical  Effect  ion  of  the  laft  Theorem  is  very  eafily  per 
form'd,  thus; 

Make  Sx  =  |L,  viz.  half  the  Ldtui  Rectum ; 
and  let  CS~  d,  asabove. 

Upon  Cx  (as  a  Diameter)  deferibea  Circle ; 
and  ar^ the  Vertex  of  the  Hyperbola  draw 
the  Right  Line  nSN at  Right  Angles  to  Cx ; 
then  join  the  Points  CAT  with  a  Right  Line, 
and  ’twill  be  CM=zd  4 -  d  •=.  F  C- 
For  |  1 
That  is, 2 

e  } 

3 

A 


Z  €  C 

But 
3,  4  j  5 

5  WJ  2 


CS :  SH : :  SM :  Sx  per  Fig 
d:SN::sv:il 
ytL  =  □  SM 
dd  +  OSN  =:  □  CN 
dd  -4-  yi  ~  □  cm 

-JL  ==  CN 


/Jd  + 


V  <* 


d-\~a  ,&:c/ 


Now 
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Now  here  is  not  only  found  the  Diftance  of  the  Hyperbola's 
Focus,  either  from  its  Center  C,  or  Vertex  S;  but  here  is  allb 
found  that  Right  Line  ttfually  call'd  its  Conjugate  Diameter,  viz. 
the  Line  «SN,  which  bears  the  fame  Proportion  to  the  Irani veri'e 
and  LdtusReftum  of  the  Hyperbola,  as  the  Conjugate  Diameter  of 
the  Elliphs  doth  to  its  Tranfverle,  and  Latus  Rectum. 

For  in  the  Ellipf  s  T  S :  N  n  ::  N  n  :  L  R.  per  bed.  z.  Pa^e  3^3. 

Confequently  |  TS  :  |  N  n  : :  |  N  n :  |  L  R. 

But  |TS  =s.d.  4N»=SN.  And  |LR  =  |L* 

Tlierefore  d  :  SN  ::  SN  :  |L.  As  at  the  fecond  Step  above. 

What  Ufe  theaforefaid  Line«SN  is  of,  in  Relation  to  the  Hy¬ 
perbola,  will  appear  farther  on. 

Sedt.  4.  To  STcCct ibc  an  Hyperbola  in  'Llano* 

Tn  order  to  the  eafy  defcribing  of  any  Hyperbola,  in  Plano ,  it  will  be 
convenient  to  premile  the  following  Propofition,  which  differs 
from  that  of  the  Elliplis  in  Sec 7.  3 .cbap.z.  only  in  the  Signs. 

r If from  the  Focus’s  of  any  Hyperbola,  there  be 
drawn  two  Right  Lines,  fo  as  to  meet  each  0- 
j  t^er  in  any  Loint  oj  the  Hyperbola’s  Curve, 
^OpOllttcm.  \  the  Difference  ofthofe  Lines  (in  the  Elliplis 

it  is  their  Sum)  will  be  equal  to  the  Trauf* 
j  verfe  Diameter* 

That  is,  if  F  be  the  Focus,  and  it  be  madeC/=  C  F,  (as  in  the 
lad  Scheme)  then  the  Point  /  is  faid  to  he  a  Focus  out  of  the  Section 
(or  rather  of  the  opposite  Section)  and  it  will  be  /B —  F  B  =  TSi. 


SDemonRration* 


Suppofe/C  orCf— and  S  A=zx.  Let  CS,  ovTC~d,  as 
before. 

Then  will  fA s=  d  -T  x  'T  •?,,  And  FA  pc  d  4-  x  — 

Again.  Let  FB^b}  and  fBz=zb.  Then  zd~b —  b3  by  the 
Proportion. 

From  thefe  fubjlituted  Letters  it  follows, 


That 
And 
But 
Per  4th  ? 
of  MS 


1 


dd  4~  zdx  fo  ldz.  “T  xx  “zZjX  “T  =  □  f  /f 
dd  -f-  idx-' —  xx — >  zzx  4“  —  □  FA 

□  f  A  4-  □  AB^  □//>.  And  Of  A  -f  OAB—FB 
j  dd  IfL  rzzc  dd  ~f~  zda  4"  an  G  FC 


3 


3  »-*f»  dJ 
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Chap.  4. 

3  —  dd 

4 

4  “ z  d 

5 

Again 

F 

5>  F 

7 

7 

8 

I  4*  8 

8 

1  4"  8 

lo 

9  X  dd 

11 

lo  X  dd 

12 

II  WJ  2 

13 

1 2  U/J  z 

14 

13  d 

15 

14  -h(J 

IF 

IF,  or 

17 

l<  —  17 

18 

zz  —  dd  =  lL 
zz —  dd _ 


4:4 


i4  .  £  * .  i4-}-*a;X  #  I  £D  AB  By  com.  Properties- 

.  ZZ —  dd  . 

id :  — — —  : :  idx  -j-  xx:  □  ab 


idzzx  4~*  zzxx  —  zdddx  —  ddxx 


dd 


□  AB 


'dd  4"  2 Jx  -}*•  zdz  -f-  XX  --J-  2ZX  4"  ZZ  4* 

1  2 d txx - id3  X- —  ddxx 

— - —  nfA+OAB=zbb 


dd 

'dd  -p  2  dx  < — idz~\~  xx  — •  zzx  +  zz  + 

idzzx  -j-  zzxx— 4  zdix- — ddxx  „  4 

- — □  FA+  □  AB ==  bb 

dd 

4v-j-  id3  z  4-  2 ddzx  4-  ddzz  4~*  idzzx  4"  zzxx  r=z  ddhh 
d*-—idiz —  iddzx-{*  ddzz  4-  idzzx  zzxx  =zddbb 

\ ^  C'T  ^ Altbo*  the  /Equation  at  the  iCtb 

~  ' c  Step  be  in  it  [elf  impojfible,  bee  an [s 

z  is  greater  than  d  j  ( by  the  4 th 
Step) yet  from  thence  it  will  be  eafy 
4  to  conclude,  that  the  Vifference  be - 


d  +  z  +  ~l 

a 


z 


zx 

T 


1  zx  . 

*  4**  b 


zx 


tween  d  and  z-\ — j  w/7/  give  the 

true  Value  of  b,  as  in  the  17 tb 
\Step. 


But  becaufe  I  would  leave  no  Room  for  the  Learner  to  doubt 

about  changing  the  Equation,  d>—z  —  z*z=zb  into  that  of 

d 

.  zx 

Z  *  ~d  — d~b,  it  may  be  convenient  to  illuftrate  the  whole 

Procefs  in  Numbers,  whereby  (I  prefume)  it  will  plainly  appear 
that  h  - —  b  z=a  TS. 

In  order  to  that/  Let  the  Tranfverfe  TS~  id  ==  12.  Then  d  t=z6 
Suppole  the  Abfciffa  S A  s=  x  =z  4.  And  the  Semi-ordinate  AB~  3 


Firft 
I,  Viz. 

Again 

3,  Viz. 
Then 
And 


1 

1 


4 

5 

6 


TS  4-  s A  X  SA  :  n  AB  : :  TS  :  L  per  Sett.  1. 
1244X4—^:5.':  1 2  *.  1  6  3  7  5  —  L 
V dd  4  jdLz^d  4~  a  =  CF  per  Se<5L  3. 
v/  16  4~  y  oc Jl  5  ==  <5,408  =  CF  ==  z 

d  4-  x  4-z=:^4-‘44:  6, 408  IF, 4^8  z=zf\ 

d  4"  X  — "  v  .2=;  6  4-4  —  F j4°S  3,592.:=  F  A 


5  ©■  2 


CoitiC  &e(t!Oit£.  Partly. 


5  ©■  2- 

7 

169, 2224  =  n  f  a 

6  ©•  2 

8 

Ii.5j02.4-  □  fa 

But 

9 

□  AB  For  ABr=r.  3  by  Suppofition. 

7  +  5? 

Io 

178,1224=  QfA+Q  AB  —  OfB 

8  +  9 

II 

11,9014 =Qfi+a^s  =  ofs 

Io  WJ  1 

li 

16,6S==:fB 

II  UJJ  2 

13 

4,68  F  B 

11  —  13 

14 

1 2. 00  —  FB z=zTS.  Which  was  to  be  prov’d 

If  this  Proportion  be  truly  underftood,  it  mull  needs  be  eafy 
to  conceive  how  to  defcribe  the  Curve  of  any  Hyperbola  very 
readily  by  Points,  when  the  Tranfverfe  Diameter  and  the  Focus 
are  given,  (or  any  other  Data  by  which  they  may  be  found,  As  in 
the  preceding  Rules.)  Thus, 

Draw  any  ftrait  Line  at  Plea fu re,  in  f 

it  fet  off  the  Length  of  the  given  Tran  f-  . 

verie  TS,  and  from  its  extreme  Points 
or  Limits,  viz.  T,  S,  fet  off  Tf—$F,  the 
Diftance  of  the  given  Focus;  (viz.  the 
Point  f  without,  and  F  within  the 
Se&ion,  as  before)  that  done,  upon  the 
Point  /  (as  a  Center)  with  any  af-  ■ 

fum'd  Radius,  greater  than  TS ,  defcribe  ' 

an  Arch  of  a  Circle;  then  from  that  / 

Radius  take  the  Tranfverfe  T5,  making  >  /  | 

their  Difference  a  fecond  Radius,  with 
which  upon  the  Point  F  within  the 
Seftion,  defcribe  another  Arch  to  Cut 
or  Crofs  the  firft  Arch,  asatS.  Then  will  that  Point  B  be  in  the 
Curve  of  the  Hyperbola,  by  the  laft  Proportion.  And  therefore 
'Tis  plain,  that  proceeding  on  in  this  Manner,  you  may  find  as 
many  Points  (like  JS)  as  may  be  thought  convenient ;  (the  more 
there  are,  and  nearer  they  are  together,  the  better)  which  being  all 
joyn'd  together  with  an  even  Hand  (as  in  the  Parabola)  will  form 
the  Hyperbola  requir’d. 


3.H- 
/  \ 


-.3 


There  are  feveral  other  Ways  of  delineating  an  Hyperbola  in 
Plano;  one  Way  is  bv  finding  a  competent  Number  of  Ordinates, 
as  by  Se<5L  i.&c.  But  I  think  none  fo  eafy  and  expeditious  as  this 
Mechanical  Way  ;  I  (ball  therefore,  for  Brevity's  Sake,  pafs  over 
reft,  and  leave  them  to  the  Learner's  Practice,  as  being  eafily  deduc  d 
from  what  hath  been  already  faid. 
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Se&.  S*  ^0  draw  a  tangent  to  any  given  Qoint  in  the 

Curve  of  an  Hyperbola. 

The  drawing  of  a  Tangent  that  will  touch  any  given  Point 
in  the  Curve  of  an  Hyperbola,  may  be  eafily  perform'd  by  Help 
of  a  Theorem,  as  in  the  Ellipfis,  Sett  6 .  Chap.  1. 

CD^TS  the  Tranfverfe  Diameter 
-c  h=.the  Latus  Kettum 
CJ^SA  the  Abfcijfa. 

Cthe  Diliance  between  the 
<nj  —a Ordinate,  and  that  Point 
yin  the  Tranfverfe  cut  by 
£the  Tangent. 

Then  if  y  be  given,  *  may  be  found 

by  this  Theorem. ~  z 
>  m  '  l  jD  *-py 

Which  differs  from  that  in  the  Ellip¬ 
fis  only  in  the  Signs,  vide  Page  37 1. 


Or  if  x  be  given,  then  y  may  be  found  by  this  Theorem . 

:  +  £D  +  «  —  £D=:j 


'XX 


tTjjeojem.  v'DD+ 

SDtmondration. 

Draw  the  Semi-Ordinate  b  a ,  as  in  the  figure,  and 


put*: 

Then 
That  is. 


an  infinite  fmall  Space  between  the  two  Semi-Ordi*. 
s  nates.  As  before  in  the  Ellipfis,  &c. 


Again 
That  is. 


per  Figure 
7  in  b’s 
Sup  pole 

Then  3,  9 

10  1 


•  « 


7 

8 

9 

lo 
T I 


D :  L : :  Dv  *\~yy :  □  AR 

Ts:L::Ts  +  SAxSArD  AB 

D 

D  :  L  .*  1  Dv  -]-  vy  • —  tvx  — •  Dx  4“  sex  *  □  &b 

Ts :  L : :  Ts  +  S*2  x  :  □  ab 

Dv  L  4~*  v.yL  — •  iyxL  —  Dx  L  4"  xvL ^  ^ 

z :  AB  ::z—x:ab  viz,.  PA :  AB : : Pa :  ab 

;  O  AB.:  zz  zzx  xx :  □  ab 

x  —  o  and  every  where  rejefted,  as  in  the  Ellipfis. 

DyL  +  yyL  _  , 

zz :  — - — —  - — : :  zz  —  zz :  □  ab 

Dy Lt-t. 4~ yv L zz  —  iDvL^- — rvyLr  _  , 

- - ^ - D « -  =  D  * 

E  e  e 


6,  II 


6, 


II 
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DyL  -|-  yyL — ■  ?yL —  DL  __ 

~  D 

DyL  ZjZj  ~f"y,yL  —  iDvLg,  — -  lyyTz, 

_ 

i  [)>-  -L  >v c=: Dy -j-* yy 

fj ^  y\yy  wXy  y  \  z>:  Viz.  CA ;  SA  ::TA:  AP 

~  — SLlt^  Which  is  the  firft  Theorem. 

^DXy 

yy  -f  Dy  —  zy —  'iV)z 

,  DD  —  iD-^  -j-  zz_  DD  +  zz, 

•  y  V  *"T“ •  ""  p"  • 

4  4 

.  DD  +  ^ 

y  -f~  -%  D  ■  -£  z  •— -*  y  ~ 


ii  Reduced 
1 3  Analogy 

l3-^*>-y 
13  — ' 

nc 

17  tw  i 

IS  ± 


I  z 

14 

15 

16 
17 

IS 

*S> 


yy  +  Dy-— *y+ 


4 

y^D-l-a^,  .  .  T  i  ry  S' 

1  — *  ~  7  *  *  %z>  ^  l  fecond.  Theorem. 


Which  is  the 

Q  E.  DJ 


The  Geometrical  Effeaion  of  the  firft  of  thefe  Theorems  is  very 
eafy ;  for  by  the  i4th  Step  it  is  evident,  that  there  are  three  Lines 
given  to  find  a  fourth  proportional  Line,  By  Problem  3*  P  &e  3°  * 

SCHOLIUM. 

From  the  Comparifons  which  have  been  all  along  made  in  this 
Chapter,  between  the  Hyperbola  and  the  Ellipfis,  it  will  be  ealy 

(even  for  a  Learner)  to  perceive  the  Co-  ’*-* 

herence  that  is  in  (or  between)  thole 
two  Figures.  But  for  the  better  under- 
ftanding  of  what  is  meant  by  the  Center 
and  Afymptotes  of  an  Hyperbola,  con- 
fider  the  annex’d  Scheme,  wherein  it  is 
evident  (even  by  Infpe&ion  )  that  the 
oppolite  Hyperbola’s  will  always  be  a- 
like,  becaufe  they  will  always  have  the 
fame  Tranfverfe  Diameter  common  to 
both,  &t.  See  Se ft.  i.  of  this  Chapter.  Alfo, 
that  the  middle  Point,  or  common  Cen¬ 
ter  of  the  Ellipfis,  is  the  common  Cen¬ 
ter  to  all  the  four  Conjugal  Hyperbola’s. 

And  the  two  Diagonals  of  the  Right-angled  Pa  rale!  log  ram, 
which  circumfcribes  the  Ellipfis,  or  is  infcnb  d  to  the  tour  Hyper¬ 
bola’s,  being  continu’d,  will  he  fuch  Aiymptotes  to  thofe  Hype 
bola*s  as  are  defin’d,  Chap.  i.  Seft.  *>•  Vejin.  4. 
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Sect-  6.  To  draw  the  0fjrmp:otCg  of  an  Hyperbola ,  &c. 

Having  found  the  Latus  Return,  (  by  Sect.  2. )  and  the  Conjugate 
Diameter  n  SN,  in  its  true  Pofition,  by  Sett.  3.  Then  through  the 
Center  C  of  the  Hyperbola,  and  the  Extreme  Points  n,  N,  of  its 
Conjugate  Diameter,  dtaw  two  Right  Lines,  as  CN,  and  .Cn,  in¬ 
finitely  continued,  (3s  in  the  following  Figure)  and  they  will  be 
the  Afymptotes  requir  d. 

That  is,  they  are  two  fuch  Right  Lines  as,  being  infinitely  ex¬ 
tended,  will  continually  incline  to  the  Sides  of  the  Hyperbola, 
but  never  touch  them. 

gDcmcmflration. 

Suppofe  the  Semi-Ordinates  ab  and  AB  to  be  rightly  apply'd  to 
the  Axis  TA,  and  produced  both  Ways  to  the  Afymptotes,  as  at 
fg  and  FG.  Then  will  the  A  CSN,  A  C  ag,  ACAG,  be  alike, 

Let  d  =  CS  =  TC.  And  L=  the  Lam  Retfum.  As  before. 


the  Abfcifla's.  Then  +  ' 
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»-« 

1 

1  « 

) 

15 

— =□  AG—QAB 

2 

Alfo  | 

OO 

A^r~\*AB^=aBF  p  pjgnre 

AG  —  AB  —  BGS  F  Hg  f  * 

17  X  18 

19 

HAG  —  QAB=zBFxBG 

16,  19 

20 

BfXBG  —  idL 

II,  &  20  -r* 

2  I 

idL  ,  idL 

Andi?<?-V 

From  the  laft  Step  it  is  evident,  that  th eAfymptotes  are  nearer  the 
Hyperbola  at  G,  than  at  and  confequently  will  continually  ap¬ 
proach  its  Curve,  For  B  F)  idL  (=£G  is  lefs  than  bf  )  idL  (=^bg, 
becaufe  the  Divifor  B*F  is  greater  than  the  Divifor  b  f  j  and  it  mult 
needs  be  fo  where-ever  the  Ordinates  are  produced  to  the  Ajywp- 
totes,  from  the  Nature  of  the  Triangles. 

Again,  from  the  7th  and  16th  Steps  it  is  evident,  that  the  A- 
fymptotes  can  never  really  meet  and  be  coincident  with  the  Curve  of 
,  the  Hyperbola,  although  both  were  infinitely  extended  ;  becaufe  idL 
will  always  be  tjie  Difference  between  the  Square  of  any  Semi-ordi¬ 
nate,  and  the  Square  of  that  Semi-ordinate  when  it  is  produced  t<$ 
the  Afimptote. 

CONSECTARY. 

From  hence  it  follows,  that  every  Right  Line  which  paffes  thro* 
the  Center,  and  falls  within  the  Afymptoles ,  will  cut  the  Hyperbola ; 
and  all  fuch  Lines  are  call'd  Diameters ,  as  in  the  EUipfis,  becaufe  the 
Properties  of  the  Hyperbola  and  EUipfis  are  the  fame. 

Note ,  Every  Diameter ,  both  in  the  EUipfis,  Parabola  and  Hyperbola  hath 
its  particular  Latus  Reffum  and  Ordinates »  which  ihould  they  be  di- 
ftindtly  handled,  and  theEffe&ion  of  all  fuch  Lines  as  relate  to  them ; 
as  alfo,  the  Nature  and  Properties  of  fuch  Figures  as  may  be  in- 
fcrib'd  and  circumfcrib'd  to  all  the  Se&ions,  with  the  various  Ha¬ 
bitude  or  Proportions  of  one  Hyperbola  to  another,  0*.r.  would  af¬ 
ford  Matter  fufficient  to  fill  a  large  Volum.  But  thus  much  may 
fuffice  for  an  Introduction ;  Ifhall  therefore  defift  purfuing  them 
any  farther,  being  fully  fatisfy’d,  that  if  what  I  have  already  done 
.he  well  underftuod  the  reft  mu  ft  needs  be  very  eafy  to  any  one  that 
intends  to  proceed  farther  on  that  Subject. 


3?7 


A  N 


INTRODUCTION 

T  O  T  H  E 

attjemattcfcs. 

PART  E 


TH  E  Method  of  finding  out  an y  particular  Quan¬ 
tity,  (viz.  either  any  Line,  f£UpctfiCiC3  or  ^oltb) 
by  a  regular  tyrogrejjion  or  Series  of  Quantities  continu¬ 
ally  approaching  to  it,  which  being  infinitely  continu'd, 
would  then  become  perfe&ly  equal  to  it,  is  what  is  com¬ 
monly  call'd  Arithmetick  oi  Infinites',  which  I  lhall  briefly 
deliver  in  the  following  Lemma's,  and  apply  them  to 
Prablice  in  finding  the  Superficial  and  Solid  Contents  of 
Geometrical  Figures  farther  on. 

L  E  M  M  A  I. 

In  any  Series  of  equal  Numbers,  reprefenting  Lines  or 
other  Quantities)  As  i.  I.  i.  i.  &c.  Or  2.  2.  2.  2. 
&;c.  Or  3.  3.  3.  3.  &c.  JJ  one  of  the  Terms  be  mul¬ 
tiply  d  into  the  Number  of  Terms,  the  cProdu0  will  be 
the  Sum  of  all  the  Terms  in  the  Series . 

This  is  fo  very  plain  and  eafy  to  be  underftood,  that  it  needs 
no  Example. 

^  L  E  M  M  A  II. 

If  the  Series  of  Numbers  in  Arithmetical  Trogrefjtou  begin 
with  a  Cypher,  and  the  common  Difference  be  1.  As 
o.  1.  2.  3.  4.  &c.  (reprefenting  a  Series  of  Lrncs  or 
Roots  beginning  with  a  Point)  If  the  lafi  T *rm  be  mul¬ 
tiply  d  into  the  Number  of  the  Terms,  the  Troducl  will 
be  double  the  Sum  of  the  Series . 

That  is,  putting  L=  the  laft  Term,  the  Number  of  Terms, 
and  $  ~  the  Sum  of  all  the  Series. 

n  v  t  •  .  ' 


Thea 
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Then  will  NL=sS.  Confequently,  iNL=S. 
viz.  one  half  of  lo  many  Times  the  greateft  Term,  as  there  are 
Number  of  Terms  in  the  Series. 

T  r  o+* +2^3+4 io  the  Sum  of  the  Series  =  i  N  L. 

US  c  4~}“4“1^4'|-4vi"4  20  =  N  L. 

And  this  will  always  be  fo,  how  many  Terms  foever  there  are, 
by  Cjnfifi.  i  .  Page  i8j. 

LEMMA  III. 

If  a  Series  of  Squares  whofe  Sides  or  Roots  are  in  Arithme¬ 
tical  Trogrejjion,  beginning  with  a  Cypher  ,  Sic.  (as  in  the 
laft  Lemma)  be  infinitely  continued ,  the  lad  Term  being 
multiply  d  into  the  Number  of  Terms,  will  be  Triple  to 
the  Sum  of  all  the  Series,  viz.  NLL—3S,  or  y  NLL=S. 

That  is,  the  Sum  of  fuch  a  Series  will  be  one  Third  of  rhe  laft 
or  greateft  Term,  fo  many  Times  repeated  as  is  the  Number  of 
Terms  in  the  Series. 


Infauces  in  Square  Numbers. 

5 °+I+4_;  5  __  I  ,  I 
c4“f,4“4~4  1 2  3  Iz 

_  14  7  I  j  1 

2  C9+9+9+9  3^  '  18  3  18 

5  °+I+4+  9  +  16  __  __ 

8o  8  7-4  3  24 

From  thefe  I'nftances  it’s  evident,  that  as  the  Number  of  Terms 
in  the  Series  does  increafe,  the  Fraction  or  Excefs  above  |  does 


dccreafe,  the  faid  Excefs  always  being - which,  if  we  fup- 

6  N  — 6 

pofe  the  Series  to  be  infinitely  continued,  will  then  become  infi- 
nire’y  fmall,  viz.  in  Effect  nothing  at  all. 

Confequently,  j  NLL  may  be  taken  for  the  true  or  perfect  Sum 
of  fuch  an  infinite  Series  of  Squares. 

L  E  M  M  A  IV. 

If  a  Series  of  Cubes,  whofe  Roots  are  in  Arithmetical 
Trogrejfon,  beginning  with  a  Cypher,  Sec.  (as  above) 
be  infinitely  continued,  the  Sum  of  all  the  Series  will  be 
-4  NLLL  —  S. 

That  is,  is  one.  Fourth  of  the  laft  or  greateft  Term,  fo  many 
Times  repeated  as  is  the  Number  of  Terms. 

Infianm 


Appiy’d  to  superficies,  &c.  399 

Infiances  in  Cube  Numbers . 

If  o .  1 . 2 . 3  .  &c.  be  the  Roots  of  the  Cubes. 

*  o  +  I  +  8  *~}~*27r 36  4 

27+27+27+27  I08  12 

5  0  1  "t"  S  27  +  64 loo  __  lo jr _ I_  .  I 

^64+64+64+64  +  64  32°  Sz  *6  4  16 

^  o  +  1+8  +  *7  4*  64  +127  227 _ ^7  $ 


Then  1. 


-  +  — 
4  12, 


)  I2j:+l27+i25+i25+i27+i25  750  I70  lo 


>• 

?=-= 

20 


4  20 


Prom  all  thefe  Examples  it  plainly  appears,  that  as  the  Number 
of  Terms  in  the  Series  increaies,  the  Fra&ion  or  Excefs  above  ^ 

decreafes ;  the  Excefs  being  always  —7 — -  which,  if  we  fuppofe 

4  N* — 4 

the  Series  to  be  infinitely  continued,  will  become  infinitely  Email, 
or  rather  nothing.  As  in  the  laft  lemma. 

Confequently,  i  NLLL  may  be  taken  for  the  true  and  perfeft 
Sum  of  all  the  Terms  in  fuch  an  infinite  Series  of  Cubes. 

LEMMA  V. 

If  a  Series  of  Bi quadrates^  whofe  R  oots  are  in  Arithmetical 
TrogreJJion.  beginning  with  a  Cypher,  Sc c.  as  before , 
be  infinitely  continued ,  the  Sum  of  all  the  Terms  in  fuch 
a  Series  will  be  f  NL4. 

The  Truth  of  this  may  be  manifefied  by  the  like  Procefs,  as  in 
the  foregoing  Lemma's,  and  fo  on  for  higher  Powers.  But  if  any 
one  defires  a  farther  Demonfiration  of  thefe  Series,  he  may  (I  pre¬ 
fume)  meet  with  ample  Satisfaftion  in  Dr.  Wallis' s  Hifiory  of  Afcebra, 
Chap.78  and  79,  wherein  the  Do&or  concludes  with  thefe  Words: 


<c  Thus  having  fliew'd,  that  in  a  Progrefiion  of  Laterals  (or  A- 
“  rithmetical  Proportionals)  beginning  at  o.  the  Sum  of  2,  3,  4, 
££  7,  6  Terms,  is  always  equal  to  £  of  fo  many  times  the  greatefl, 
“  and  there  being  no  Pretence  ot  Reafon  why  we  fhould  then 
“  doubt  it,  in  a  Progrefiion  of  7  8,  9  10  &'c.  we  conclude  it  fo  to 
“  be,  thoJ  fuch  a  Number  of  Terms  be  fuppofed  infinite. 

“  Again,  in  a  Progrefiion  of  their  Squares,  having  fhew’d,  that 
cc  in  2,3,4, 5,6  Terms,  the  Aggregate  is  always  more  than  j  of  fo 
,£c  many  times  thegreateftj  and  the  Excefs  always  fuch  aliquot  Part 

6‘  of 

.  U 


4oo  atitftmettcft  of  ffitfitttteg  Part  y. 

“  of  the  greateft,  as  is  denominated  by  fix  times  the  Number  of 
“  Terms  wanting  i.  (As  if  the  Terms  be  2,  it  is  |  +  f  5  if  3,  it 
“  is}+T^:;  if  4>  it  is  t4“tV  j  if  itisj-j-^V  of  fo  many  times  the 
<£  greateft  Term,  and  fo  onward)  we  may  well  conclude,  (there 
“  being  no  Pretence  of  Reafon  why  to  doubt  it  in  the  reft)  that 
tl  it  will  be  fo.  how  many  foever  be  l'uch  Number  of  Terms. 
<{  And  becaufe  fuch  Excefs  as  the  Number  of  Terms  do  increafe, 
“  will  become  infinitely  fmall  (or  lefs  than  any  afiignable)  we  con- 
tc  elude  (from  the  Method  of  Exhauftions)  that,  if  the  Number  of 
<c  Terms  be  fuppofed  infinite,  fuch  Excefs  muft  be  fuppofed  tova- 
<£  niib,  and  the  Aggregate  of  fuch  infinite  Progreffion  fuppofed 
“  equal  to  }  of  fo  many  times  the  greateft. 

“  In  like  manner,  having  prov’d  that  fuch  Progreffion  of  Cubes 
et  doth  (as  the  Number  of  Terms  encreafeth)  approach  infinitely 
u  near  to  £of  fo  many  times  the  greateft)  and  of  Biquadrates  to  f, 
<£  and  lo  of  Surfolids  to  £  of  fo  many  times  the  greateft,  and  fo 
“  onwards  as  we  pleafe  to  try,  and  there  being  no  Pretence  of  Rea- 
“  fon  why  to  doubt  it  as  to  the  reft)  we  may  take  it  as  a  fufficient 
“  Difcovery,  that  (univerfally)  the  Aggregate  of  fuch  infinite  Pro- 
‘  greffion  is  equal  (or  doth  approach  infinitely  near  to  fuch  a  Part 
“  of  fo  many  times  the  greateft,  as  is  denominated  by  the  Exponent 
tc  or  Number  of  Dimenfions)  of  fuch  Power  (as  is  that  according 
“  to  which  the  Progreffion  is  made)  increafed  by  1.  namely,  of  La- 
<£  terals  4: »  of  Squares  {  ;  of  Cubes  of  Biquadrates  (of  fo  ma- 
*  times  the  greateft)  and  fo  onwards  infinitely. 

This  Dilcourfe  of  the  Do&or’s  I  thought  convenient  to  infert 
fuppofing  it  may  give  fome  Satisfaction  to  the  Learner,  to  hear  fo 
great  a  Man  as  Dr.  WaUif s  Arguments  about  the  Truth  of  thefe 
Series,  which  I  have  briefly  deliver’d  in  the  foregoing  Lemma’s. 

LEMMA  VI. 

If  any  two  Series  or  Ranks  of  Proportionals ,  have  the 
fame  ’Number  of  Terms,  (whether  Finite  or  Infinite) 
it  will  always 

rds  the  firjl  Term  of  one  Series  :  is  to  the  firjl  Term  of 
^  \the  other  Series  :  :  fo  is  the  Sum  of  all  the  Terms  in 
y the  one  Series  :  to  the  Sum  of  all  the  Terms  in  the 
^  other  Series.  (12.  c .  j.) 


As 
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As  in  thefe  Numbers,  1 

3 

Or  thefe  Numbers  4 

s 

2 

£ 

Iz 

is 

3 

9 

45T 

4 

12 

I08 

*35T 

5 

I5' 

3Z4 

40  s 

6 

18 

97i 

IzI  S' 

That  is,  1  *.  3  : :  21  : 

*3 

And  4  :  5  : :  1456 

l8zo 

The  Application  of  thefe  Lemma’s  to  Geometrical  Quantities,' 
viz-  to  Lines,  Superficies  and  Solids,  wholly  depends  upon  grant¬ 
ing  the  following  Hypothefes. 

The  i^ppotijcfeg. 

1.  That  every  Line  is  fuppos’d  to  confift  or  be  compos’d  of  an.’ 
infinite  Series  of  equidiftant  Points. 

2.  A  Surface  (  viz.  the  Area  of  any  Figure)  to  confift  of  an  in¬ 
finite  Series  of  Lines,  either  ftrait  or  crooked,  according  as  the 
Figure  requires. 

*  3-  A  Solid  to  confift  of  an  infinite  Series  of  Planes,  or  Superfi¬ 
cies,  according  as  its  Figure  requires. 

Not  that  we  fuppofe  Lines,  which  have  really  no  Breadth,  cart, 
fill  a  Space  or  Superficicies ;  or  that  Planes,  which  have  not  an^ 
Thicknefs,  can  conffitute  a  Solid.*  But  by  what  we  here  call 
Lines,  are  to  be  underfiood  Imall  Parallelograms  (  or  other  Super¬ 
ficies  )  infinitely  narrow,  yet  fo,  as  that  their  Breadths,  being  all 
taken  and  put  together,  muff  be  equal  to  the  Figure  they  are  Sup¬ 
pos’d  to  fill  up. 

And  thofe  Planes  or  Superficies,  which  are  here  Laid  to  confti- 
tute  a  Solid,  are  to  be  underfiood  infinitely  thin  ;  yet  fo,  as  thac 
their  Depths  or  Thicknefies  (  which  are  hereafter  alfo  call’d  Lines) 
being  all  taken  together,  muff  be  equal  to  the  Height  of  the  pro¬ 
pos’d  Solid. 

Now,  in  order  to  render  thefe  Hypothefes  as  eafy  for  a  Learner 
to  underftand  as  I  can,  I  fh all  here  propole  a  very  plain  and  fa¬ 
miliar  Example. 

Viz-  Let  us  fuppofe  any  Book  to  be  compos’d  or  made  up  of 
loo,  zoo.  300  (more  orlefs)  Leaves  of  fine  Paper;  fuch  a  Book, 
being  dofe  put  together,  will  have  Length,  Breadth  and  Depth 
;  or  Thicknefs.  and  therefore  map  not  (  improperly)  be  call’d  a 
Solid;  and  each  of  its  Edges  (  being  evenly  cut)  will  be  a  Super- 
!  ncies  compos’d  of  a  Series  of  fmall  Parallelograms,  every  one  of 
thejr  Breadths  being  onlv  the  Edge  of  a  fingle  Leaf  of  Paper; 
|  find  if  we  conceive  the  Thicknefs  of  every  one  of  thofe  Leaves 

F  f  f  '  to 
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to  be  divided  into  io,  or  loo,  or  iooo,  &c.  they  will  then  be¬ 
come  fuch  a  Series  of  infinitely  fmall  Lines,  as  are  (by  the  Hypo¬ 
thecs)  laid  to  compofe,  or  fill  up  a  Superficies. 

And  all  the  Superficies  of  thofe  infinitely  thin,  or  divided 
Leaves  of  Paper,  will  become  fuch  a  Series  of  Planes  or  Superfi¬ 
cies,  as  are  laid  to  conflitute  a  Solid,  viz,,  fuch  a  Solid  as  theBig- 
nefis  and  Figure  of  thac  Book. 

Now  according  to  this  Idea  of  Lines,  Superficies,  and  Solids, 
one  may,  without  the  leaft  Prejudice  to  any  Demonftration,  ad¬ 
mit  of  the  following  Definitions,  and  Theorems. 

STefliiitlontf. 

I.  The  Area’s  of  Squares,  and  all  other  Parallelograms,  are 
compos'd  or  fill’d  up  with  an  infinite  Series  of  equal  Right-lines. 

II.  The  Area  of  every  plane  Triangle,  is  compos’d  of  an  infi¬ 
nite  Series  of  Right  lines  parallel  to  its  Bafe,  and  equally  decrea- 
fing,  until  they  terminate  in  a  Point  at  the  Vertical  Angle,. 

III.  The  Area  of  a  Circle  may  be  compos’d  either  of  an  infinite 
Series  of  concentric  or  parallel  Circles;  or  of  an  infinite  Series 
of  Chord  Lines  parallel  to  its  Diameter;  or  of  an  innumerable 
Multitude  of  Seniors. 

IV.  The  Area  of  an  Ellipfis  may  be  compos’d,  either  of  an  In¬ 
finite  Series  of  Ordinates  rightly  apply'd.  or  of  an  infinite  Series 
of  Right  lines  parallel  to  its  Tranfverfe-Diarneter. 

V.  The  Area’s  of  the  Parabola,  and  Hyperbola,  are  compos’d 
of  an  infinite  Series  of  Ordimates,  or  may  alia  be  compos’d  of 
Right  lines  parallel  to  their  Axis,  zsrc. 

Vi.  A  Prifm  is  a  folid  Body,  contain’d  or  included  within  fe- 
veral  equal  Parallelograms,  having  iis  Bafes  or  Ends  equal  and  a- 
like  ;  and  ’tis  generally  named  according  to  the  Figure  of  its 
Bafe.  That  is, 

VII.  A  Cube  (or  Solid  like  a  Dve)  is  a  Prifm  bounded  or  in" 
eluded  within  fix  equal  Square-Phnes, 

ylH,  A  Parallelopipedon  is  a  Priim  that  hath  its  Sides  hounded 
or  included  within  four  equal  Parallelograms  -  and  ewa  Square- 
Bales  or  Ends. 

t\r.  A  Cylinder  (or  Solid  like  the  Rolling-Srone  in  a  Garden  ) 
is  only  a  round  Priim,  having  its  Bales  or  Ends  a  perfedt  Circle/ 

*  X.  The 
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X.  The  Solidity  of  every  Prifm  is  compos'd  of  an  infinite  Series 
of  equal  Planes,  parallel  and  alike  to  that  of  its  Bafe. 

XI.  A  Pyramid  is  a  Solid  bounded  or  included  within  feveral 
plane  Triangles,  fet  upon  any  Polygonous  Bafe,  having  their 
Vertical-Angles  all  meeting  together  in  a  Point,  call'd  the  Vertex, 
and  takes  its  Name  from  the  Figure  of  its  Bafe,  viz,,  if  it  have  a 
a  Square-Bafe,  'tis  called  a  Square-Pyramid,  if  a  Triangle-Bale,  'tis 
call’d  a  Triangular-Pyramid,  &c. 

XII.  A  Cone  is  always  a  round  Pyramid,  which  hath  been  alrea¬ 
dy  defin’d  in  Page  361,  &c. 

XIII.  The  Solidity  of  every  Pyramid  is  compos'd  or  conftituted 
of  an  infinite  Series  of  Planes,  parallel  and  alike  to  that  of  its 
Bale,  equally  decreaiing  until  they  terminate  in  a  Point  at  the 
Vertex. 

XIV.  A  Sphere  or  Globe  (  viz-  a  Ball  )  is  a  Solid  bounded  or  in¬ 
cluded  within  one  regular  Superficies,  being  form’d  or  generated 
by  the  Rotation  of  a  Semi-circle  about  its  Diameter;  (call’d  the 
Axis  of  the  Sphere  )  and  its  Solidity  is  compos'd  or  conftittited 
of  an  infinite  Series  of  concentric  Qircles,  whofe  Diarpeters  are 
the  Chords  of  that  Circle  by  which  it  was  form’d. 

XV.  A  Spheroid  (or  Egg-like  Figure)  is  3  Solid  bounded  with 
one  regular  Superficies,  form'd  by  the  Rotation  of  a  Semi  Ellipfis 
about  its  Tran fverfe- Diameter  (call’d  the  Axis  of  the  Spheroid  ) 
and  its  Solidiry  is  conftitu'ted  of  an  infinite  Series  of  concentric 
Circles,  whofe  Diameters  are  the  Ordinates  of  that  Ellipfis  by 
which  it  was  form'd. 

XVI.  There  is  another  Sort  of  a  Solid  call’d  an  Oblate-Spheroid,’ 
being  form'd  by  the  Rotation  of  an  Ellipfis  about  its  Conjugate? 
Diameter;  and  'tis  like  to  a  flat  Turnip. 

XVII.  If  a  Semi-parabola  be  turn’d  about  its  Axis,  it  will  form 
a  So'id  call'd  a  Parabolic  Conoid,  being  compos'd  or  confHtuted 
of  an  infinite  Series  of  Circles,  whofe  Diameters  are  the  Ordi¬ 
nary  of  the  Parabola. 

XVI II.  If  a  Parabola  be  turn’d  about  its  Bafe  or  greateft  Ordi¬ 
nate,  it  will  form  a  ^olid  call’d  a  Pyramidoid,  but  moft  common¬ 
ly  a  Parabolic  Spindle,  which  will  be  conftituted  of  an  infinite 
Series  of  Circles,  whofe  Diameters  are  Right-lines  parallel  to  the 
Parabola's  Axis. 

XlX.  If  an  Hvperbola  he  turn'd  about  its  Axis,  it  will  form  a 
Solid  call’d  an  Hvperholic-Conoid ,  being  conffituted  of  an  infi¬ 
nite  S  ries  of  Circles,  whofe  Diameters  are  the  Ordinates  of  the 
Hyperbola.  F  f  f  i  XX.  The 
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XX.  The  curve  Superficies  of  all  circular  Solids  (  vi-c,.  Cylinders* 
Cones,  Spheres,  &c. )  are  compos'd  of  an  infinite  Series  of  the  Pe¬ 
ripheries  of  thofe  Circles  which  conftitute  their  Solidities. 

Upon  thefe  Definitions  are  grounded  all  the  following  Theo¬ 
rems  ;  and  therefore,  if  they  were  diligently  compar'd  with  their 
refpe&ive  Figures,  it  mult  needs  be  of  great  Help  to  the  Learner, 
and  would  render  all  that  follows  very  eafy;  wherein  I  fhall  be¬ 
gin  with  what  hath  been  already  demonflrated,  by  way  of  intro¬ 
ducing  the  reft. 

THEOREM  I. 

The  Area  of  every  Right-liri d  Parallelogram^  is  obtain'd 
by  mult  flying  the  Length  into  its  Breadth . 

That  is,  B  D  x  f  B  =  the  Area  of  .  G 

the  Parallelogram,  BDFG.  Byf  - - - 

Lemma  1.  compar’d  with  Definition  —  . —  ■  — 

i.  l. 

Kxdmple,  Suppofe  B  D  =:  2 6.  And 

*  ■ - 

Then  2^  x  9  —  2  34  the  Area.  See  p - —  —  * 

Problem  1.  Pa&e  339.  ^ 

THEOREM  II. 

The  Area  of  every  plan  e-Tri  angle  is  equal  to  Half  the  Area 
oj  its  circimfcribing  Parallelogram . 

B  D  X  C  A 

1  hat  is,  - - =:  the  Area  of /i  B  C  D,  in  the  following 

Figure. 

»  SDcmontttatton. 

Suppofe  the  Perpendicular  C  A  to  be  divided  into  an  infinite 
Number  of  equal  Parts,  asatthe 
Points  cl  a,  a,,  &c.  and  through 
thofe  Points  there  were  drawn 
Right-lines  parallel  to  the  Bafe 
B  D,  viz-  b,  cl  d,  b  d,  d  b,  d,  d, 
tkc.  Then  will  thofe  Lines  be 
a  Series  of  Terms  in  Arithmeti¬ 
cal  Progreffion,  beginning  at  the 
Point  C  viz‘  r,bd.  z9bdy  2,bd, 
etc.  as  is  evident  by  the  Figure, 
wherein  B  D  is  the  greateft  Term 
Terms  =:  N- 


F  0  Q 


But 


\ 
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But  i  N  L  =  S,  by  Lemma  2.  And  S  =  the  T riangle’s  Area,  by; 
Definition  2.  Q.  E.  D. 

Example ,  Let  BD  =  2^,  and  C  A  =: 9.  As  above. 

Then^-— -=  117-  Or  z/  X  9  —  *17-  Or  thus  26  X  £2=;  117. 

2#  «  (  '•  *  *  .**'*■ 

the  Area  requir’d.  See  Problem  3.  Page  330. 

THEOREM  III. 

Phe  Peripheries  of  Circles  are  in  Proportion  one  to  another ^ 

as  their  Diameters  are . 

SDemonfttattOtt 

Let  the  Periphery  of  a  Circle  be 
divided  into  any  Number  of  equal 
Arches,  by  Right-lines  drawn  from 
the  Center,  viz,.  Radius’s  )  fuppofe 
them  8,  as  in  the  annex’d  Figure, 
wherein  A  B  is  one  of  them.  Then 
if  through  any  Point  in  the  Radius 
there  be  drawn  a  concentric  or  paral¬ 
lel  Circle,  its  Periphery  will  alfo  be 
divided  into  8  equal  Arches  by  thofe 
Radius’s;  one  whereof  will  be  a  b, 
and  the  A  Cab  will  be  like  to  A 
CAB. 

Therefore  C  a  :  a  b : :  C  A :  A  B.  Or  C  a :  C  A : :  a  b  :  A  B 

Confequently  2  C  a:  2  C  A::  8  ab:  SAB. 

But  zCa  —  da  the  Diameter  of  the  Circle,  whofe  Periphery  is 
8  a  b. 

And  2CA  =  DA  the  Diameter  of  the  Circle,  whofe  Periphery 
is  8  A  B.  Therefore,  &c.  as  by  Theorem.  Q.  E.  D. 

Example .  In  Chapter  6.  Pan  III.  it  was  found,  that  if  the  Diame¬ 
ter  of  a  Circle  be  2.  its  Periphery  will  be  6^^12^07179^^64 

Elrgo  2  : 6.28318*3,  &c.  :  :  1:  3,14159265,  &:c.  the  Periphery  of 
the  Circle  whofe  Diameter  is  1.  ^  -  _ ^ 

Corollary . 

Hence  it  follows,  that  becaufe  Unity  or  r.  may  be  made  the 
firff  Term  in  the  Proportion,  therefore  3,14159265,  &c.  may  be 
made  a  conftant  or  fettled  Fa&or;  which  being  multiply’d  into 
any  propos’d  Diameter,  will  produce  the  Periphery  of  that  Circle. 

Note.  Inftead  of  5,14159265,  &c.  it  may  be  fufficient  to  take 
only  3,1416. 


Or 


4° 6  Ztitfymztith  of  infinites  Part  V. 


Or  in  whole  Numbers  the  Proportion  may  be. 

As  7.*  2i::Diam::  Periphery?  Scheie  Numb,  may  ferve,  and 
Or  113:37  y::Diam::  Periphery^  £are  often  us'd  in  com.  Pra&ice. 

THEOREM  IV. 

The  Area  of  any  Seftor  of  a  Circle ,  is  equal  to  Half  the 

Reft  angle  of  the  Radius  into  its  Arch • 

— ,  CAxAB  ,  . 

That  is, - =  the  Area  af  ACB. 

1 

SDcmonttratton* 

Suppofe  the  Radius  C  A  to  be  divided 
into  an  infinite  Series  of  equidiftant 
Points,  as  a,  e ,  y,  &c.  and  through  thole 
Points  there  were  drawn  concentric  or 
parallel  Arches,  as  a  b,  ed,  yf  (2*c.  Then 
they  will  be  a  Series  of  Arches  in  Arith¬ 
metical  Progreflion,  beginning  at  the 
Point  C,  (viz.  o,  I,  2,  3,  &c.)  as  plainly 
appears  by  the  Figure,  wherein  the  great- 
eft  Term  is  AB  L,  and  Number  of 
Terms  is  C  A  “  N.  But  k  N  L  —  S  the 
Sum  of  ail  the  Series,  by  Lemma  2.  And 
S~  the  Senior’s  Area,  by  Definition  3. 

Q.  E.  D. 

Example,  Let  the  Radius  CA=u.  And  the  Arch  AB  =  8. 

I2X8. 

Then - 48.  Or  ^  x  8  =  48.  Or  |  x  12  :=  48.  the  Area 


of  the Serior  ACB- 

THEOREM  V. 

The  Area  of  every  Circle ,  is  equal  to  Half  the  Re  ft  angle  of 
the  Radius  into  its  Periphery. 

That  is,  according  to  Archimedes,  a  Circle  is  equal  to  a 
right- angled  Triangle,  whofe  Sides  containing  the  Right-* 
angle,  are  equal,  one  to  the  Radius ,  and  the  other  to  the 
(perimeter  of  that  Circle .  Pro  1.  de  dimeniione  circuli. 
The  Truth  of  this  Theorem,  may  be  ealily  deduc’d  from  th  •  laft, 
thus,  if  we  fuppofe  the  laft  S  ftor  to  he  one  eighth  Part  of  a  Cir¬ 
cle  \  then  it  follows,  that  - '  *  — 4  A  B  xCA  will  be  the 


Area  of  the  whole  Circle. 

But4AB~  Half  the  Circle's  Periphery*  and  CA=  Half  its 
Bfiameter.  Therefoie,  &c.  As  per  Theorem.  Q  F.  D. 

Example 
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Example ,  If  the  Diameter  be  Unity,  or  1.  the  Periphery  will  be 
3,141*9165,  &c.  by  Theorem  3. 

Then  -14* —  --  x  |  -  0,78539816,  (  Or  0*7854  forcom- 

i 

mon  Ufe  )  will  be  the  Area  of  that  Circle. 

SCHOLIUM. 

From  hence  naturally  flows  the  following  Proportion  between 
the  Square,  and  its  infcrib’d  Circle. 

fj4s  the  ^Perimeter  (  viz.  the  Sum  of  the 
.  \ four  Sides  )  of  any  Square  :  is  to  its  Area :: 

ytopojwn.  js  ^Periphery  of  the  infer  ih*  d  Circle  2 
CPo  its  Area. 

That  is,  fuppofing  A  B  —  D  m  the 
Side  of  the  Square,  and  the  Diameter 
of  its  infcrib’d  Circle. 

Then  4  D  =3  the  Perimeter  ;DD  — 
tbe  Area  of  the  Square;  and  3,1416  D 
=  the  Periphery  of  the  Circle.  By 
Theorem  3. 

But  4D:  DD::  3,1416  D  :  o,7844DD 
t=  the  Circle's  Area. 

And  ifD=i.  Then  4D=s=4  and 
DD=ixi  =  i.  And  the  Periphery 
will  be  3,1416, 

Then  4  :  1  : :  1  :  o  7854  i3*c.  As  in  the  Example  above. 

And  from  hence  may  be  eafily  deduc’d  the  following  Theorem. 

THEOREM  VI. 

The  Area's  of  all  Circles  are  in  (proportion  one  to  another , 
as  the  Squares  of  their  Diameters .  (a.  e.  12.  ) 

For  if  D  —  the  Diameter  of  one  Circle,  and  d  =:  the  Diame¬ 
ter  of  another  Circle. 

Then  will  0.78  ?aDD -be  the  Area  of  one  Circle,  and  0,7854  di 
will  he  the  Area  of  the  other  Circle,  as  above. 

But  0,7854  D  D  :  0,7854^ ::  D  D :  dd.  Or  thtis. 

Bet  D“  the  Diameter,  and  P  =  the  Periphery  of  one  Circle: 
dmtbe  Diameter,  and  pm  he  Periphery  of  another  Circle. 

Then 
And 

1  x  _  ±_ 

2  X  4 

3  m  D 


^DXiP=^DP=: 

=  A  the  Area  of  one  Circle. 

{d  X  k  p  =  i  dp  =  a 

the  Area  of  the  other  Circle. 

DP  ==4  A 

( per  laft  Theorem. 

ip  m  ta 

V 

_ _  4  A 

p  ~~  eT 

4^^ 

5 
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4  -r-  d 

But 

6,  7  ^  8 

8  V  9 
5,  Ami.  lo 


P 


4  a 

~T 


P  :  p : :  D :  d.  Per  Theorem  5. 

_  .  4  A  4  a 

D:rf::T5"  :~T 

4  D  D<t=  4ciiA.  That  is,  D  D  4  =:  d  d  A 
DD:A::rf(/,^.  or  A:  a : : D D:dd. 


Q.  E.  D. 


\  k 

Corollary . 

Hence  it  follows  that  becaufe  the  Square  of  I  is  I.  (  viz.  I  X  I 
s=s  i  )  and  0,785:3981 6,  &c.  Or  0,7854  is  the  Area  of  the  Circle 
whofe  Diameter  is  1.  (as  before)  therefore  it  will  be  1 :  0,7854: . 
So  is  the  Square  of  any  Circle’s  Diameter:  To  its  Area.  And  be¬ 
caufe  1.  is  thefirft  Term  in  the  Proportion,  therefore  0,7854  may 
bemadea  conftant  Faftor;  which  being  multiply’d  into  the  Square 
of  any  propos’d  Diameter,  will  produce  the  Area  of  that  Circle. 

Note,  The  four  laft  Theorems  do  plainly  fbew  the  Reafon  of  all 
the  common  or  pra&ical  Problems  about  a  Circle;  which  for  the 
Learner’s  further  Satisfa&ion,  I  have  here  inferted  together;  fup- 
pofing  as  before, 

CD=  the  Diameter  p 

<P  =  the  Periphery^*  of  any  propos’d  Circle. 

CA- 


That 


the  Area 


Then 


Example. 


3 

Example. 

Then 

And 


3 


5 


Prob.  j.  D  being  given,  to  find  P. 

I  ’  3jI4I6  :  :  D:  P.  Per  Theorem  3. 

3,t4I6D  =  P 

£ Suppofe  D  =  32.  Then  3,1416 X  32  =  100,531a 
c  the  Periphery. 

Prob.  2.  D,  being  given,  To  find  A. 

1  :  0,7854  : D  D  :  A.  Per  Theorem  6. 

0,7854  DD=  A 

Suppofe  D  =32.  As  before. 

00=32X32==:  1024. 

0,7854  X  1024  =  804.2496  the-  Area  requir’d. 


Da 


Prob.  3.  P,  being  given,  to  find  D. 

P _ ^  Q  c  becaufe  *  __=  0,3183 

’-1416  f  ? 


therefore  0.3183  P  =  D. 

This  being  only  converle  to  the  fiift  needs  no  Exam. 


a  (§>*  1 


AppJy’d  to  &upet8cte0,  &c.  409 


2  ©•  2 
6  -r* 

For 
7,  8 

5?  X  &c. 


6 

7 

8 

9 

ib 


3  u/j  2  1 1 

So  X  &c.  1 2 

0 

12  U/J  2  13 


Prob.  4.  P,  being  given,  To  find  A. 
9,8 6965  DD=  PP 
PP 

DD~  — - -  Or  0,10132  PP  =  DD 

9^96$  * 

A  ? 

DD  = — - —  Or  1,2732  A  =DD 
o,78f4 

c-jtItt  5=3  M732- 

PP  A  .  _  A 

— - -  == — - — Or  0,10132  PP=  1,2732  A 

9,8696*  0,7854 


PP 


12,  S664 


A  Or  0,07957  PP  ~  A 


Prob.  5.  A,  being  given,  To  find  D. 
D  2=:  yj  _fi  —  Or  D  =  \/  1,2732  A 


0,7854 


Prob.  6.  A,  being  given,  To  find  P. 

A 

PP  ==  12,5664  A  Or  PP  = - 

0,07957 

Prry'  12,5664  A  OrP:=\/ 


0,07957 


Theifefix  Problems  contain  all  the  Variety  that  can  be  propofed 
about  finding  the  Periphery,  Diameter,  and  Area  of  any  Circle. 

But  if  it  be  requir'd  to  find  the  Area  of  any  Segment,  or  Part 
of  a  Circle  cut  off  by  a  Chord,  that  Work  will  require  a  farther 
Confideration. 

Firft,  As  to  the  Data,  there  mud  always  be  given  the  Diameter; 
or,  either  the  Periphery,  or  Area  of  the  Circle,  in  order  to  find  the 
Diameter. 

Secondly,  There  mud  alfo  be  given,  either  the  Chord,  which  is 
the  Bafe  of  the  Segment, or  the  Verfed  Sine,  which  is  the  Height 
of  the  Segment. 

That  is,  either  BG,  or  AF,  in  the  following  Scheme,  muft  be 
given,  that  fo  the  Area  of  the  A  BCG  may  be  found. 

Then  it's  evident,  (by  the  Figure)  that  if  the  Area  of  the  A  BCG 
be  taken  from  the  Area  of  the  Se&or  CBAG,  the  Remainder  will 
be  the  Area  of  the  Segment  BAG. 

And  if  the  Area  of  the  Segment  BAG  he  taken  from  the  whole 
Area  of  the  Circle,  the  Remainder  will  be  the  Area  of  the  other 
Segment  DBG. 


G  g  g 


Example 
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Example  in  Numbers . 

let  there  be  given  DA  =  32.  as  Prob.  1. 

And  the  Verfed  Sine  AF  =  6 . 

Then  IDA  =  BC  —  CA  =  16. 

And  CA  —  AF  =  CF  =  10. 

But  □  BC  —  □  CF  =  □  BF. 

Confequefitly  4/  f]  BC  —  Q  CF  —  BF. 

Viz,-  V  I $6  ==  12,49  =  BF. 

Then  by  the  Do&rine  of  plane  Tri¬ 
angles,  the  Arch  BA  =  jL  BCAmay 
be  found  in  Degrees  and  Decimal 
Parts ; 

Thus  BC  -  Radius ::  BF  :  Sine  L  BCF  =  yi°,  31' 

And  then  it  will  always  hold  in  this  Proportion  5 

r  As  the  Circle  s  c 'Periphery  in  Degrees  :  is  to  its  Te- 
Viz  \ripJ°ery  tn  equal  ‘Tarts,  (according  to  the  Dimen- 
yfions  taken)  : :  So  is  the  j4rch  in  Degrees  (viz. 
^  JLBCA)  :  To  the  fame  Jlrch  in  equal  Tarts . 

That  is,  3*0°  :  100,5312  ::  5i°,3i;  :  14,3284  —  BA 
Then  14,3284X16  =229,2544  the  Area  of  the  Sedfcor  BCGA^ 

And  12,49  x  10=  124,9  the  Area  of  the  A  BCG. 

Their  Difference  104.3544  =  the  Area  of  the  Segm.  BAG. 

Or  the  Area  of  any  Segment  may  be  otherwife  found  (as  mofl 
11  fually  it  is)  by  a  Table  of  the  Segments  of  a  Circle,  whofe  Area 
is  Unity,  or  1.  The  Conftruftion  or  making  of  fuch  a  Table  is 
very  well  laid  down  in  Mr.  Dane's  Book  of  Gaging,  which 

he  performs  in  this  Problem . 

PROBLEM 

In  a  Circle  whofe  Tire  a  is  Unity ,  and  its  Diameter  cut  by 
Chord  Lines  into  1000  equal  Tarts ,  to  find  the  Segment 
to  any  Verfed  Sine propos  d}  not  exceeding  500  of  thofc 
equal  Tarts * 

1.  Multiply  the  Verfed  Sine  propos'd  by  0,002,  and  fubtrad:  the 
Product  from  an  Unit  or  1. 

2.  This  Remainder  you  fhall  feek  in  the  Common  Table  of  Na¬ 
tural  Sines,  (the  Arch  being  divided  into  Degrees  and  Centefima’s) 
which  being  found,  let  its  Co-arch  be  doubled,  and  call'd  A. 

3.  You  muff  find  the  Correfpondent  Sine  to  A  ;  which  Sine  being 
found,  you  may  call  S,  and  then  it  holds 
*,.283185.3)  0*0174531925  A*—  S  (=  the  Segment  requir’d. 

,  \  \ 


Now 


. . n  nmniir.^.  - -  -  ,-  --  .  it  i  ■■■■■  in  .  1B||||||JJ 
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Now  this  Segment  being  thus  found,  if  you  iubduft  it  from  an 
Unit,  you  have  the  CoTegment,  &c.  * 

Note,  Notwithstanding  what  hath  been  faid  in  the  fecond  Pre¬ 
cept  of  this  Problem,  it  very  often  falls  out,  that  the  Remainder 
there  lpoken  of,  cannot  be  truly  found  in  the  Table  of  Natural 
Sines ;  therefore  in  this  Cafe  my  Advice  is,  that  you  make  two  O- 
perations;  one  with  a  Sine  the  next  Greater,  and  one  with  a  Sine 
the  next  Lefs;  and  in  fo  doing  you  will  be  fure  to  have  the  Seg¬ 
ment  requir'd  bounded  between  the  Refults  of  thofe  two  Opera¬ 
tions. 

Example,  Let  it  be  propos'd  to  find  the  Correfpondent  Seg¬ 
ment  to  the  Verfed  Sine  263. 

Pirft,  263  Xo.oo2  =  o,^,  and  I  —  o,*z6  =  0.474,  its  Arch  is 
28°. 2  9  being  lefs  than  juft;  its  Complement  is  61,71  which  being 
doubled,  is  123,42=  A, 

Then  >0174*33  A  =  2,1*4086286 

• — 0,8346**6=$  TheSineofA. 


6,28318*3)  1,319430686  (0,209993  The  Segment. 

Now  I  make  a  fecond  Work. 

263  being  multiply'd  with  0*002  is  *26.  and  1  —  *26  =  0,474  its 
Arch  is  28°, 30^  being  greater  than  juft;  and  its  Complement  is 
61,70,  which  being  doubled  is  123,4  =  A. 

Then  0,0174*33  A  =  2,1*37372 

—  0.8348478  =  S  The  Sine  of  A. 


6,28318*3)  1,3188894  (0,209907  The  Segment. 

So  you  fee  by  thefe  two  Operations,  that  the  Segment  is 
bounded,  and  3tis  very  probable  it  may  be  0,2099*. 

But  to  abbreviate  this  large  Fa&or,  and  this  large  Divifor.  I 
ilia  11  here  infert  two  Tablets  of  them,  which  will  be  ready  for 
life,  and  exad  enough  too. 


pivifor.  Factor. 


<V.«32 

I 

>0I74?33 

I 

I:,*664 

2 

,0349066 

2 

18,849* 

3 

>0**3  *99 

3 

2*, 1327 

4 

,06981  32 

4 

3G4l*  9 

* 

,087266* 

* 

37,6991 

6 

,1047197 

6 

43,9*823 

7 

,1221730 

7 

*0,26** 

8 

8 

*6, *487 

9 

,1*70796 

9 

Thus  far  Mr.  Darie,  which  I  have 
here  inferred  to  fliew  the  Learner  how, 
by  the  Help  of  thefe  two  Tablets,  and 
a  Table  of  Natural  Sines,  he  may  eafily 
make  a  Table  of  Segments,  whofe  Ule 
fhall  be  iliew'd  farther  on,  viz,,  when 
I  come  to  Pra&ical  Gaging.  In  the 
mean  Time  I  fhall  here  laydown  ano- 
the  Method,  to  find  the  Area  of  any 
Segment  of  a  Circle  (very  near)  by  a 
G  g  g  2  new 
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new  Theorem ,  without  the  Help  either  of  a  Table  of  Sines  or  Seg¬ 
ments,  having  the  i|pe  Data  as  before  ip  Page 404. 

CR  —  the  Radius,  or  i  Diameter  of  the  given  Circle. 
Viz-  Let  <d  =  the  Difference  between  the  Verfed  Sine  and  Radius. 
£  <7=  half  the  Chord  of  the  Segment's  Bafe. 


Cficojem 


z\RR  ■  ijRd  ■  dd 


X  C~S,  the  Area  of  the  Segm. 


Example,  SUppofe  R=.  BC^  16.  d~FC~io.  and  C=BF=  12,49. 
As  before. 

Then  1  $RR  =  597,3533.  i|Ri:=:  2,13,3333.  dd=ioo 

'-313,333  3  =  HRd+dd 

lJR  +  d=:  34)  284,0000  (8,35-29 

Laftly,  8,3529  x  12,49  =104,3276  the  Area  of  the  Segment  BAG, 
As  before. 

THEOREM  VII. 

jts  Squares  are  to  the  Area ’s  of  their  infcrib’ 'd  Circles ,  fo 
are  Parallelograms  to  the  Areas  of  their  infcrib’ dEllipfes. 

C  As  the  Square  of  the  Diameter  of  any  Circle  :  is 
That  isj<£0  its  Area  ::  Jo  is  the  ReSl angle  of  the  Tranfoerfc 
C^and  conjugate  Diameters  of  anyEllipJis  to  its  Area. 

SDemonttjation. 

Circumfcribe  any  Ellipfis  with  a  Circle;  and  fuppofe  an  infinite 
Number  of  Chord  Lines  drawn  therein,  all  parallel  to  the  Con¬ 
jugate  Diameter;  as  thole  in  the  annex'd  Figure;  then  it  will 
C .As  (DA)  the  Diameter  of  the  Circle  :  is  to  (A In)  the  conjugate  Diameter  of 
be  -P  the  Ellipjh  : :  So  is  (BaB)  any  Chord  in  the  Circle  :  to  (b  a  0)  its  refpeftivf 
Ordinate  in  the  Ellipfis. 

For  according  to  the  Property  of  the  Circle  T 


it  is 
And 
it  is 
T,  2  3 
3,  hence  4 
Confeq.  5 
That  is.  6 
Put'  17 
Then  18 


TS—Ta  X  Ta?=z  □  Ba 
by  the  Property  of  theEllipfis 
ore:  □  NC:  :  rs—  Ta  x  Ta :  □  ba 
OTC:  □  NC : :  n Ba  :  Qba  * 
tc  :  NC::  Ba:  ba 
iTC  :  2 NC  : :  2 Ba:  2 ba 
DA:  Nn  : :  BaB  :  tub 
D  ~  iTC,  and  d  =  2 NC 
D  :  d Chord  BaB:  Ordinate  bab^c. 


But 


4 


^.5-  , 


Apply ’d  to  J^ttpetficteg,  &c. 


But  the  Sum  of  an  Infinite  Series  of  fuch  Chords,  as  BaB ,  do 
conftitute  the  Area  of  the  Circle,  by  Defini^n  3. 

And  the  Sum  of  the  like  Series  of  their  refpedive  Ordinates,  as 
dab,  do  conftitute  the  Ellipfis's  Area,  by  Definition  4. 

Therefore  D  :  d  ::  Circle's  Area  :  Ellipfis's  Area,  by  Lemma  6. 

But  Did: :  LD  :  Dd.  Whence  it  follows. 

That  DD  :  Circle's  Area  ::  Dd  :  Ellipfis's  Area.  Q.  E.  D. 

Confequently,  As  1  :  is  to  0,7854::  fo  is  the  Redangle,  or  Pro- 
dud  of  the  Tranfverfe,  and  Conjugate  Diameters  of  any  Ellipfis :  To 
its  Area. 

Example ,  SuppofeTi’^  36.  and  Nn  =  16.  Then  16  XI 6~  $76* 
And  576  X  0,7854  452,3904  the  Area  of  the  Ellipfis. 

Corollaries. 


1.  Hence  it  is  eafy  to  conceive,  that  the  Square  Root  of  the  Red¬ 
angle  or  Produd  of  the  Tranfverfe,  and  Conjugate  Diameters,  will 
be  the  Diameter  of  a  Circle,  wnofe  Area  will  be  equal  to  the  Ellipfis's 
Area. 

Viz,-  \/  57 6  =  24  the  Diameter  of  a  Circle  s=s  to  the  Ellipfis. 

2.  All  Segments  of  an  Ellipfis  and  its  circumfcribing  Circle^ 
(whofe  Bafes  are  parallel  to  the  conjugate  Diameter,  and  of  the 
fame  Height^)  are  in  Proportion  one  to  another,  as  their  Bafes  are. 
That  is,  BaB  :  bab:  l  Area  Segment  BTB  :  Area  Segment  btb } 

Or  TS  l  Nn  ::  Area  Segment  BTB  :  Area  Segment  bTb. 

• 

THEOREM  VIII. 


The  Area  of  every  Ellipfis ,  is  a  mean  Proportional  between 
the  Area ’s  of  its  Circumfcribing ,  and  infcrib7 dCircles. 

The  Truth  of  this  Theorem  may  be  eafily  deduc’d  from  the  L?.ft  5 
for  fuppofing  D  —  TS,  and  d~Nn,  as 
before.  Then  it  is  alreadv  prov'd,  that 
DD  :  Dd  ::  Circumfcribing  Circle's  A- 
rea  ;  Ellipfis's  Area. 

But  dd  :  Dd : :  Dd :  dd. 

Therefore,  Ellipfis  Area  :  Infcrib'd 
Circle's  Area  : :  Ddldd. 

By  Theorem  6 . 


Example ,  Let  TS=D~$6.  and  Nn=dz=.l6, 
As  before. 

Then  DD  =129^.  and  id  =3  156. 


Then 


t 
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T,  x  0,7854=  1017,8784  the  great  Circle's  Area 

1  1  c  25^X0,78,54=:  201,0624  the  lelfer  Circle's  Area. 

Suppofe  A  =  the  Ellipfis  Area.  Then,  according  to  the  Tbeorem}  it 
will  be,  1017  8784  .*  A  ; :  A  :  201,0624. 

Ergo  AA  =  1017,8784  X  201,0624  2=2  204657,07401216. 
Confequently,  V”  2,04657,07401216  =452, 35^04  = the  Area  of 
the  Ellipfis,  As  before  in  the  laft  Example. 

•  1  ■  T  .  4jLjK| 

Corollary . 

Prom  hence  it  follows,  that  all  Segments  of  an  Ellipfis  and  its 
infcrib'd  Circle,  whofe  Bafes  are  parallel  to  the  Tranfverie  Diame¬ 
ter,  and  have  the  fame  Height,  are  in  Proportion  one  to  another 
as  the  Area's  of  the  Ellipfis  and  Circle  are. 

That  is,  Area  of  Circle  :  Area  of  Ellipfis  ::  Segment  bNb  :  Seg¬ 
ment  BNB. 

Or,  Nil  :TS::  Area  Segment  bNb :  Area  Segment  BNB. 

THEOREM  IX. 


The  Solid  Content  of  any  c. Vrifm  (what  Figure  foever  its 
Bafe  is  of)  is  obtain  d  by  multiplying  the  Area  of  its 
Bafe  into  its  Height . 

* 

For  Inftance, a  Parallelopipedon  (or  fquare  Prifm)  isconftituted 
of  an  infinite  Series  of  equal  Squares;  that  of  its  y 

Bafe  BAha  being  one  of  the  Terms,  and  its  D  - - — —  Q 

Height  DB,  or  GA  the  Number  of  all  the  Terms. 

Confequently,  the  Area  of  BAba  X  V8~  the 
St’m  of  all  the  Series  (by  Lemma  1.)  which  is  the 
Solidity  of  the  Parallelopipedon  VBGA}  by  De¬ 
finition  10. 


16 


B 


A 


Example,  Suppofe  the  Side  of  the  Bafe  BA 
and  the  Height  VB  =42. 

Then  will  16  X 16  ==  256  be  the  Area  of  the  Bafe. 

And.  256X42  =  1075?  the  folid  Content  of  the 
Parallelopipedon  DBG  A. 

Tn  this  Manner  you  may  find  the  Solidity 
of  all  regular  Polvgonous  Prifrns,  whofe  Bafes 
(or  Ends)  a’'e  parallel  and  alike,  whar  Form  foever  they  are  of. 

That  is,  wherher  their  Bales  are  Triangles,  Pentagons,  Hexagons, 
or  Oftagons,  tfc. 

THEOREM 


a' 


Apply’d  to  &A  4 1 5 

THEOREM  Xi 

Every  pyramid  is  the  third  Bart  of  theBrifm^  that  hath 
the  fame  Bafe  and  Height  with  it.  (j.  e.  12.) 

That  is,  the  folid  Content  of  the  By r amid  BVA}  {in 
the  la/t  Figure)  is  one  Third  of  its  circumfcribing  Bnfm 
DBG  A 

SDemonflvatioiT. 

For  every  Pyramid  that  hath  a  fquare  Bafe  (as  BAba,  in  the  laft 
Figure)  is  conftituted  of  an  infinite  Series  of  Squares,  whofe  Sides 
or  Roots  are  continually  increafing  in  Arithmetical  Progreflion, 
beginning  at  the  Vertex  or  Point  V  (See  Tbeor.  2.)  its  Bafe  BAba,  be¬ 
ing  the  greateft  Term,  (==:  LL)  and  its  perpendicular  Height  VC,  or 

NLL 

DB ,  is  the  Number  of  all  the  Terms  (~N) ;  but -  =:  S  the 

3  , 

Sum  of  all  the  Series,  by  Lemma  3.  and  S •=:  the  folid  Content  of 
the  Pyramid  BVA,  by  Definition  13. 

Example ,  Suppofe  the  Side  of  a  Pyramid’s  Bafe  be  BA  =  1 6.  and 
its  Height  be  VC~  42.  Then  16  X  16  —  256  the  Area  of  its  Bafe 

BAba.  And  42  —  35:84.  Or—  X  42^2  3584. 

3  3 

Or  thus,  256  x  ='  3 584,  is  the  Solidity  of  that  Pyramid  BVA: 

Corollary. 

From  hence  it  will  be  eafy  to  conceive,  that  every  Pyramid  is  f 
of  its  circumfcribing  Prifm,  what  Form  foeverits  Bafe  is  of,  viz* 
whether  it  be  a  Square,  Triangle,  or  Pentagon,  &c. 


THEOREM  XI. 


The  folid  Content  of  every  Cylinder ,  is  obtain  d  by  multi¬ 
plying  the  Area  of  its  Bafe  into  its  Height . 


For  every  Right  Cylinder  is  only  a  round 
Prifm,  being  conilituted  of  an  infinite  Series 
of  equal  Circles ;  that  of  its  Bafe  or  End  be¬ 
ing  one  of  the  Terms,  and  its  Height  VB  is 
the  Number  of  all  the  Terms.  Therefore  the 
Area  of  its  Bafe  BA  being  multiply’d  into 
DB,  will  be  its  Solidity,  by  Lemma  1. 

Viz,.  Let  V  B  A  and  H  ==  G A. 

Then  o ,7874  VV  X  its  Solidity, 


Example', 
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Example,  Let  the  Diameter  of  itsBafe  be  £  =  I6,  and  its  Height 
H  =:  42-*  ^ 

Then  1 :  0,785:4 ::  16  X  16  ~  25 6  :  201,0624  the  Area  of  its  Bafe. 
And  201,0624X42  =:  8444,6208  the  folid  Content  of  that  Cy¬ 
linder  DBG  A. 

Corollary. 

Hence  it  is  evident,  that  every  Square  Parallelopipedon  is  to  its 
infcrib’d  Cylinder,  As  1  :  is  to  0,7854.  Or  in  whole  Numbers,  as 
452  :  to  355  very  near. 

And  that  all  Prifms  are  in  Proportion  to  their  infcrib’d  Cylin-, 
ders,  as  the  Area's  of  their  Bafes  are. 

THEOREM  XII.  j 

The  Carve  Superficies  of  every  Right  Cylinder ,  is  equal  to  the 
Rett  angle  made  of  its  Height  into  the  Periphery  cfits  Bafe . 

That  is,  DB  multiply’d  into  the  Periphery  of  the  Diameter  BA, 
will  produce  the  Curve  Superficies  of  the  laft  Cylinder  VGBA. 

For  the  Cylinder  is  conftituted  of  an  infinite  Series  of  equal 
Circles ;  (according  to  the  laft  Theor.)  therefore  its  Curve  Superficies 
is  compos'd  of  the  Peripheries  of  thofe  Circles,  by  Definition  20. 
But  the  Periphery  of  its  Bafe  BA  is  one  of  the  Terms,  and  its  Height 
J)B  is  the  Number  of  Terms.  Therefore,  zs*c.  As  by  Lemma  1. 

To  which,  if  there  be  added  the  Area’s  of  both  its  Ends,  (or  Bafes) 
the  Sum  will  be  the  Superficies  of  the  whole  Cylinder. 

Example,  Suppofe  the  Diameter  of  its  Bafe  to  be  BA~16,  and 
its  Height  =  42.  As  before. 

Then  1  :  3,1416  : :  16  :  50,2656  the  Periphery  of  itsBafe. 

Again,  1  :  0,7854  :  :  16  X  16^=256  :  201,0624  the  Area  of  each 
End  or  Bafe. 

Then  50,2656  X  42  =  2111,1552  the  Curve  Superficies. 
To  which  add  201,0264  Xtz  =  402,1248  the  Area'sof  both  Ends. 

The  Sum  =:  25 13,2800  is  the  Superficies  of 
the  whole  Cylinder. 

THEOREM  XIII. 

Every  Cone  is  the  third  Bart  of  a  Cylinder ,  having  the 
fame  Bafe  with  it,  and  their  Altitudes  equal.  (10.6.  1 2.) 

JaDemon- 


Apply’d  to  ^ttpetficieg,  &c.  417  ■ 

SDemonttrattcn. 

The  Truth  of  this  Theorem  may  be  eafily  conceiv'd  by  only 
confidering,  that  a  Cone  is  but  a  round  Pyramid,  and  therefore 
it  mud  needs  have  the  fame  Ratio  to  its  cireumlcribing  Cylin¬ 
der,  as  the  Square  Pyramid  hath  to  its  cireumlcribing  Paralleled 
ipedon  j  viz-  as  l  to  3.  However,  to  make  it  yet  clearer,  let  it 
e  farther  confider’d,  That 
Every  Right  Cone  is  condituted  of  an  infi¬ 
nite  Series  of  Circles,  whofe  Diameters  do  con¬ 
tinually  encreafe  in  Arithmetical  Progredion, 
beginning  at  the  Vertex  or  Point  V  the  Area  of 
its  Bafe  BA  being  the  greateft  Term,  and  its 
Perpendicular  Height  VC  the  Number  of  all  the 
Terms ;  therefore  the  Area  of  the  Circle  BA 
X  |  VC  will  be  the  Sum  of  all  the  Series,  by 
Lemma,  3.  which  is  the  Cone’s  Solidity. 

» 

Example.  Let  the  Diameter  of  its  Bafe  be 
BA  =  16,  and  its  Height  VC=:  42. 

Then  1  :  0,7854  ••  16X  16  =  256 :  201,0624  the  Area  of  the  Bafe.' 

And  4  X-—  =  2814,8736,  the  Solidity  of  the  Cone  B  V A% 

S 

Or  thus,  201,0624  X  V  :=5  2814,8736,  &c. 

4^  1 

Corollary « 

Hence  it  follows,  that  every  Square  Pyramid  is  to  its  inferib’d. 
Cone,  as  1  :  0,7854.  (Or,  as  451  •  355.)  Confequently,  that  all 
Pyramids  have  the  fame  Ratio  to  their  inferib’d  Cones,  as  the  A7 
reas  of.  their  Bafes  have. 

r .  '  '  *  -  •••  *  •  %  A 

!  THEOREM  IV, 

j  * 

The  Curve  Superficies  of  every  Right  Cone ,  is  equal  to  half 
the  Re  Bangle  of  the  Periphery  of  its  Bafe  into  the 
Length  of  its  Side. 

The  Truth  of  this  Theorem  is  felf-evident  from  the  Definition 
of  a  Cone  Chap.  1.  Part  4.  where  it  appears,  that  the  Curve  Su¬ 
perficies  of  every  Right  Cone  (as  BVA )  is  equal  to  the  Area  of 
a  Se<5for  of  that  Circle,  whofe  Radius  is  the  Side  of  theC^ne  ■' VB ) 
and  its  Arch  equal  to  the  Periphery  of  rhe  Cone’s  Bafe  (BA.) 
But  the  Area  of  any  Se&or  is  equal  to  half  the  Re&angle  of  the 
Radius  into  its  Arch,  by  Theorem  4.  Therefore,  &c. 

H  h  h  Example] 


4i  8  3rttg)metictt  oi  gjnfmttes  Fart  V. 


Example,  Suppofe  the  Length  of  the  Cone's  Side  to  be  VB ,  or 
VA  =  41,75  s 1. 

And  the  Diameter  of  its  Bafe,  BA  —  1 6<  As  before. 

Then  will  $ 0,1656  be  the  Periphery  of  its  Bafe. 

And  -  °* ' --- * *  ~-7 - t=s  1074,555-3  the  Curve  of  the  Superficies. 

To  which,  if  there  be  added  the  Area  of  its  Bafe,  the  Sum  will 
be  the  Superficies  of  the  whole  viz,,  all  the;  Cone. 

That  is  1074.5553 

►4-2  O  f  ’  4  the  Area  of  the  Bafe. 

Sum  1275,6177  i'  the  total  Superficies.  &c. 

Note,  The  Truth  of  this  Theorem  may  ie  prov'd  from  the  Cjnfideration  of 
the  laji  Tl)eoremi  and  Definition  20. 


SCHOLIUM, 

From  the  loth  and  13th  Theorems  may  be  eafily  deduced  feyeral 


Theorems  for  finding  the  folid  Content  of 
any  Frufhim  or  Part,  either  of  a  Pyramid 
or  Cone,  by  a  plane  Parallel  to  its  Bafe. 

Suppofe  a  fquare  Pyramid,  as  BV A,  to 
be  cut  by  a  Plane  at  a  by  parallel  to  its 
Bafe  BA  and  it  were  requir’d  to  find  the 
Solidity  of  .the  Fruftum  or  Part  ab  AB 
Let  there  be  given. 

D=:BA  the  Side  of  the  greater  Bafe. 
d—ba  the  Side  of  the  lefier  Bafe. 

H=zCP  the  Perpendicular  Height, 


A 


/  !  V 


B< 


Firft 

Then 
And 
Viz>m  1, 2. 
And  1,  3 


6)  Keduc. 


dH 


— d:H::d'  , 

D—d 

H  +  VC 


D  P  X 


3 


e=zVC  by  the  Figure. 

=  the  whole  Pyramid  BVA. 


By  Theorem  10. 

id  x  |  VC=:  the  Pyramid  aVb  cut  off. 

DDDH  ,  ,  ,  , 

:  the  whole  Pyramid  BVA . 


lD~id 

dddH 


—  3  d 
DDDH— dddH 


=:the  Pyramid  aVb. 


=  the  F'ufium  ahAB. 


lD  —  id 

DD  -J-  Dd-\-  dd:  xfH=t he  Fruftum  akAB. 


Which  in  Words  gives  this  following  Theorem. 


Theorem 


i 
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q*0  the  Vie  ft  angle  of  the  Sides  of  the  two  Bafes ,  add  the 
Sum  of  their  Squares ;  that  Sum  being  multiply  d  into 
me  Third  of  the  Frujiums  Height ,  will  give  its  Solidity . 


Example,  Suppofe  the  Side  of  the  greater  Bafe  BA=zi6. 

And  the  Side  of  the  letter  Bafe  (or  Top)  ab~iz. 

The  Height  CP  =  9. 

Then  16  X  1 i  =  1 92.  16  X  16 =  256.  and  11  X  ii  =  144* 

.  ,  ,  S92X9 _ _ 

Next  191-1-156+  144  =  5Pi*  and - - — —  1776. 

Or  592  X  f  =  1776,  the  Content  of  the  Fruttum  of  a  fquare  Py¬ 
ramid.  ,  ... 

And  if  it  were  the  like  Fruttum  of  a  right  Cone,  it  may  be 
found  by  the  fame  Theorem.  Suppofing  V  equal  the  Diameter  of 
the  greater  Bafe,  d  =5  the  Diameter  of  the  letter,  and  H  =:  the 
Height  of  the  Fruttum. 

Then  feeing  the  Sum  of  all  the  Squares  which  conttitute  the  Fru¬ 
ttum  of  a  fquare  Pyramid,  are  to  the  Sum  of  all  the  Circles  which 
conttitute  the  like  Fruttum  of  a  right  Cone,  in  the  Ratio  of  1 :  to 
©  7854-  (or  of  4 * 2  :  to  355-)  Therefore, 

it  will  be  1  :  0.7854  : :  PP  +  Pi-f  ddx  j  h:  0,7854  PP  +  0,7854 
Pi -F  0,7854  ddx|^==the  Cone’s  Fruttum. 

That  is,  in  the  laft  Example,  1 : 0,7854 ::  *776  \  1394,8704  the  like 
Fruttum  of  a  right  Cone. 

Or.  becaufe  <y,Tfr*  =  1-273236,  &c.  Therefore  it  may  be  made 
1,173136)  VD-{-Dl  -f  ddx?  H  (=  the  fame  Fruttum. 

That  is.  1,275236)  1776  f  1394,87*  As^ before. 

And  if  you  take  the  Triple  of  this  Divifor,  viz.  273236  X  3 
it  will  be  3,8197)  PP  +  Pd-feM:  XH  (=  the  Fruttum,  ere. 


Suppofe 

Then 


1 

2 


Again. 

x"D  —  d.  And  F  s=  the  Fruttum. 

5  f 

PP+  Dd^dd  =;  - — >  by  7th  Step  of  the  latt. 

H 


1  ©• 

2  — • 


4  - 

5  X 


3  y 

H  6 


xx  =  DD  —  2  Dd  -f-  dd 
3  F 

3Pi=;- - xx 

F  ,  F 

D  d  =  —  —  I  xx-  Or  PP  +  }  **=  ~ 

j  xxlXH^F  the  Fruttum  abABx 


Hence  we 
Fruttum. 


have  another  eafy  Theorem  for  finding  the  fame 

t  v  J.  »  V 

H  h  h  1  THEOREM 


420  ;3ritl)meticft of Party. 

~~  T  H  EORE  M  XVI. 

To  the  R  eft  angle  of  the  Sides  of  the  two  Bafts,  add  one 
Third  T art  of  the  Square  of  their  Difference  *  that  Sum 
hang  multiply  d  into  the  Height ,  will  produce  the  So* 
lidity . 


Example,  Let  V=zi6.  d=  la.  and  H  =  9.  As  before. 
Then  Dd=z  192.  p  —  i=34  =  jc.  T  ^  4X4 


=5  5T.3333- 


And  192  +  f,  3333  =  197.3335. 

Laftly,  197,3333  X  9  =s  1775,9997  the  Solidity  of  the  Fruftum  of 
the  fquare  Pyramid.  As  before. 

And  3,81968)  1775,9997  (1394,87,  <?c,  the  like  Fruftum  of  a  right 
Cone.  As  before.  ^ 

Either  of  the  two  laft  Theorems  (being  rightly  apply’d)  will 
produce  the  true  folid  Content  of  all  Fruftums  of  any  kind  of 
Pyramids  that  are  intercepted  between  two  parallel  and  alike 
Planes  or  Bales.  As  above. 


But  if  fuch  Fruftums  are  cut  thro’  the  Extremities  of  both  Bafes 
by  a  Diagonal  Plane  (as  A  b  in  the  an¬ 
nex'd  Figure)  into  two  Parts,  Aab ,  and 
ABb,  call'd  Hoofs  ;  then  the  Solidity  of 
thole  Hoofs  is  ufually  found  by  divid¬ 
ing  the  middle  Term  Vd  of  the  Equa¬ 
tion  VD~\~  Dd  -j-  dd  into  two  Parts,  and 
adding  me  of  thofe  Parts  to  the  Square 
of  each  Bale. 


Thus.  VD  -f  i  Vd  :  X  }  the  great  Hoof  ABb. 

And  dd-\-±Dd  :  xjH=  the  Idler  Hoof  Aab  of  the  Fruftum  of  any 
fquare  Pyramid. 

Then  3.8197)  VD  ■+■  i  Dd  :XH  ( '*=:  the  greater  Hoof  of  a  Cone.  * 
And  3,8197)  dd  ?  Vd  :  X  H  (2=  the  Idler  Hoof,  &*c. 

Thefe  are  the  Theorems  made  ufe  of  by  Mr.  Vary  in  his  Book  of 
Gaging,  and  are  pretty  near  the  Truth,  but  not  exa&ly  fo  *,  for 
they  give  the  Solidity  of  the  upper  Hoof  Aab  a  fmall  matter  top 
big.  and  the  low  er  Hoof  ABb  as  much  too  little. 

Now  in  order  to  re&ify  that  fmall  Error,  I  fhall  here  propofe 
the  two  following  Theorems,  which  come  very  near  the  Tm  th, 
and  are  more  eaftly  perform'd  than  thofe  propofed  in  the  firft  Im- 
prdlion  of  this  Book- 

'  Firft, 
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Firft,  PP  +  iPd-f'P— ~d  :  X  |  H  will  be  the  Solidity  of  the 
greater  Hoof  ABb. 

Secondly,  — P  :  X{H  will  give  the  Solidity  of 

the  lefler  Hoof  Aab ,  of  the  Fruftum  of  any  fquare  Pyramid, 

And  for  the  like  Hoofs  of  the  Fruftum  of  any  right  Cone,  it 
will  be 


Thus,  3  8197)  PP  +  ^Pd — P»— d  :xfH(=i  the  greater  Hoof. 
And  3,8 1 27)  dd  +  ^Pd  +  d  —  P:x|  ffethe  lefler  Hoof. 

Note,  In  crier  to  avoid  many  iVords  in  the  following  Demonftrations.  let 
0  fir nify  any  Circle  in  general  \  and  if  any  two  Letters  be  joynd  to  it,  thus , 
(DBA  See.  it  then  denotes  the  Area  of  (ueb  a  Circle  as  thofe  two  Letters  re - 
prefent  the  Radius  of 

THEOREM  XVII.  ' 

The  Superficies  of  every  Sphere  ( or  Globe )  is  equal  to  four 
times  the  Area  of  its  greateji  Circle . 

That  is,  of  a  Circle  whofe  Diameter  is  the  Axis  of  the  Sphere. 


SDemonttration. 


If  any  Semi-circle  (as  ATGS )  be  turn'd  or  moved  about  its  Di¬ 
ameter  ( TS )  it  will  deferibe  a  folid 
Body  call'd  a  Sphere,  which  will  be  * 

conftituted  of  an  infinite  Series  of 
concentrick  or  parallel  Circles,  whofe 
Diameters  are  Chords,  viz,.  (Dab ,  0ed, 

Oef,  &c.  by  Definition  14. 

Confequently,  the  Superficies  of  G 

the  Sphere  will  be  compofed  of  the 
Peripheries  of  thofe  Circles  which 
conftitute  its  Solidity.  By  Definition  10. 

Let  D—TS  the  Axis  of  any  Sphere. 

Then,  according  to  the  Property  of  a 
Circle,  it 


wall  be 
That  is 
Thc-refo  re 

And  \ 


I 

?. 

? 

4 


P~- TbxTb—U  ab 

D  XTb—D  Tb  —  Qab 

DxTb=DaT.  For  □  ab+  U  T&zxQ  it 

DxTd=:  □  cT 

DxTf—UyT,  See. 


Hence 
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Hence  it  is  evident,  that  the  Series  Q  aT.  □  eT.  □  yT  &:c.  are  in 
the  lame  Ratio  with  Tb.  Td7  Tf.  &:c  'viz-  in  Arithmetical  Progreflion. 
Whence  it  follows,  that  the  O  aT~  the  Sum  of  all  the  Circle’s 
Peripheries  between  rand  b , 

And  the  Ger=  the  Sum  of  all  the  Circle’s  Peripheries  between 
3*  and  d  &c. 

Confequently,  that  the  (?)  AT  ■=■  the  Sum  of  all  the  Circle’s  Pe¬ 
ripheries  included  between  Pand  C  That  is,  0  AT t=z  the  Super¬ 
ficies  of  the  Semi-fphere. 

And  becaufe  the  Q AC  +  □  TC=:  □  AT,  and  \~\ACz=:  Q  TC. 
Therefore  (£)ATz=:iQAC  is  the  Superficies  of  the  Semi-fphere. 

Confequently,  4 QAl>  will  be  the  Superficies  of  the  whole  Sphere, 
Q.  E.  D. 

Example .  Suppofe  the  Axis  TS—V  —  1 6.  iThen 
And  1  :  0,7854  ;  :  256  :  201  0624—  (z)AC .  Y or  k  D  =  AC 
Then  201,0604  X  4  =:  804,24 96  the  Superficies  of  the  w  hole  Sphere. 

Or,  becaufe  3  1 4 1  is  four  times  0785:4,  therefore  it  will  al¬ 
ways  be  1  :  3,1416  ::  DT>  :  3,1416  VD  the  Superficies  of  the  Sphere 
()s  before)  and  it’s  equal  to  the  Curve  Superficies  of  a  right  Cy¬ 
linder.  whofe  Diameter  and  Height  are  each  =5  the  Axis  of  the 
Sphere. 

For  3,1416  D^the  Periphery  of  the  Cylinder’s  Bafe,  and  that 
multiplv’d  with  D  its  Height,  will  be  3,141 6  DD  the  Curve  Super¬ 
ficies  of  the  Cylinder,  bv  Tbeor.  12. 

And  if  to  this  there  be  added  the  Areas  of  its  two  Bafes,  (or 
Ends)  viz-  1.5708  DD.  Then  it  is  evident;  that  the  whole  Super¬ 
ficies  of  the  Cylinder  will  be  to  that  of  the  Sphere,  in  the  Pro¬ 
portion  of  3  to  2. 


SCHOLIUM. 

From  the  Method  here  tiled  in  proving  the  laft  Theorem ,  it  will 
he  eafy  to  find  the  Curvt  Superficies  of  any  Segment  or  Part  of  a 
Sphere,  that  is  cut  off  bv  a  right  Line,  or  Plane;  viz-  fuch  as  the 
Segment  a  Tm  in  the  laft  Scheme,  whofe  Curve  Superficies  is  0  aT, 
fas  abo,rfO  7’herefore  (hecaufe  n  a  b  -f-  □  Tb=z  □  aT)  it  will 
be  0  ab- f*  O  Tb  =  the  Curve  Superficies  of  that  Segment. 

But  if  the  Avis  rS.  and  Height  Tb  of  the  Segment  are  given, 
then  it  will  be  TSxTbz=z  Q  aT  as  in  the  third  Step  above. 
Which  gives  this  Proportion  or  Theorem. 


Viz. 


Appiy’d  to  Superficies,  &c  423 

Cuds  the  dxis  of  the  Sphere  :  is  to  the  whole  Super- 
Viz.  <ficies  of  the  Sphere  ::  Jo  is  the  Height  of  any  Seg- 
rment :  to  its  Curve  Superficies 

To  which,  if  there  be  added  the  Area  of  the  Segment’s  Bafe,  the- 
Sum  will  be  the  Superficies  of  the  whole  Segment. 

THEOREM  XVIII. 

Every  Sphere  is  equal  to  two  Thirds  of  its  Circimfcribing 

Cylinder . 

That  is^  of  a  Cylinder,  whole  Height  and  Diameter  of  its  Bafe 
are  each  equal  to  the  Axis  of  the  Sphere. 

2DcmouCtratto?r- 

According  to  the  Work  in  the  laft  Theorem,  it  appears,  that 
0  ab.  G  ei.  O  yf  ,&c.  do  conflitute  the  T 

Solidity  of  the  Sphere,  and  that  □  aT, 

GeT,  QyT,  &c.  are  a  Series  of  Terms  g 
in  Arithmetical  Propreffion ,  □  AT  being 

the  greatell  Term,  and  TC  the  Number 
of  Terms.  Therefore  QATX^TC^z  A 
the  Sum  of  all  the  Series. 

Per  Lemma  1.  j  * 

And  becaufe  □  aT—  O  Tb=a  ab. 

Elcr-D  Td=>Oed.  DyT—  □  r/= 

□  y  tf.  GAT— G  TCz=:a  AC,  &c.  S 

wherein  □  Tb,  □  Td,  □  Tf  &c.  are  Series  of  Squares,  whofe  Roots 
Tb ,  Td,  Tf,  are  in  Arithmetical  Proyrejfm ;  □  TC  beine  the  greateft 
Term,  and  TC  the  Number  of  Terms.  Therefore  0 TCX  |TC=  the 
Sum  of  all  that  Series.  Per  Lemma  3. 

Confequently,  O ATX{TC: — 0TCXyTC  =  the  Sum  of  the  Se¬ 
ries  Qab.  Oed.  © yf.  Sec.  which  conftitute  the  Solidity  of  the 
half  Sphere  ATG.  Put  Vz=zTC  the  Axis  of  the  Sphere.  Then  i  T> 
z=:±TC,  and  £  V  =  \TC.  And  becaufe  □  ^T=  2  Cl  TC;  therefore 
QAT~  20TC=:  r, ^708  DV.  And  1  5708  W  x  £  D  r=;o  3917  DVD* 
Again,  ©TCx  0,78*4  DD  x#  D  ~  o  1309  DDV. 

Then  0,3927  DVD  —  0,1309  DDD~ 0,26 18 DDD  the  Solidity  of  the 
Semi  fphere  ATG. 

Confequently.  o  16'  S  D  D  V  X  2  =  0,^23^  V  V  V  will  be  the  folid 
Content  of  the  whole  Sphere  which  is  equal  to  §  of  the  Cylin¬ 
der,  whofe  Diameter  of  its  Bafe  and  Height  — D. 

For  o  7  8*4.  VVV  =  the  Sol  id  i  t  v  of  the  Cylinder,  by  Theorem  II. 
But  f  of  o  78*4  VDD~ 0.523c  DID,  as  before. 

Therefore,  as  by  The  or. 


Example 
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.Example,  Suppole  the  Axis  D  =  16.  then  DDD=40^,  and 
1:0,5236  ::  40 96  :  2144,6656  the  folid  Content  of  that  Sphere. 

Corollaries * 

1.  Hence  it  appears,  that  the  folid  Content  of  every  Sphere  fo 
equal  to  its  Superficies  multiply’d  into  one  fixth  Part  of  its  Axis. 

For  its  Superficies  is  3,1416  DD,  by  Theorem  17. 

But  3,1416  DDX£D  =  0,5236  DDD  the  folid  Content)  as  beforej 

2.  And  hence  it  is  alfo  evident,  that  there  is  the  like  Ratio  or 
Habitude  between  the  Cube  and  its  infcribed  Sphere,  asis  between 
the  Square  and  its  infcrib’d  Circle.  And  that  is,  As  the  Superfi¬ 
cies  of  any  Cube :  is  to  the  Superficies  of  its  infcrib’d  Sphere ::  fo 
is  the  folid  Content  of  that  Cube  :  to  the  folid  Content  of  the 
Sphere.  (See  the  Circle's  Proportion ,  Page  4°7-) 

For  if  D=the  Side  of  the  Cube,  then  6DD=i  its  Superficies, 
and  DDD=its  Solidity.  And  3.1416  DD~  the  Sphere's  Superficies. 
But  6  DD  ;  3,1416  DD  ::  DDD  :  0,5236  DDD  the  Solidity  of  the 
Sphere,  as  above. 

SCHOLIUM. 

From  the  Proof  of  this  Theorem,  it  will  be  eafy  to  deduce  or 
raife  Theorems  for  finding  the  folid  Content  of  any  Fruftum  or 
Segment  of  a  Sphere  ;  as  a  Tm  in  the  laft  Figure. 

For  we  there  fuppofe  the  Segment  aTtn  to  be  conftituted  of  an 
infinite  Series  of  Circles,  which  have  the  fame  Ratio  with  all  thofe 
Circles  rhat  conftitute  the  Setni-fpbsre . 

Therefore  it  follows  that  O  a  T  X b: • —  ©  £  Tx | T  6  will  be 
will  be  the  Sum  of  all  the  Circles  intercepted  between  T  and  b . 
Confequently  it  will  be  Solidity  of  that  Segment. 

And  becaufe  the  +  0  T^=n^T:  Therefore, 
0<*&-f-0T&x£T  &  —  ©T&x|&T  =  the  fame  Solidity. 

Let  c~ab,  half  the  Segment’s  Bafe;  h^sTb,  its  Height;  and  £=£ 
the  Soliditv  of  the  Segment  or  Fruftum. 

Then  0  ^”3.i4i6cc.  and  O  TB  =  3,14166k  ’  • 

Confequently,  =  S 

2  5 

which  being  reduced  will  become  3  cch  -f-  hbbx  0.5236:=:$. 

Or  1.905855)  3 cch  *-}-  hhh  (  =  S  For  0,5236)  1  0000  (  1,909855 
which  is  one  Theorem  for  finding  the  Fruftum's  Solidity. 

Note, 


I 


Apply 'd 


) 


&c. 


■-■"■JUMU „y 
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Note ,  Here  we  fuppofe  the  Height  ot  the  Segment  and  ,,j  Dia¬ 
meter  of  its  Bafe  to  be  given  :  But  if  the  Axis  of  the  Spr<  re.  and 
the  Height  of  the  Segment  be  given,  then  pu^cing  D=  th  Sphered 
Axis,  b  =  the  Segment  s  Height,  and  c  as  before,  it  will  he  D—-h 
xb^=.cc.  Viz.  D b‘ — bb~cc.  i 

Therefore  3  D bb  • — *  2  hbb  —  3  ccb  -f-  bbh. 

Confequently,  3  Dhb  —  zbbbXo^z^^S  the  Fruftum’s  Solidity. 
Or  1  90985)  3D  bb — ibbb  (i=£  As  before. 

Which  is  a  iecond  Theorem  for  finding  the  fame  Fruftum  aT  ml 


And  if  it  be  requir’d  to  find  the  middle  Part  amNK,  ufually 
call’d  the  Middle  Zone  of  a  Sphere; 
then,  becaufe  it  is  fuppofed  that 
am  =  NAT,  or  which  is  all  one,  that 
lC~CB\  therefore  it  is  plain,  that 
it  twice  the  Segment  aT  m  be  taken 
fro.m  the  Solidity  of  the  whole  Sphere, 
there  will  remain  the  Middle  Zone 
amNK 

But  becaufe  that  Work  is  a  little 
trpub)efom,  I  fhall  here  fhew  how  to 
raife  a  Theorem  for  doing  it. 

Firft,  Becaufe  A  C~yC=z  e  C—'d  C  =  TC.  Therefore  it  will  be 
DAC—QCf—ayf.n  AC—  □  Cd~  a  ed.  UAC—  o  Cb~ 
D  db,  &:c.  .  v 

Here  becaufe  UAC.  □  AC.  □  AC,  &:c.  are  a  Series  or  Equals,  and. 
Cb  the  Number  of  all  the  Terms  ;  therefore  \2ACxCb  =  the  Sam 
of  all  the  Series,  by  Lemma,  1. 

And  DC/.  □  Cd  vO  Cb  &c,  being  a  Series  of  Squares,  whole 
Roots  are  in  Arithmetical  Progrejfton.  beginning  at  the  Center  or 
Point  C,  viz.  o,  Cf  Cd,  Cb,  wherein  the  greateft  Term  is  {JCb  and. 
Number  of  Terms  is  Cb.  Ergo  □  Cbx{  C£  =  t he  Sum  of  all  the  Se¬ 
ries,  by  Lemma  3.  , 

Confequeiitly,  the  QACXCb  : —  QCbx  \Cb~  the  Sum  of  all  the 
Series  Qyf .  O  e  d.  O  ab,  which  do  confiitute  the  Solidity  of  the 
half  Zone  am  AG. 

And  becaufe  CMC— ■  OC£>=  O  db.  Ergo  ©  AC — ©  ab~  QCb. 

Confequently,  OACXCb  :  —  —  '  x ^  =;2©  AC-\~  ©  ablX 

<  ? 

}  Cb  will  be  the  Solidity  of  the  half  Zone. 

Pu  tD  =  AG  =:  2  AC  .x=-am.  and  H~b  B  zCb. 

Then  ©  AC=  0,785*  DD  .  ©  ab  =  o  7854#*.  And  if  we  turn 
the  common  Fa&or  0,7854  into  the  Divilor  1,27323,  and  then  take 

I  i  i  Triple 


T 


Part  V 


Tr  pie  of  that  Divifor,  viz.  3,8197  (as  before  in  the  Fruftums  of 
Pyramids)  the  Rcfult  of  the  preceding  Work  will  produce  this 
following  Theorem. 

c  2  DD  xx .  5  middle  Zone 


Wjjeott-m  IX.  ^ 


3>8i?7 


:xh— 


[  amNK. 


THEOREM  XX. 


Spheres  are  in  Proportion  one  to  another ,  as  the  Cubes  of 
their  Diameters .  ( 1 8.  e.  1 2.) 

SDemonttritton. 


Suppofe  D  =3  the  Diameter  or  Axis  of  any  Sphere,  and  d  sp  the 
Dianeter  of  another  Sphere,  either  greater  or  leffer. 

Then  is  0,523 6  DDD  =  the  Solidity  of  one  Sphere,  and  0,5 13 6  did 
t=s  the  Solidity  of  the  other  Sphere,  bv  Theorem  18. 

But  DDD;  cldd: :  0,5235 DDD  :  0,5235  idd.  Q;  E.  D. 

THEOREM  XXI. 

The  folid  Content  of  every  Spheroid  is  equal  to  two  Thirds 

of  its  circumfcribing  Cylinder . 

SDcmonttratioti- 

Suppofe  the  Figure  NT»SN  in  the  annex’d  Scheme  to  reprefenc 
a  Spheroid,  form’d  by  the  Rotation  of  the  Semi-Ellipfis  TNS  about 
its  tranfverfe  Axis  TS,  (as  by  Definition  15.) 


LetD  =  TS  the  Length  of  the  Spheroid,  and  the  Axis  of  its  cir¬ 
cumfcribing  Sphere.  And  d  =  N  k  the  Diameter  of  the  greatefl 
Circle  of  the  Spheroid. 

Then  becaufe  nTC:  □NTC: :  □  Ai> :  □  ab,  by  Step  3.  in  Theor.  7. 
Therefore  it  will  be  DD:  dd: :  □  A6:  Oab : :  QAb :  ©  ab  &c. 

But  the  Sum  of  an  infinite  Series  of  % 


fuch  Circle*,  as  0  Aby  (whole  Diameters 
are  Chords)  do  conftitute  the  Solidity  of 
the  Sphere,  (as  before  at  Theorem  18.) 
And  the  Sum  of  an  infinite  Series  of  fuch 
Circles,  as  Qab.  (viz-  whofe  Diameters 
are  Ordinates  of  the  Ellipfis)  do  confKtute 
the  Solidity  of  the  Spheroid,  by  Defini* 
nitioni5. 

Ergo  DD  .*  dd  ::  0,5235  DDD  :  0,5235  dd  D 
s^the  Solidity  of  the  Spheroid,  by  Lem.  6 . 


But 


Apply ’d  to 
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Bat  ,07i36rMD==f  of  the  Cylinder,  whofe  Diameter  i$  =  d  and 
Height  s=D)  bv  Theorem  1 1.  Q.  H.  D. 

Now  from  this  Proportion  between  the  Sphere  and  its  infcrib’d 
Spheroid  it  will  be  very  eafy  to  deduce  Theorems  for  finding  the 
folid  Content,  either  of  the  Segment  or  middle  Zone  of  any  Sphe 
roid,  having  thd  iame  Height  with  that  of  the  Sphere. 

C  As  the  Solidity  of  the  whole  Sphere  :  is  to  the  Solid! - 
For  \tyoj  the  whole  Spheroid :  fo  is  any  Part  of  the  Sphere : 
£to  the  like  Part  of  the  Spheroid ,  by  Conv.  to  Lera.  6. 

As  for  Indance,  Suppole  it  were  requir'd  to  find  the  middle 
Zo  ne  of  anv  Spheroid. 

LetD=:TS.  and<i=Nn  as  above  j-and  H=:hB  .  jc  =  AM(  as  in 
Theorem  19.  And  1  ezc  —  am. 
r  ^  13  D  *  "I"*  dcx 

Then  <  - — - xH  —  the  middle  Zone  of  the  Sphere.  And 

l  3>8i97 

, , _  iT)T)A-xx  rv  iddxVi  .  xxddxH 

0,513 6  DDD :  0,52.36  ddD : :  ~z~o~~r~  x  H  •  y  07- 


3,8197 

the  middle  Zone  of  the  Spheroid. 


3  8197  3  8197DD 


Again,  DD :  dd : :  xxr :  cc  .  Therefore  ~ 


Xxdd 


_  ,,  ,  xxdd 

Confequently,  -rrr-  X 


H 


DD 
c  c 


'CC* 


3>8  J£7 


X  H.  Which  being 


DD  3  Si 97 

taken  inftead  of  — there  will  arife  this  following 


the  middle  Zone  of  the 
Spheroid,  being  the  ve- 


3,8i5?7DD 

Clicojtm  XXIlA^4±A-xH==  $ 

2  3,8197  t 

I*y  fame  with  Theorem  19. 

Note  In  the  fame  number  you  may  raife  Theorems  for  finding  the  Segment 
of  a  Spheroid ,  cut  off  at  either  of  its  Ends,  &c. 

THEOREM  XXIII, 

Area  of  every  Parabola  is  equal  to  two  Thirds  of  its 
Ci rcimfcnbi ng  Parallelogram* 


SWmottflr&fion. 

Let  the  Figure  SAB  reprefent  half  a  Parabola ;  make  T>  B  paral¬ 
lel  to  the  Axis  s A,  and  SJ  parallel  to  the  Semi-Ordinate  A  B.  And 
iappole  si  to  be  divided  into  an  infinite  Series  of  equidiftant 

I  i  i  z  Points^ 
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Points,  as  f.  g  b  &c.  anti  from  thofe  Points  imagine  a  Seties  of 
parallel  Lines,  viz-  fm  gn  hp ,  (St a.  to  touch  the  Curve  of  the  Pa¬ 
rabola,  and  meet  the  Semi-Ordinates  ma,  ne,  ypr  &:c. 

Then  according  to  the  Property  of  the  Parabola  it  will 


r 

1 

SA  \  O  AB  ::Sa:  G  am 

S  f  gbd 

be< 

1 

SA  □  ARr.Se:  (Ben  /7 

FO  •  :  • 

.  «V  ■  •  ! 

c 

3 

SA :  □  AB : :  Sy :  □  yp,  &:c.  /  9 

7»!\r  *  1 

Bui 

Si  —  fm  .  Se  =-gn  .  Syz=zbp  .  SA  —  dB  / 

«  \ :  : 

V  " 

Therefore  alternately  it  will  be  /  7 

3 > 

4 

□  AB:dB::  (3  yp’.hp  / 

P  \: 

2, 

5 

□  AB  :  dB ; :  O  en  \gn  1 

\i 

I, 

6 

□  AB  :dB\ :  □  am  :f  m  / 

j 

In  thefe  Proportions  □  am  □  en,  □  yp,  & c.  are  a  Series  of 
Squares,  whole  Roots,  Sf ,  Sg  Sb ,  &c.  are  in  Arithmetical  Pro^reffion, 
beginning-at  the  Point  S-  And  becaufe  the  Lines  hp.  gn  fm  &c. 
have  the  fame  Ratio  therefore  they  are  as  fuch  a  Series  of  Squares* 
wherein  dB  is  the  greateft  Term,  and  si  the  Number  of  Terms. 

Confequently,  — ~^=  the  Sum  of  all  thofe  Lines,  by  Lemma  3.' 

S A  X  AP 

But  SAxAB  —  dBxSd .  Therefore  — - -  the  Sum  of  all  that 

.  •  *  3 

Series  of  Lines;  but  all  thofe  Lines  do  conftitute  the  Area  of  the 
Semi-Parabola's  Complement,  viz,,  the  Area  of  what  half  the  Pa- 
ralml^  SAB  wants  of  completing  or  filling  up  the  Prarallelogram 


herefore  SA  X  AB :  —  j  SAx  AB =: - will  be  the  Area  of 

-  3  ••• 

half  the  Parabola  SAB . 

-  Confequently,  \SAXbB ,  will  be  the  Area  of  the  whole  Para¬ 
bola  bSB.  1 

y  % 

Example,  Suppofe  the  Bafe  or  greateft  Ordinate  of  a  Parabola 
to  be  hB—  m  and  its  intercepted  Diameter  or  Axis  be  SA=$ 3. 
1  hen  i  SAx  b  B~66  X  24=  1 5 84.  and  3)  1584  (518  the  Area  of 
that  Parabola.  '  * 


THEOREM  XXIV. 

1 i 


Every  Parabolic  Conoid  is  equal  to  one 

fcribing  Cylinder . 

*  ■  r- 


half  of  its  c'tnam- 

jDcmoti- 


ApplyM  to 
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E'cmonSjation. 

If  any  Semi-parabola  (as  BSA)  be  turn'd  or  mov’d  about  its  Axis, 
(5 A)  it  will  form  a  folid  Parabolic  Conoid,  conftituted  of  an  in¬ 
finite  Series  of  Circles,  viz.  ©  ba,  ©  fe,  Ogy,  &c.  by  Defin.  17. 
Now,  according  to  the  Property  of  every  Parabola,  it  will  be, 

SA:  AB::  AB :  —  f----  =:  L,  the  Latui  Rettum. 

6  A 

C  Si  X  L  =  □  ba 
Then-^ftx  L==  □  fe 

CSy  XL  =  Byr,  &C. 

Here  St  X  L,  Se  XL,  SyX  L,  &c. 
tre  a  Series  ot  Terms  in  Arithmetical  ProgreJJion. 

Therefore  Q  ba  □/?,  d&y,  &c.  are  alio  a 
Series  of  Terms  in  the  lame  Progreflion,  be¬ 
ginning  at  the  Point  S .  wherein  □  AB  is  the 
greatefl  Term,  and  SA  the  Number  of  all  the 
Terms.  Therefore  Q AB  XiSA  =  the  Sum  of 
all  the  Series,  by  Lemma  z. 

Confequently,  Q  A  B x ?SA~  the  Sum  of  all  the  Series  of  ©  ba> 
O  fe 3  ©&y>  &c.  which  do  conftitute  the  Sclidity  of  the  Conoid. 
And  putting  D  — 2 AB  and  H^=.SA. 

Then,  o  78*4  DD  0,3927  DDH  will  be  the  folid  Content 

of  the  Conoid  ;  which  is  juft  half  the  Cylinder,  whofe  Bale  =D> 
and  Height  =://.  See  Theorem  n.  Q;E.D. 

This  being  underftood,  it  wull  be  eafy  to  raife  a  Theorem  for 
finding  the  Lower  Frullum  of  any  Parabolic  Conoid. 

For  fuppofing  h^=.aA  the  Height  of  the  Fruflum,  and  pz=zSa  the 
Height  of  the  Part  bsb  cutoff.  Then  h  -f*  p  =  SA  the  Height  of  the 
whole  Conoid. 

r  1  ©  ABXb^QABXp  ....  c  .  . 

Conlequently,  - ! - the  Solidity  of  the  whole 

4  ^ . 

Conoid. 

And^H 


Ergo 

But 

Confeo. 

f  • 

3  •• 


=  the  Solidity  of  the  Part  cut  off 

QAB  X  H~©  AB  Xp —  ©  b. IX  p _ 

2 

the  Solidity  of  the  Fruflum. 

□  ABr.p:  □  ba 
h-\-p :  QAB:  :p:  ©  ba 
QAB  xp  ^  Qba  Xb~\~  Q6a  X  p 


S 

.»  *  u 

•  *> 


B 


B 


43°  Atttfymttttk or (§wft\xiu$  Party, 

4—-  O  baxp 

1 

OABXp: —  O  baXp=:  Qbaxb 

I  X  2 

6 

O ab x'h:  Jr&ABxp:  —  0  Laxp  —  %F 

6  —  f 
?+  O  bay.  b 

7 

(DAB  x  b =  2 F: —  0  ba  x  b 

8 

QAB  +  b-.  +  ObaxbskiF 

8-r-i 

5 

OAB+Oba 

:xbz=zE  the  Fruftum’s  Solidity 

2 

Let  V — -AB  as  before,  and  dz=:  i  ba  the  Diameter  of  the  Pare 
cut  off*.  Then  we  (hail  have  this  following 


ttkoient  XXV.  $  °;3 W  DD +  =  the  Solidity  o? 

the  Fruflum  requir'd. 

j  DD  -f-  dd 

°r  < 


2,54^4 


x  b  the  Fruftum.  For  ,35527  )  1,0000  (e=2,^4^4 


Ana  becauie  2,5464  +  Z--5^4  —  3,81556'.  Therefore  it  may  be 
made  3,8 196)  DD  dd:  X  ?b  (=  the  lame  Fruftum,  &c. 

Note,  The  Reafon  why  T  have  reduced  this  Theorem  to  have  the  fame  Divi- 
for  with  thofe  of  the  Frufhims  of  Pyramids,  &c.  will  bell  appear  farther  on , 
viz.  when  they  all  come  to  be  apply1  d  to  Practice  in  Gaging. 

THEOREM  XXVI. 

Every  <• Parabolic  Spindle  (  or  Pyramidoid  )  is  equal  to 
eight  Fifteenths  oj  its  circumfcribing  Cylinder . 

H>nno’i(lrat  on. 

If  any  Acute  Parabola,  as  hSB  be  turn'd  or  mov’d  about  its 

greateft  Ordinate  b  AB  it  will  form  a  Solid,  call’d  a  Parabolic 
Spindle,  conflituted  of  an  infinite  Series  of  Q  mxs  One,  Qpy,  &:c. 
by  Definition  18. 

Let  us  fuppofe  the  Line  Sd  parallel  to  A  3,  &c.  As  at  Theo¬ 
rem  23.  Then  it  hath  already  been  prov’d,  that  the  Lines  fm, 
gn,  hp  &rc.  area  Series  of  Squares,  whole  Roots  are  in  Aritb - 


j. 

quadrates,-  whofe  Roots  will  be  in 
Arithmetical  Progreffion  ;  which  being 
pretnifed,  we  may  proceed  thus. 


Fir  ft 


$ 


S  d  —  f  m ml 
SA  — yrr^rr:ne 
5  — -bpc=zpy,  <kc. 


Apply ’d  ro  Superficies,  &c  43 


I 


1  &  2 

2  ©•  2 
3  &  * 


4 

5 

6 


□  5^4  —  zSA  xf  tn-Jr  Q  f  m~  □  mi 

QSA- —  iSA  X  £»  ■+•  D  =  □  ne 

□  SA  —  iSA  X  bp  +  Qhp^  □  py ,  &c. 


1.  In  thefe  Equations,  the  QSA,  n SA,  QsA  being  a  Series  of 
Equals,  and  AB  the  Number  of  all  the  Terms;  therefore  it  will  be 
QSAX  AB  =  the  Sum  of  all  the  Series,  by  Lemma  I. 

■» 

2.  Becaufe  f *?,  gn9  bp ,  Sec.  are  as  a  Series  of  Squares,  wherein. 
SA  is  the  greeted  Term,  and  AB  the  Number  of  all  the  Terms. 

_t  r  iSAXSAxAB  iQSAxAB  , 

Therefore - ■— — — - will  be  the  Sum  of  all 

3  3  ~ 

that  Series,  by  Lemma  3. 

*  .  ' 

3.  And  the  Qfm.  □  gn  .  D  bp,  Sec.  will  be  a  Series  of  Terms 
in  the  Ratio  of  Biquadrates,  as  above,  □  d  B  =  QSA  being  the 
greateft  Term,  and  AB  the  Number  of  all  the  Terms ;  therefore 

,  D  SAXAB  ,  „  „ 

it  will  be  — ig-j - =  the  Sum  of  all  the  Senes,  by  Lemma  y. 

Wherefore  it  follows,  that  USAxAB  —  S—: *-^Ar  —  Ax~ 

3  y 

=  the  Sum  of  all  the  Series  of  □  ma,  □  ne,  □  py ,  Sec. 

8  0  S  A  X  A  B 

That  is, - — - =  the  Sum  of  all  the  Series  of  Qma.  □  nel 

Qbp  .  Q  dB,  Sec. 


Confequently, 


8  QSA  X  AB 

1? 


the  Sum  of  all  the  Series  of  Oma'. 


One  .  O py  •  which  do  conflitute  the  Solidity  of  half  the 
Spindle,  viz,-  of  SAB. 

Therefore,  putting  D  =  zSA,  and  flfc  2  AB  (viz.  bAB)  it  will 
be  0,41888 DDH=:  the  Solidity  of  the  whole  Parabolic  Spindle 
bsB,  being  Tt  of  0,7854  VDH  the  Solidity  of  its  circumfcribing Cy¬ 
linder.  Q  E.  D. 

From  hence  we  may  alfo  raife  a  Theorem  for  finding  the  Frudurtt 
SApy  of  the  lad  Figure. 

For  O  SA  being  the  greared  Term,  Opy  the  lead  Term,  and 
Ay  the  Number  of  all  the  ierms  and  Circles  included  between 
A  and  y.  ,  • 


Therefore 


l  X  3 


iSAXbp  .  nhp 

H - — :  xAyz=zz  the  Sum  of  all 


3 


5 


^1 QSA' 

3  □  SA—iSAX  b(  +  tS-iL;  X  A]  =5  3  * 


the  Series  USA,  fl  mi.  Qgn,  □  py. 
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-r-  Ay 
But 
3  —  4 


*  ± 
Confeq. 


1 


3  DSA  —  2  SA  Xhp + 


3  0  hp 


3^ 


□  SV4 — ■  2$.<4x  □  pj — □  /;/>.  By  6th  Step 


i  □  W  + 


3  □  bp  3  ^ 


inty 


=r 

Ay  1 

zQSA -l*  G)  py  >—£  Q  bp  :x  }  A  yz=i  z,.  tfie  Sum  of  all 
the  Sefies  of  O  s  A  .  ©  ma  .,  O  ne  .  ©  p y,  which  do  conftitute  the 
Solidity  of  the  Fruftum  <*  Apy .  Therefore  putting  D~zSA  as. 
before,  C=:zpy,  x~zbp,  and  H~Ay,  it  will  he  1,7708  DD  + 
0,7874  CC — ■  0,31416  xx :  X  {  the  Fruftum  SA  p  y.  And  if  we 
make  L  =  2 H, 

Then  1,7708  DD  +  0,7874  CC—  0,31416  ##  :  X  |  L  =  the  Double 
of  that  Fruftum,  being  the  Middle  Zone.  And  by  turning  thefe 
Favors  into  one  common  Divifor,  as  in  the  Fruftum  of  the 
Conoid  at  Theorem  27.  Page  430.  there  will  arife  this  following 
Theorem . 

''ST'V’VTT  2DD -(“CC—  6.4 xx  !  %  D  (  —  the 

UpEOietn  XXVll,  ^Middle  2one  of  a  Parabolic  Spindle. 


It  may  be  expe&ed,  that  I  fliould  now  proceed  to  (bew  how 
the  Area  of  any  Hyperbola,  and  the  Contents  of  fuch  Solids  as 
may  be  form'd  by  the  Rotation  of  that  Figure  about  its  Axis, 
may  be  found.  But  becaufe  thofe  Things  cannot  be  exafrly 
perform'd  by  any  certain  or  fettled  Theorems,  as  thefe  of  the  Circle, 
Ellipfis  and  Parabola  have  been,  I  have  therefore  omitted  them, 
and  refer  the  Reader  to  Dr.  Wallis' s  Algebra.  Chap.  90,  &c.  or  to  the 
Philofopb.  Tranfaft.  Number  34.  wherein  he  may  find  the  Method  of 
forming  infinite  Series  relating  to  the  fquaring  of  any  Hyperbola, 
tyc.  which  are  too  tedious  to  be  fully  explain'd  and  demonftrated 
in  this  fmall  Traft,  it  being  only  intended  as  an  Introduction,, 
which  I  fhall  here  conclude. 


A  P  P  E  N- 


\ 
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THE  Art  of  Gaging  is  that  Branch  of  the  Mathematicks 
call'd  Stereometry,  or  the  Meafurinfr  of  Solids,  becaule  the  Ca¬ 
pacities  or  Contents  of  all  Sorts  of  VejfTels  ufed  for  Liquors,  &c. 
afe  computed  as  thoJ  they  were  really  Solid  Eodies,  which  any 
one  that  hath  made  himfelf  Mailer  of  the  foregoing  Parts  of  this 
Treatife,  may  eafily  underfland,  without  any  further  Directions. 

However,  becaufe  it  is  not  to  be  fuppos'd,  that  every  one  who 
defigns  to  undertake  the  Office  or  Employment  of  a  Gager,  hath 
made  fo  great  a  Progrefs  in  Mathematical  Learning,  I  have  there¬ 
fore  presented  the  young  Gager  with  this  Appendix,  wherein  I 
have  only  inferted  fuch  Rules  as  are  ufeful  in  Gaging, .  and  have 
been  already  demonffrated  in  this  Treatife.  But  herein,  I  pre- 
fuppofe  that  he  hath  acquir'd,  (or  if  not,  it  is  very  requifite  he 
fhould  acquire  )  a  competent  Knowledge  both  in  Arithmetic^ 
and  Geometry.  That  is. 

I.  In  Arithmetick  he  fhould  underfland  the  principal  Rules  ve¬ 
ry  well,  efpecially  Multiplication  and  Divifion,  both  in  whole 
Numbers  and  Decimal  Parts  ;  (  which  may  be  eafily  learn'd  out  of 
the  id,  3d,  and  jth  Chapters  of  Pan  1.)  that  fo  he  may  be  ready 
in  computing  the  Contents  of  any  Veffel,  and  Calling  up  his 
Gages  by  the  Pen  only,  viz,,  without  the  Help  of  thofe  Lines  of 
Numbers  upon  Hiding  Rules,  fo  .much  applauded,  and  but  too 
much  praflis’d,  which  at  bell  do  but  help  to  guefs  at  the  Truth. 
I  mean  fuch  Pocket  Rules  as  are  but  nine  Inches,  or  a  Foot  long, 
whofe  Radius  of  the  double  Line  of  Numbers  is  not  fix  Inches; 
sind  therefore  the  Graduations  or  Divifions  of  thofe  Lines  are  fo 
very  clofe,  that  they  cannot  he  well  diflinguifli'd.  'Tis  true, 
when  the  Rules  are  made  two  or  three  Foot  long,  (I  had  one  of 
fix  Foot)  then  they  may  be  of  fome  life,  efpecially  in  final! 
Numbers;  altho3  even  then,  the  Operations  may  be  much  better, 
(  and  almofl  as  foon  )  done  by  the  Pen  ;  for  indeed  the  chief 
life  of  Hiding  Rules,  is  only  in  taking  of  Dimensions,  and  far 
that  Purpofe  they  are  very  convenient, 
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II.  In  Geometry  the  Gager  fhonld  underdand  not  only  how 
to  take  Dimenfions,  (which  is  bell  learned  by  Pradlice)  but  alfo 
how  to  divide  any  irregular  Figure  or  Superficies,  as  Brewers  Backs, 
or  Coolers,  (s*c,  into  the  eafied  and  fewell  Regular  Figures  they 
will  admit  of,  that  fo  their  Area’s  may  be  truly  computed  witlv 
the  lead  Trouble.  And  this  may  be  learn’d  (with  a  little  Care 
and  Diligence,  out  of  the  id,  2d,  and  fth  Chapters  of  Pm  III, 
which  the  Gager  fhould  be  well  acquainted  with. 

Alfo  he  ought  to  have  fo  much  Skill  in  Solids,  as  to  be  able,’ 
even  at  Sight  (  but  this  mull  be  acquir’d  by  Experience  )  to  deter¬ 
mine  what  Sort  of  Figure  any  VefiTel  is  of,  (  viz.  aay  Tun,  or 
clofe  Cask)  or  what  Figure  it  may  be  bed  reduc’d  to,  fo  that  its 
Dimenfions  may  be  truly  taken,  and  the  Content  thereof  compu¬ 
ted  with  the  lead  Error.  I  fay,  with  the  lead  Error,  becaufe  it  is 
very  difficult,  if  not  impolfible,  to  do  it  exa&ly ;  for  there  is  not 
any  Tun  or  Cask,  &c .  fo  regularly  made,  as  by  the  Rules  of  Art 
it  is  requir’d  to  be. 

III.  Befides  the  aforemention’d,  the  young  Gager  mud  know,' 
that  all  Dimenfions  ufeful  in  Gaging,  are  to  betaken  in  Inches, 
and  Decimal  Parts  of  an  Inch;  and  if  they  are  taken  in  any 
other  Meafures,  as  Feet,  or  Yards,  (2*c.  thofe  Meafures  mud  be  re¬ 
duc’d  to  Inches  (  fee  Sett.  4.  P^age  42.)  becaufe  the  Contents  of  all 
Sorts  of  Vedels  taken  Notice  of  in  Gaging)  are  computed  by  the 
Standard  Gallon  of  its  kind,  whofe  Content  is  known  to  be  a 
certain  Number  of  Cubic  Inches.  That  is,  the  Beer  or  Ale  Gal¬ 
lon  contains  282,  the  Wine  Gallon  231,  and  the  Corn  Gallon, 
2^8,8  Cubic  Inches.  (See  the  five  Tables,  &c.  in  Page  $4'  35',  3^, 
which  I  here  fuppofe  the  Gager  to  have  learn’d  perfe<5lly  by 
Heart.)  Confequently,  if  either  the  Superficial  or  Solid  Content 
of  any  Vefiel,  as  Back,  Tun,  Cask,  be  once  computed  in  Cu¬ 
bic  Inches,  it  will  be  eafy  to  know  how  many  Gallons,  either  of 
Ale,  Wine,  or  Corn,  that  Veffel  will  hold. 

Mote ,  I  have  here  faid,  the  Superficial  Content  in  Cubic  Inches, 
which  .may  feem  to  be  very  improper,  according  to  the  Defini¬ 
tion  given  of  a  Superficies  in  Pige  279.  But  you  mud  know,  that 
in  the  Bufinefs  of  Gaging  ail  Superficies,  or  Area’s,  are  always 
underdood  to  be  one  Inch  deep;  otherwife  it  could  not  be  faid 
(as  in  the  Gager’s  Language  it  is)  that  the  Area  of  fuch  a  Back, 
or  of  fuch  a  Circle,  is  fo  many  Gallons. 

Thefe  Things  being  very  well  underdood,  the  young  Gager 
will  be  fitly  prepar’d  to  finderdand  the  following  Problems, 
which  are  fuch  as  have  (  mod  of  them )  been  already  propos’d  in 
the  foregoing  Parts  of  this  Treatife,  and  only  are  here  apply’d 
to  Pra&ice  ;  and  therefore  I  ilia  11,  for  Brevity’s  fake,  often  re¬ 
fer  to  thofe  Theorems  and  Problems. 
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SecS.  I.  To  find  the  Area  of  any  Right-tin9  d  Superficies  in 

Gallons . 

PROBLEM  I. 

To  find  the  Area  cf  any  Square  Tan,  Back,  or  Cooler ,  Sec ♦ 
either  in  Ale,  Wine ,  or  Corn  Gallons . 

( Multiply  the  given  Length  or  Breadth  (  being 
here  equal)  into  itfelf,  and  the  Product  will  be 
lHule.  the  Area  in  Inches ;  then  divide  that  Area  by 
I  282,  or  23 1,  or  208,8  and  the  Quotient  will  be 
\the  Area  requir'd . 

Example*,  Suppofe  the  Side  of  a  Square  Tun,  Back,  or  Cooler# 
be  1  24,5  Inches,  what  will  its  Area  be  in  Gallons  ? 

Firft  124, 5  x  124,5  =  15500,25:  the  Area  in  Inches, 

Then  282)  15500,25  (  54,96,  &c.  the  Area  in  Ale  Gallons. 

And  231 )  15500, 25  (  67,10 ,  &c.  the  Area  in  Wine  Gallons. 

Or  168,8)  15500,1 5  (  57,66,  &c.  the  Area  in  Corn  Gallons. 

.  But  if  any  one  would  rather  work  by  Multiplication  than  by 
Divifion,  he  may  turn  or  change  any  Divifor  into  a  Multiplica- 
tor,  if  he  divide  Unity,  or  1,  by  that  Divifor,  (vide  ProblemUL 
Page  402.) 

Thus  282)  1,000000  (  0,003546  the  Multiplicator  for  Ale  Gallons. 
And  231  )  1,000000  (  0,004329  the  Multiplicat.  for  W.  Gallons. 
Or  268,8  )  1,000000  (0,003722  the  Multiplicat.  for  Corn  Gallons. 

Confequently,  15500,2s  x  0,003546  ==  54.96,  &c.  the  Area  in 
Ale  Gallons.  As  before 3  and  fo  on  for  the  reft. 

PROBLEM  II, 

To  find  the  Area  of  any  Tun,  Back,  or  Cooler,  in  the  Form 
of  a  Right-angled  Parallelogram,  in  Ale  Gallons,  &c. 

.See  the  Rule  for  finding  its^rea  in  Inches,  as  Prob.  r.  Page  339. 
Then  either  divide  (or  multiply)  that  Area,  as  above,  and  you 
will  have  the  Area  in  Gallons. 

Example,  Suppofe  the  Length  of  a  Brewer’s  Tun,  Back,  or  Cool¬ 
er,  be  217,5  Inches,  and  its  Breadth  85,6  Inches,  what  will  its 
Area  be  in  Ale  or  Beer  Gallons,  &c. 

Firft  217  5  X  85,6  =  18648.  Then  282)  18648  (66, 

Or  18648  x  0.003546  =  66,12,  &c.  the  Area  requir’d, 
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PROBLEM  IY. 

To  find  the  Area  of  any  Triangular  Tun ,  Back,  or  Cooler , 

in  Ale  Gallon S)  Sc c. 

See  the  Rale  for  finding  its  Area  in  Inches,  a tProb.  $+  Pt£e  340* 
then  divide  (  or  multiply)  that  Area  as  before,  and  you  will  have 
the  Area  requir'd. 

Example,  If  the  Length  of  the  Bafe  of  a  Triangular  Cooler  be 
85,4  Inches,  and  its  Perpendicular  Breadth  be  57  Inches,  what 
will  its  Area  be  in  Ale  Gallons  ? 

Firft,  86,4  X  V  =  2,461,4.  Then  281)  *46*4  (8:73)  *f  c- 
Or  2462,4  x  0,003 =  8.73,  the  Area  in  Ale  Gallons.  ^ 
Proceeding  thus,  you  may  eafily  find  the  Area  of  any  Tun, 
Back,  or  Cooler,  whether  it  be  in  the  Form  of  a  Rhombus,  Rhom- 
boides,  Trapezium,  or  of  any  other  Polygon,  either  Regular,  or 
Irregular,  in  Ale  or  Beer  Gallons,  (*fc.  if  you  firft  divide  it  into 
Triangles,  and  then  find  the  Area's  of  thofe  Triangles,  (as  in 
the  2d,  4th,  5 th,  and  6th  Problems  in  Chapter  ?.  Part  3.)  the  Sum 
of  thofe  Area’s  being  divided  (or  multiply'd)  by  its  proper  Di- 
vifor,  (or  Multiplicator  )  as  above,  will  give  the  Area  requir  d. 

Now  the  practical  Way  of  dividing  any  Polygonous  Tun,  Back, 
&c.  into  Triangles,  is  by  help  of  a  chalk’d  Line,  fuch  as  the  car¬ 
penters  ufe,  and  may  be  thus  perform’d.  t  _ 

Suppofe  any  Brewer’s  Tun,  Back,  or  Cooler,  in  the  Form  ol  the 
annex'd  Figure  ABC  DEG.  Let  one  End  of  the  chalk'd  Line  be 
faften'd  with  a  Nail  (  or  otherwife)  in  any  Corner  or  Angle  01 
the  Back,  as  at  A ,  then  ftraining  it 
to  the  Angle  at  C ,  ftrike  the  Diago¬ 
nal  Line  A  C ,  upon  the  Bottom  of 
the  Back,  and  ftraining  it  again  to 
the  Angle  D,  ftrike  another  Diago¬ 
nal  Line,  as  AD,  and  fo  on  for  the  * 

Diagonal  Line  CD,  &c.  Then  having 
mark’d  out  all  the  Diagonals,  the 
Perpendiculars  may  be  thus  found: 

Faften  (as  before  )  one  End  of  the  chalk’d  Line  in  the  Angle  B, 
and  then  bv  moving  it  to  and  fro  upon  the  Stretch,  find  out  the 
neareft  Diftance  between  the  Angle  at  B.  and  the  Diagonal  Line 
AC\  there  ftrike  a  Line,  and  it  will  mark  out  the  Perpendicular 
from  B  to  the  Line  AC ,  and  fo  on  for  the  other  Perpendiculars, 
which  being  all  mark'd  out  upon  the  Bottom  of  the  Back,  mea- 
fure  them,  and  each  Diagonal  by  a  Line  of  Inches,  &c.  And  then 
the  Area  of  that  Back  may  be  computed,  as  dire&ed  above. 
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And  here,  by  the  way,  it  may  be  obferv’d,  That  the  Number 
of  Triangles  will  always  be  lefs  by  two  ;  and  the  Number  of  the 
Diagonals  lefs  by  three,  than  the  Number  of  the  Sides  of  any 
Right-lin’d  Figure  that  is  fo  divided. 

Having  found  (as  above)  the  true  Area  of  any  Brewer’s  Back 
or  Cooler,  (which,  according  to  the  Laws  ofExcife,  ought  always 
to  be  fix’d  or  immovable)  the  next  Thing  will  be  to  find  out  the 
true  Dipping  or  Gaging  Place  in  that  Back,  that  fo  the  true 
Quantity  of  Worts  may  be  computed  or  caft  up  at  any  Depth; 
which  may  be  thus  done. 

1.  When  the  Bottom  of  the  Back  is  cover’d  all  over  (  of  any 
Depth)  either  with  Wort  or  Liquor,  (viz,.  Water)  then  dip  it 
in  eight  or  ten  feveral  Places  (more  or  lefs  according  to  the 
Largenefs  of  the  Back  )  as  remote  and  equally  diftant  one  from 
another  as  you  well  can,  noting  down  the  wet  Inches  and  Deci¬ 
mal  Parts  of  every  Dip. 

2.  Divide  the  Sum  of  all  thofe  Dips  or  wet  Inches  by  the  Num¬ 
ber  of  Places  you  dipp’d  in,  and  the  Quotient  will  be  the  Mean 
iWet  of  all  thofe  Dips. 


3.  Laftly,  find  out  fuch  a  Place  by  the  Side  of  the  Back  ( if 
you  can)  that  juft  wets  the  fame  with  that  mean  Dip.  and  make 
a  Notch  or  Mark  there  for  the  true  and  conftant  dipping  Place 
of  that  Back.  Then  if  any  Quantity  of  Worts  (which  do  cover 
the  whole  Back  )  be  dipp’d  or  gaged  at  that  Place,  and  the  wet 
Inches  fo  taken  be  multiply’d  into  the  Area  of  the  Back  in  Gal¬ 
lons,  the  Produft  will  Ihow  what  Quantity  (  viz,,  how  many  Gal¬ 
lons)  of  Wort  are  in  that  Back  at  that  Time,  provided  the  Sides 
of  the  Back  do  ftand  at  right  Angles  with  its  Bottom, 

Se<fh  2.  To  find  the  Area  of  any  Circular  and  Elliptical 

Superficies  in  Gallons . 

1.  I  have  demonftrated  in  Chapter  6 .  Part  3.  and  Theorem  3, 
5.  6.  Part  5.  that  the  Periphery  of  the  Circle,  whofe  Diameter  is 
Unity  or  1.  is  3,14159255,  (s*c.  (  or  for  common  Ufe  3,1415) 
And  that  its  Area  is  0,78539815,  i?c.  (  or  0,7854  fere) 

2.  Alfo,  that  the  Peripheries  of  all  Circles  are  in  Proportion 
one  to  another,  as  the  Diameters  are;  and  their  Area’s  are  in  Pro¬ 
portion  to  the  Squares  of  their  Diameters.  That  is, 

As  1 :  3,1415  the  Diameter  of  any  Circle:  To  its  Periphery. 
And  n:  0,7854::  the  Square  of  the  Diameter:  To  the  Area. 
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Upon  thefe  two  Proportions  depends  the  Solution  of  all  the 
common  or  practical  Queftions  about  a  Circle.  See  Page  408  and 
40?. 

PROBLEM  IV. 

Phe  Diameter  of  any  Circle  being  given  in  Inches ,  to  find 

the  Periphery* 

r- Multiply  the  given  Diameter  with  3,1416,  and 
Rul  e.3  the  Pro  duff  will  be  the  Periphery  requir'd*  See 
cProb.  1.  Page  408. 

Example,  Suppofe  the  Diameter  of  a  Circle  be  5:4,5  Inches,  and 
it  were  requir'd  to  find  its  Periphery. 

Then  54 ,$  X  3,1416:=:  171,11,  &c.  Inches,  is  the  Periphery  re¬ 
quir'd. 

The  Converfe  of  this  is  eafy,  viz-  by  having  the  Periphery  gi¬ 
ven,  to  find  the  Diameter.  See  Prob.  3.  Page  408. 

PROBLEM  V. 


'The  Diameter  of  any  Circle  being  given,  (in  Inches )  to  find 

its  Area  in  Gallons . 

r  Multiply  the  Square  of  the  propos'd  Diameter  into 
0,7854,  and  the  Product  will  be  the  Area  in 
JJLUle*«<  Inches  (  fee  Prob.  a.  Page  408.  )  that  Area  being 
1  divided  by  282  or  231,  &c.  the  Quotient  will  be 
\the  Area  requir'd . 

Example,  Suppofe  the  given  Diameter  be  54,5  Inches,  as  above.' 
Firft  5*4,?  X  54,5  =  *970,25*  And  2970,25  x  0,7854=  2332,83  the 
Area  in  Inches. 


Then  282)  2332,83  (  8,2724  the  Area  in  Ale  or  Beer  Gallons.’ 
And  231 )  2332,83  (  10,0988  the  Area  in  Wine  Gallons. 

Or  268,8)  2332,83  (  8,6788  the  Area  in  Corn  Gallons. 

But  thefe  Area's  in  Gallons  may  be  much  eafier  found,  with¬ 
out  knowing  the  Circle's  Area  in  Inches  as  above,  by  having 
the  Square  of  the  Diameter  of  that  Circle  whofe  Area  is  one 
Gallon;  which  may  be  thus  found,  by  Theorem  6.  Page  407. 
0.785398  :i  ::  282:  359.05  the  Square  of  the  Diameter  of  the 
Circle  whofe  Area  is  282  Cubic  Inches,  viz -  one  Ale  Gallon. 

And  from  this  Proportion  will  arife  thefe  following  Divifors; 
Viz .  0,785398)  282,000000  (359,05  will  be  a  Divifor  for  A-  G. 
And 0.785398)  231,000000  (294,12  will  be  a  Divifor  for  IV.  Q. 

Or  0,785398)  268,800000  (342,24  will  be  a  Divifor  for  C-  G» 


If 
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If  the  Square  of  the  Diameter  of  any  Circle  be  divided  by  any 
one  of  thefe  conftant  or  fix’d  Divifors,  the  Quotient  will  fhew 
that  Circle’s  Area  in  their  refpe&ive  Gallons.  As  for  Inftance  in 
the  laft  Circle,  whofe  Square  of  its  Diameter  is  2970,25. 

Then  359,05:)  2970,25  (  8,1725  the  Area  in  A.  G.~) 

And  294,12)  2970,25  (10,0988  the  Area  in  W.G.^- As  before. 

Or  342, 24)  2970,25  (  8,6788  the  Area  in  C.G-j 

Now  thefe  Divifors  may  be  turn’d  into  Multiplicators,  by  di¬ 
viding  Unity  or  1.  as  in  Page  43  5.  Or  rather  by  dividing  the  A- 
rea  in  Inches  of  that  Circle  whofe  Diameter  is  1. 

That  is,  0,785398  by  282.  Or  by  231.  &c. 

Thus  282)  0,785398  (0,002785  the  Multiplicator  for  Ale  Gal. 

And  231)  0,785398  (0,003399  the  Multiplicator  for  Wine  Gal. 

Or  268,8)  0,785398  (0,002922  the  Multiplicator  for  Corn  Gal. 

Thefe  Multiplicators  are  the  refpe&ive  Area’s  of  a  Circle  whofe 
Diameter  is  1.  And  therefore,  if  the  Square  of  the  Diameter  of 
any  Circle  be  multiply’d  with  any  of  thefe  Numbers,  the  Product 
will  be  that  Circle’s  Area  in  Gallons  of  the  fame  Name. 

Viz,.  2970,25  X  0,002785  :==:  8,272  5  the  Area  in  Ale  Gal.  as  above. 
And  2970,25  X  0,003399:=  10,0988  the  Area  in  Wine  Gallons,  OV.l 

Thus  you  fee,  that  if  the  Diameter  of  any  Circle  be  given  in 
Inches,  there  are  three  feveral  Ways  of  finding  its  Area  in  Gal¬ 
lons,  and  all  equally  true;  but  that  which  is  perform’d  by  the 
confiant  Divifors  is  raoft  generally  pra&is’d. 

PROBLEM  VI. 

The  Tranfverfe  (  or  longeft  Diameter  )  and  the  Conjugate 
(  or  fhorteft  Diameter  )  of  any  Elliptical  Superficies  be~ 
ing  given,  to  find  ' its  Area  in  Gallons . 

f Multiply  the  two  Diameters ,  (  viz*  the  Length 
and  Breadth)  together ,  and  divide  their  cProdu6l 
lUlllC.  <(  by  35%o$for  Ale  Gallons ,  or  294,12  for  Wtne 
Gallons ,  &c*  the  Quotient  will  be  the  Area  re - 
I  quird*  See  Theorem  7*#  ‘■Page  41 2. 

Example.  Suppofe  the  longeft  Diameter  to  be  73,5  Inches,  and 
the  (horteft  Diameter  to  be  51,6  Inches,  what  will  the  Area  be  in 
Ale  Gallons? 

Firft  73,5  X  51,6  =  3792  6.  Then  359,05  )  3 792,6  (  10,56  the 
Area  in  Ale  Gallons.  Or  294,12)  3792,6  (12,89  the  Area  in 
.Wine  Gallons,  (fc* 
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Note ,  The  two  laft  Problems  are  of  great  life  in  Gaging  of 
Wore  amongfl:  Country  Vi&uallers,  who  generally  brew  but 
fliort  Lengths  of  Ale,  (  viz,*  perhaps  between  20  and  60  Gallons 
at  a  Brewing)  and  cool  their  Worts  in  feveral  fmall  open  Vef- 
fels  or  Tubs,  whofe  Bafes  or  Bottoms  are  either  a  Circle,  or  an 
Ellipfis,  having  their  Sides  but  low,  and  are  moll  commonly  wi¬ 
der  at  the  Top  than  at  the  Bottom. 

Mow  a  pra&ical  Way  of  computing  the  Quantity  of  Wort 
that  is  at  any  Time  in  one  ofthofe  open  Tubs,  is  briefly  thus: 
When  the  Tub  is  dry,  find  the  true  Area  of  its  Bottom,  according 
to  its  Figure,  (  as  above)  and  either  mark  that  Area  on  the  out- 
fide  of  the  Tub,  which  was  the  Way  I  generally  us'd  to  order,, 
becaufe  the  Vi&uallers  did  often  lend  their  cooling  Tubs  one 
to  another)  or  elfe  number  the  Tub,  and  enter  its  Area (  and  its 
Number)  into  the  Stock-Book;  then  when  any  of  thofe  Tubs 
hath  Wort  in  it,  take  the  Diameter  of  the  Surface  or  Top  of 
the  Wort,  and  find  that  Area,  adding  it  and  the  Bottom  Area 
together.  If  either  the  half  Sum  of  thofe  two  Area’s  be  multi- 
ply’d  with  the  Depth  of  the  Wort,  (  taken  as  near  the  Middle  of 
the  Tub  as  you  well  can  )  or,  if  the  Sum  of  thofe  two  Area’s  be 
multiply’d  with  half  the  Depth,  (fo  taken)  the  Product  will  fliew 
the  Quantity  of  the  Wort  very  near  the  Truth. 

PROBLEM  VII. 

The  Diameter  of  any  Circle ,  and  the  verfed  Sine  (viz.  the 
Height )  of  any  Segment  being  given ,  to  find  the  j4rea 
of  that  Segment  in  Gallons. 

In  the  410th  and  412th  Pages,  you  have  two  Ways  (  and  their 
Examples)  of  finding  the  Area  of  any  Segment  of  a  Circle  in 
Inches  ;  then  if  that  Area  in  Inches  be  divided  by  282,  or  231, 
t?e.  the  Quotient  will  be  its  Area  in  Gallons.  But  becaufe  the 
Area  of  any  fitch  Segment  may  be  readily  found  in  Gallons  (with¬ 
out  finding  its  Area  in  Inches  )  by  help  of  a  Table  of  Segments, 
whofe  C6nftru<5Hon  is  laid  down  in  the  problem.  Page  41 1,  &c. 
I  have  here  inferted  a  Compendium  of  fuch  a  Table,  which  will 
ferve  very  well  for  common  Pra&ice,  not  only  to  find  the  Area 
of  any  Segment  of  a  Circle  in  Gallons;  but  alfo  to  find  the  Num¬ 
ber  of  Gallons  that  are  either  drawn  out.  or  remaining  in  any 
Cylindric  Veffel  lying  along;  or  of  any  clofe  Cask  (  being  firft 
reduc’d  to  a  C'/linder)  its  Axis  lying  parallel  to  the  Horizon, 
tifually  call’d  the  Ullage  of  a  Cask,  as  fliail  be  flievv’d  further  on. 


1 
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A  Table  of  the  Segments  of  a  Circle,  whole  Area  is 
Unity  or  1.  The  Diameter  being  divided  by  paral~ 
lei  Chord-Lines  into  100  equal  Parts* 


v.s. 

Segment. 

v.s. 

Segment 

v.s. 

Segment. 

r.51. 

Segment. 

I 

0,0017 

26 

0,2066 

?I 

0,?I27 

*  76 

°,8l  ?? 

z 

0,0048 

z7 

0,2178 

52- 

0,  ?  2  ?  ? 

77 

0,8262 

3 

0,0087 

28 

0,2292 

53 

0^382 

78 

0,8369 

4 

0,0134 

29 

0,2407 

?4 

o,??09 

79 

0,8474 

5 

0,0187 

3o 

0,2?23 

?? 

o,?6?? 

80 

0,8576 

6 

0,024? 

3! 

0,2640 

$6 

0,5762 

81 

0,8677 

7 

0,0308 

32 

0,2  7?9 

S7 

o,?888 

82 

0,8776 

8 

0,037? 

33 

0,2878 

?8 

0,6014 

83 

0,88^3 

9 

0,0446 

34 

0,2998 

?  9 

0,6140 

84 

0,896  8 

10 

0,0  ?  20 

3? 

0,3119 

60 

0,626? 

8? 

0,9059 

II 

0,0?  98 

V 

0,3241 

61 

0,6389 

86 

0,9149 

12 

0,0680 

37 

0,33^4 

62 

06?  14 

87 

0,9236 

*3 

0,0764 

38 

0,3486 

63 

0 ,66  36 

88 

0,9320 

14 

0,08?  1 

39 

0,3611 

64 

0,6759 

89 

0,9401 

I? 

0,0941 

40 

°>373  S 

6? 

0,68  8 1 

90 

0,9480 

16 

0,1032 

41 

0,3860 

6  6 

0,7002 

I 

o,9??4 

17 

0,1 127 

42 

0,3986 

67 

0,7122 

.92 

0,962? 

18 

0,1224 

43 

0,4112 

68 

0,7241 

93 

0,9692 

19 

0.1323 

44 

0,4238 

69 

0,7360 

94 

0)975? 

20 

0,1424 

4? 

0,436? 

70 

0,7477 

9? 

0.9813 

,  2-1 

0  I  ?  2  6 

46 

0,4491 

75 

o,7?93 

96 

0,9866 

22 

0,163! 

47 

0,4618 

72 

0,7708 

97 

P,99 1 | 

H 

0,173^ 

48 

o,474? 

73 

0,7822 

98 

0,9952 

24 

0 

1— 1 

00 

4*. 

4  9 

0,4873 

74 

0*7934 

99 

0,9983 

is 

o,I9?? 

S  0 

Q,?000 

7? 

0,804? 

loo 

1,0000 

The  life  of  this  Table  of  Segments  depends  upon  the  follow-* 
ing  Proportion: 


Viz. 


As  the  Diameter  of  any  propofed  Circle :  is  to  - 
100 :  ( the  Diameter  of  the  Tabular  Circle  )  : : 
fo  is  the  Height  of  any  Segment  of  the  propos’d 
Circle :  to  a  Verfed-Sine  in  the  Table. 


Then  if  the  Tabular  Segment,  which  {lands  againfl;  that  Verfecb 
Sine  he  multiply  d  into  the  Circle’s  Area,  (either  in  Inches  or 
Gallons  )  tl^Produ£l  will  he  the  Area  of  the  Segment  requir’d, 
(of  the  fame  Name )  viz.  If  the  Circle’s  Area  be  Inches,  the  Seg¬ 
ment  will  be  Inches  :  If  Gallons,  the  Segment  will  be  Gallons. 

Ill  ,  Exj&ple, 
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Example.  Let  the  Diameter  of  the  given  Circle  h»  p  4  — ■ 
Inches,  and  the  Height  of  the  Segment 
fought,  be  FA—zo  Inches,  what  will 
its  Area  be  in  Ale-Gallons  ? 

Firft,  the  Area  of  the  whole  Circle 
will  be  1 0,8793  Ale-Gallons.  By  Pro¬ 
blem  y.  And  the  Proportion  will 
Hand  thus,  61 ,y  :  ioo  :  :  20  :  32  the 
Verfed-Sine  of  the  Table,  whofe  Seg¬ 
ment  is  0,27 5-9. 

Then  10,8793  x  0,27^9  =  3,001^  Ale- 
Gallons,  being  the  Area  of  the  Seg¬ 
ment  B  A  G  f\  as  was  requir’d.  The 
like  may  be  done  for  Wine-Gallons,  Corn-Gallons,  or  Inches. 

And  upon  Occafion,  the  like  Segments  of  any  Ellipfis  may  be 
eafily  found.  See  the  Proportions  in  the  Corollaries  to  the  7th 
and  8th  Theorems,  Page  4 12,  t£?c.  to  which  I  here  for  Brevity’s 
fake  refer  the  Reader. 

Seft.  3.  To  compute  the  Contents  of  fuch  VefJ'els  (viz.  Tansy 
&c.  )  as  are  in  the  Form  of  the  following  Solids . 

Note ,  Before  the  young  Gager  proceeds  to  thefe  Computations, 
be  fhould  be  well  acquainted  with  fuch  Solids  as  are  defin’d  in 
Page  402  and  403.  And  then  he  may  eafily  underftand  what  Sort 
of  Figures  are  meant  in  the  following  Problems ,  without  the  Re¬ 
petition  of  many  Words. 

PROBLEM  VIII. 

To  find  the  Content  of  any  Qrifm,  whofe  Sides  are  paraU 
lelograms'j  what  Form  foever  its  Bafe  is  of 

That  is,  to  compute  the  Content  (in  Gallons)  of  any  Tun," 
??c.  whofe  Sides  are  Parallelograms  which  Hand  upright,  or  at  right 
Angles  with  its  Bottom. 

Firft.  find  its  folid  Content  in  Inches  by  Theorem  9.  Page  4H. 
Then  divide  that  Content  by  2.82.  or  231.  Or  by  268,8  the 'Quo¬ 
tient  will  fhew  the  Content  in  their  refpedive  Gallons,  viz.,  in 
Ale,  Wine,  or  Corn-Gallons. 

Or  elfe  multiply  the  Content  in  Inches  with  0,00^46,  (  Or 
0,004329,  &C .  (See  the  Multiplicators,  Page  435-)  thoie  Products 
will  be  the  Content  in  their  refpedive  Gallons. 

Or  otherwife  thus. 

Find  the  true  Area  of  the  Tun’s  Bafe  or  Bottom, direded  in 
Section  1.  Page  43*.  That  Area  being  multiply’d  with  the  Tun's 
Height  (  viz,.  Depth  within  )  will  produce  the  Content  in  Gal- 
Isns,  as  before. 


I  take 
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1  take  the  Work  of  this  Problem  to  be  lo  very  eafy,  it  needs 
no  Example. 

PROBLEM  IX. 

To  find  the  Content  of  any  pyramid  (  in  Gallons  )  whofe 
Bafe  is  hounded  with  Right-lines. 

Every  Pyramid  is  one  third  Parc  of  its  circumfcribing  Prifm, 
by  Theorem  10,  Page  41  ?•  Therefore 

If  the  Area  of  the  Bafe  of  any  Pyramid  in  Gallons,  be  multi- 
ply'd  into  one  third  of  its  perpendicular  Height;  or  if  one  third 
of  that  Area  be  nuiltiply'd  with  the  whole  Height,  either  of  thofe 
Products  will  be  the  Content  of  the  Pyramid  in  Gallons,  &c. 

But  the  Content  of  any  Square  Pyramid  may  be  eafily  found 
in  Gallons  by  this  Rule. 

f  Square  the  Side  of  its  Bafe ,  and  multiply  that 
Square  with  the  perpendicular  Height  }  then  di¬ 
vide  that  Product  hy  846=  282  x  3  for  Ale- 
Gallons ,  or  hy  693  =  231  x  3  for  Wine-Gallons, 
or  hy  806,4  =  268,8  x  3  for  Corn-Gallons ,  the 

^ Quotient  will  he  the  Content  requir'd • 

Or  if  you  multiply  the  faid  Produd  with  0.001182  for  A.  G. 

Or  with  0.001443  f°r  W-.  G.  Or  laftly  with  0,001241  forC.  G. 
the  Refills  will  be  the  Content  requir'd,  As  before. 

PROBLEM  X. 

To  find  the  Content  ( in  Gallons  )  of  the  Frufium  of  any 
fquare  Pyramid ,  cut  off  by  a  plane  Parallel  to  its  Bafe . 

Fir  ft.  Either  by  Theorem  if. Page  419-  or  theorem  16.  Page  420,  find 
the  propos'd  Fruftum's  Solidity  in  Cubic  Inches.  Then  divide 
that  Content  in  Cubic  Inches  by  282.  or  231,  &c.  and  the  Quo¬ 
tient  will  be  the  Content  of  the  Frufium  in  their  refpedive  Gallons. 

But  from  the  aforefaid  Theorem  if.  there  may  be  ealily  deduc'd 
the  following  general  Rule  for  finding  the  Content  of  the  like 
Frufium  of  any  Pyramid  what  Form  foever  its  Bafes  are  of(fup» 
poling  them  to  be  parallel)  whether  they  are  alike  or  unlike. 

'Firjt  find  the  Area  of  each  Bafe  (  viz.  the  Top 
and  Bottom  Area  s  of  thepropos  d  Fruflum)then 
find  a  geometrical  Mean  between  thofe  two  Areas y 
RllU.  ^  ( by  Lemma  T,  Page  83.)  the  Sum  of  thofe  two 
Area's,  and  their  Mean ,  being  multiply  d  into 
one  Third  of  the  Frufium s  Height  y  will  produce 

V  the  Content  requir'd \ 

Ell?.  Example, 
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Example,  Suppofe  a  Tun  in  the  Form  of  the  lower  Fruftumof  ^ 
Pyramid,  whole  Bales  are  equilateral  Triangles.  Let  the  Side  of 
the  Top  be  42.  Inches,  the  Side  of  the  Bottom  be  63, 4  Inches,  and. 
2ts  Height  ( viz.  Depth  )  be  33  Inches,  what  will  the  Content  of 
that  Tun  be  in  Ale-Gallons  ? 

Firft  nnd^the  Area  of  each  Bafe  in  Inches,  by  Problem  7.  Page 
3435  then  nnd  what  thofe  Area's  are  in  Ale-Gallons,  by  Problem 
3*  Pf&e.  Multiply  thofe  two  Area's  together;  the  fquare  Root 
or  their  Produdf  will  be  the  Mean  Area,  &c.  as  in  this  Example. 

_  \  The  Area  of  the  Top  is  2,71  2 

Example.  <  The  Area  of  the  Bottom  is  6,i2  5>  Ale-Gallons. 

C  The  Mean  Area  will  be  _  4.07,3 
Their  Sum  is~i2,5?o 

Then  12,5?  x  7—  I4L?*  Or  -fix  33  141.9  the  Content  re¬ 

quir'd. 

PROBLEM  XI. 

%o  -find  the  Content  of  any  Right  Cylinder  in  Gallons. 
That  is,  to  compute  the  Content  of  any  round  Tun,  &c. 
whole  Diameters  at  Top,  and  Bottom  are  equal,  and  at  Right- 
angles  with  its  Sides. 

The  Content  ot  fuch  a  Tun  may  be  found  by  Theorem  ir» 
Pa&e  415.  Or  otherwife  by  the  following  Rule. 

C Multiply  the  Square  of  the  Diameter  into  the  Height 
I  and  dividi  the  Produff  by  359,05  (  or  multi - 
flttie.^  ply  with  0,002785  )  &c.  as  in  Page  439.  that 
1  Quotient  or  Produff  will  be  the  Content  re- 
^  quir-d » 

Exam.  Suppofe  the  Diameter  be  42,5  and  the  Height  3 1,5  Inches. 
Firft  42,5  X  42,5:==  1806,25  And  180625X31,5=256896,875 
'Ihen  359,05)  56896  87?  (1*8.46  the  Content  in  A.  Gal.  &c. 

PROBLE  M  XII. 

fb  find  the  Content  ofdnyCqne  or  round -Pyramid  in  Gallons* 
Becaufe  every  Cone  is  one  Third  of  its  circumfcribing  Cylin¬ 
der.  (See  Theorem  13.  Edge  416.)  therefore  its  Content  may  be 
truly  found  bv  the  following  Rule. 

r Multiply  the  Square  of  the  Diameter  of  its  Bafey 
into  the  perpendicular  Height j  then  divide  their 
E'Ulj,  Produff  by  1077,15™  359,05  x  3  for  Jle-Gal - 
Jons^or  by  882,36— 294,1 2X  3  for  TVine~Ga!lonsy 
1  fipd  the  Quotient  will  be  the  Content  requir’d. 
V"  '  ‘  V  •  :  ‘  '  Or 


Or  if  the  faid  Product  be  multiply’d  with  o, 000928;=^  — — —A 5  or 
with  0,001133—-^—  thofe  Products  will  be  the  Content  in 


their  refpe&ive  Gallons. 

Example,  Suppose  vhe  Diameter  of  the  Bafe  be  41,5'.  and  the  per¬ 
pendicular  Height  be  31,5  Inches,  what  will  the  Content  be  in 
Ale-Gallons?  As  before. 

Firft  42,5  X  42. 5  =  180^,25'.  A.nd  1806,25  X  31,5'  —  56896,875 

Then  1077,1  5)  56896-875  (52,82.  Or  56896,25  X  0,000928  =  52,82 
the  Content  in  Ale-Gallons.  And  lo  on  for  Wine  or  Corn-Gallons. 


JHuIc.  << 


PROBLEM  XIII. 

To  find  the  Content  of  the  Lower  Frujlum  of  any  Cone,  in 

Gallons . 

That  is,  to  compute  the  Content  of  any  round  Tun,&V.  whofe 
Diameters  at  Top  and  Bottom  are  parallel  but  unequal. 

The  Content  of  fuch  a  Tun  may  be  found  by  the  Rule  at 
Problem  10.  but  from  Theorem  16.  Page  420.  it  will  be  eafy  to 
deduce  this  following  Rule. 

fiTo  the  triple  cProducf  of  the  Top  and  Bottom  Di¬ 
ameters ,  add  the  Square  of  their  Difference  ; 
Multiply  that  Sum  into  the  Height  (  or  Depth  ) 
then  divide  the  lafi  Brodutt  by  1077,15 for  Ale- 
Gallons ,  or  by  882,36 for  Win  e-Gallo  ns he  Quo~ 
V flint  will  be  the  Content  requir'd. 

Example ,  Suppose  the  Diameter  at  the  Top  be  52.4  Inches,  the 
Diameter  at  the  Bottom  44,6,  and  the  Height  30  Inches. 

Pirft,  $2,4X446=^  2337,04.  And  2337,04*  3=  701 1,12  7  *  . , 

Alio  52,4 — 44  6  —  7,8.  And  7,8.x  7.87^  60.84  8 

The  Height  30  x  7071,96—2X2158,8' 

TIkr  1077.1O  the  Content  in  A.  Gal. 

Or  2X2158  X  0.0009128  —  196,96  S 

And  fo  on  for  either  Wine  or  Corn-Gallons,  as  Occafion  re¬ 
quires.  But  if  the  Tun  (or  Veffel )  he  not  truly  circular,  that  is, 
il  either  its  Top  or  Bottom  (or  both  of  them  )  be ‘elliptical,  whe¬ 
ther  they  are  alike,  or  unlike  it  matters  not.  the  Content  of  fuch 
a  Tun  mav  be  truly  found  bv  the  General  Rule  at  Problem  10. 

PROBLEM  XIV. 

The  Axis  or  Diameter  of  any  Sphere  or  Globe ,  being  given 
( in  Inches  )  to  find  its  Content  in  Gallons. 

Every  Sphere  is  two  Thirds  of  its  circumfcribing  Cylinder,  by 
Thepr.  18.  fage  413.  from  whence  and  Theor.  20.  Page  426.  it  is 

p  rov'd. 
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proved,  that  if  the  Cube  of  the  Axis  of  any  Sphere  (taken  in 
Inches  be  multiply’d  into  0,5234.  the  Produ#:  will  be  the  Content 
of  that  Sphere  in  Cubic  Inches.  Confequently,  if  that  Content 
be  divided  by  282,  or  by  231,  &c.  the  Quotient  will  be  the 
Content  in  Gallons. 

But  thole  two  Works  of  multiplying  with  0,523 4,  and  then 
dividing  by  282,  or  by  231,  &c.  may  be  contra  died  into  one. 
Thus  282)  0,5236  (0,001854  will  be  a  Multi plicat.  for  A.  G. 
And  231)  0,5234  (0,0022 44  will  be  a  Mu  1  tt plicat.  for  W.  G. 
0,5234)  282  (538,57  will  be  a  Divifor  for  Ale-Gal. 

And  0,5234)  231  (441,17  will  be  a  Divifor  for  Wine-Gal. 

From  hence  arifes  this  following  Rule. 
flf  the  Cube  of  the  Axis  of  any  Sphere ,  be  divided 
I  b  538,57  (ormultiply'd  with  0,001856)  or  di- 
JivtiU.  divided  by  441,17,  (or  elfe  multiply  a  with 
0,002266)  the  Quotient  (  or  Product)  will  be 
{the  Sphere s  Content  in  their  rejpeffive  Gallons. 

Example,  Suppofe  the  Axis  or  Diameter  of  a  Sphere  or  Globe,  he 
23.  Inches,  how  many  Ale-Gallons  may  it  hold  ? 

I  hen  22X22X22  =  1 0648.  And  538,57)  10648  (  19,76  A.  G. 
Or  10648  x  0,001856=  19  76  Ale-Gal.  the  Content  requir’d. 

And  ib,  for  either  Wine,  or  Corn-Gallons  as  Occalion  requires. 

PROBLEM  XV. 

a  0  find  the  Content  of  any  Segment  of  a  Sphere  in  Gallons. 

In  the  Scholium,  Pa^e  424?  there  are  two  Theorems  for  refol- 
Ving  of  this  Problem  according  to  the  Data,. 

1.  If  the  Diameter  of  the  Segment’s  Bale,  and  its  Height  are  gi¬ 
ven,  the  Content  may  be  found  by  the  fir  ft  of  thofe  Theorems, 
which  gives  this  Rule. 

f  To  the  triple  Square  of  Half  the  Diameter  add 
[the  Square  of  the  Height ;  then  multiply  that 
IRttle  Sum  into  the  Height ,  and  divide  the  fProdutf 
by  538,57  for  A .  G .  or  by  441,17  for  W.  G . 
\&c.  As.  above, 

2.  But  if  the  Axis  of  the  Sphere,  and  the  Height  of  the  Seg¬ 
ment  are  given,  the  Content  may  be  found  by  thefecond  of  thofe 
I  heorems. 

( From  the  triple  Product  of  the  Axis  into  the 
I  Height ,  fubtracl  twice  the  Square  of  the  Height  ; 
%&\l2Athen  multiply  the  Remainder  into  the  Height , 
and  divide  that  ArodilA  by  538,57,  &c.  As  iq 
'  jhe  laft  Problem.  Either 
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Either  of  thefe  Rules  will  produce  the  Content  of  the  Segment 
in  Gallons. 

Example,  Suppofe  the  Diameter  of  the  Segment’s  Bafe  he  28 
Inches,  and  its  Height  be  8  Inches,  what  may  it  contain  in  Ale- 
Gallons  f 

Firft,  2)  28  (14.  Then  (  by  Rule  1.  )  14  X  14  X  3  =  588. 

And  6X6  ~  3 6.  Next  588+  3 6  ’.=  624. Again  624  X6=3744. 

Laftly,  538,57)  3744  (6,9$  the  Content  requir’d. 

Note,  This  Problem  may  be  of  life  in  Gaging  the  Crowns  of 
Brewers  Coppers,  &c. 

ScA-  4.  The  practical  Method  of  Gaging  any  fix'd  Tun 
or  Copper^  and  making  a  Table  to  fijew  what  it  will 
hold  at  every  Inch  Deepy  ufually  call  d  Inching  of  a 
Tun,  &c- 

Bird,  you  mud  know,  that  mod  (  if  not  all)  Brewers  Tuns 
are  fo  fix’d,  as  to  lean  a  little  for  Conveniency  of  cleanfing  their 
Drink,  which  is  ufually  call’d  the  Drip  or  Fall  of  the  Tun.  Now 
this  Drip  or  Fall  of  any  Tun,  is  the  Hoof  of  fuch  a  Solid  as  that 
Tunis  fup pos’d  to  reprefent  3  and  under  that  Confideration  it  may 
be  found,  as  in  Theorem  16.  Page  41  o.  But  the  practical  (  and 
indeed  the  beft)  Way,  is  to  meafure  into  the  Tun  (when  it  is 
dry  )  fo  much  Liquor  as  will  juft  cover  its  Bottom  3  for  by  that 
Means  you  do  not  only  find  the  true  Fall,  but  alfo  a  true  hon- 
zontal  or  level  Plane  over  the  Bottom  of  the  Tun  3  from  which, 
if  the  Depth  of  the  Tun  (viz-  the  neareft  Diftance  from  the  Top 
of  the  Tun  to  the  Surface  of  the  Liquor)  be  fet  off  upon  every 
one  of  its  Sides,  you  will  then  have  a  true  parallel  Plane  at  the 
Too  of  the  Tun  to  that  of  the  Liquor. 

Then  if  the  Sides  of  the  Tun  are  ftreight,  from  the  Top  to  the 
Bottom,  take  as  many  Dimenfions  in  the  aforefaid  two  Planes,  as 
are  needful  to  find  the  true  Area  of  each  3  and  by  thofe  two  Aiea  s, 
and  the  aforelaid  Depth,  find  fo  much  of  the.  Tun  s  Content  (  by 
the  general  Rule  at  Problem  10.)  as  is  betwixt  thofe  two  Planes. 

Next  to  Inch  that  Tun.  divide  the  Difference  between  the  Top 
and  Bottom  Area’s  by  the  aforefaid  Depth,  and  the  Quotient  wilt 
he  an  Addend  or  fix'd  Number  3  which  being  added  to  the  teller 
Area,  the  Sum  will  be  the  Area  of  the  next  Inch  :  and  being  ad¬ 
ded  to  that  Area,  their  Sum  will  be  the  Area  of  the  third  Inch, 
and  fo  on  from  Inch  to  Inch,  until  the  Area  of  every  (ingle  Inch 
be  found  the  Sum  of  thofe  Area’s  (if  the  Work  be  true  )  will 

amount  (or  be  equal)  to  the  Content  found,  as  above.  And  if 

.  the 
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the  Tun’s  Drip  or  Fall  be  added  to  the  Sum  of  all  thofe  Area’s* 
that  Sum  will  be  the  whole  or  full  Content  of  that  Tun. 

Now  from  hence  it  muft  needs  be  eafy  to  conceive,  that  if 
3.  2.  3.  or  any  Number  of  thole  Area’s  accounted  from  the 
Bottom,  be  added  to  the  Fall,  that  Sum  will  (hew  the  Quantity 
of  Liquor  or  Drink  that  is  in  the  Tun,  tofuch  a  Number  of  wee 
Inches  from  the  Bottom,  as  there  were  Area’s  added  together. 

Or  if  the  Sum  of  any  Number  of  thofe  Area’s  (  being  account¬ 
ed  from  the  Top)  be  fubtra&ed  from  the  Tun’s  whole  Content, 
the  Remainder  will  fhew  what  Quantity  of  Liquor  or  Drink  is  in 
the  Tun,  when  there  is  fuch  a  Number  of  dry  Inches  from  the 
Top  as  there  were  Area’s  fubtradled. 

This  being  well  consider’d,  it  will  be  eafy  to  make  a  Table, 
either  to  every  wet  or  dry  Inch  of  any  regular  Tun,  (vu>whofe 
Sides  are  Hrait  from  -Top  to  Bottom  )  what  Form  foever  its 
Bales  are  of;  and  whether  it  fland  upon  the  greater,  or  leffer 
Bales. 

But  if  the  Sides  of  the  Tun  are  irregular  (viz*  riot  flrait  from 
its  Top  to  the  Bottom)  then  the  belt  and  ealiefl  Way  will  be  to 
divide  or  part  the.  Tun  into  feveral  Fruftums,  each  of  10  Inches 
deep  5  and  finding  the  Content  of  every  lingle  Fruftum,  by  taking 
the  Diameters  in  the  Middle  of  every  one  of  thofe  10  Inches, 
(  that  is,  the  nrft  Diameter,  at  ?  Inches  from  the  Top;  the  fecond 
Diameter  at  1$  Inches  from  the  Top,  &c, )  and  multiplying  their 
refpe&ive  Area’s  with  lo,  (which  is  done  by  only  removing  the 
feparating  Comma’s  one  Place  forward  to  the  Right-hand)  if  the 
iSum  of  all  thofe  Fruftums  be  added  to  the  Fall,  (as  before  )  that 
Sum  will  be  the  whole  Content  of  the  Tun. 

Note,  If  you  take  the  Height  of  the  aforefaid  10  Inch  Fruffums 
in  the  Side  of  the  Tun.  you  mull  allow  for  the  Difference  between 
the  flant  Height  and  the  perpendicular  Height  in  every  Frudum. 

Laftiy,  if  from  the  whole  Content  of  the  Tun  you  fubtra<5£ 
the  mean  Area  of  the  firff  Frufuim  ten  times,  and  from  the  Re¬ 
mainder  fubtradt  the  mean  Area  of  the  fecond  FruBum  ten  times, 
and  from  the  laft  Remainder  fubtrad  the  mean  Area  of  the  third 
Frultum.  &c.  until  there  remain  nothing  but  the  Fall  or  Hoof 
of  the  Tun,  you  will  then  by  that  Means  have  a  Table  that 
will  fhew  what  Quantity  of  Drink  is  in  the  Tun  to  any  Num¬ 
ber  of  dry  Inches. 

And  this  is  'alio  the  Method  of  Gaging  and  Inching  of  Brew¬ 
ers  Coppers,  viz.  by  firft  meafuring  into  the  Copper  fo  much 
Liquor  as  will  juft  cover  its  Crown;  and  then  dividing  its  per¬ 
pendicular  Height  into  Fruftums,  and  its  Sides  into  four  equal 
Parts,  that  fo  the  crofs  Diameters  may  be  taken  in  the  Middle  of 

each 
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each  Fruftum  :  But  if  the  Copper  be  much  wider  at  the  Top  than 
at  the  Bottom,  and  its  Sides  fpheroidal  or  arching,  as  generally  all 
large  Coppers  are;  then,  inftead  of  taking  thofe  mean  Diameters 
in  the  Middle  of  every  ten  Inches,  as  above,  you  muft  take  them 
in  the  Middle  of  every  fix  Inches,  and  proceed  on  as  before. 

Now  the  Quantity  of  Liquor  that  would  cover  the  Crown  of 
the  Copper,  may  be  found  without  meafuring  it,  as  above.  In 
order  to  that,  I  do  fuppofe  the  Crown  to  be  the  Segment  of  a 
Sphere,  and  the  lower  Part  of  the  Copper,  wherein  the  Crown  a- 
rifeth,  to  be  the  Fruftum  of  a  parabolic  Conoid  ;  then  if  the  Dia¬ 
meter  at  the  Top  of  the  Crown,  and  its  perpendicular  Height  are 
given,  the  Quantity  of  Liquor  may  be  found  by  this  following 
Rule. 

fFrom  the  Area  of  the  Plane  at  the  Top  of  the 
|  Crown,  fubtraB  i  j  of  the  Area  of  the  Crown  s 
»  J  Height ;  the  Remainder  being  multiply  d  into 
x,  jjfjf  the  Height  of  the  Crown  will  produce  the 

I  Quantity  or  Number  of  Gallons  that  will  cover 
k  the  Crown . 

This  Rule  is  deduc’d  from  Scholium ,  Page  4245  and  Theorem  I?. 
Page  45°- 


Se<ft.  5.  To  compute  the  Content  of  any  clofe  Cask  in  Gal~ 
Ions,  viz.  of  any  Butt,  Pipe,  Hogjhead,  Barrel,  &<?♦ 

In  order  to  perform  this  difficult  Part  of  Gaging,  the  three  fol¬ 
lowing  Dimenfions  of  the  propos’d  Cask  muft  be  truly  taken  in 
Inches,  and  Decimal  Parts  of  an  Inch. 

CThe  Bulge  or  Bung  Diameter  within  the  Cask. 

Viz.  <  Either  of  the  Head  Diameters,  fuppofing  them  both  equal, 
cAnd  the  Length  of  the  Cask  within. 

Note,  In  taking  of  thefe  Dimenfiow,  it  muji  be  carefully  obferv3 dy 

1.  That  the  Bung-hole  be  in  the  Middle  of  the  Cask  ;  alfo,  that 
the  Bung-ftaff,  and  the  Staff  over-againft  the  Bung-hole,  are  both 
regular  or  even  within. 

2.  That  the  Heads  of  the  Cask  are  equal  and  truly  circular;  if 
fo,  the  Diftance  between  the  Infide  of  the  Chine  to  thaOutfide  of 
its  oppofite  Staff,  will  be  the  Head  Diameter  within  the  Cask,  ve¬ 
ry  near. 

3.  With  a  Aiding  Pair  of  Calipers  (  made  on  purpofe  for  that 
11  le)  take  the  ftiorteft  Diftance  or  Length  between  the  Outfides 
of  the  two  Heads;  (fuppofing  them  even)  from  that  Length  fub- 
tfad  14  Inch  (more,  or  lefs,  according  to  the  Largenefs  of  the 
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Cask)  for  the  Thicknefs  of  the  two  Heads,  the  Remainder  will 
be  the  Length  of  the  Cask  within. 

Now,  by  thefe  Dimenfions,  one  would  fuppofe  the  Content  of 
the  Cask  were  perfectly  limited  ;  but  it  will  be  eafy  to  perceive, 
by  the  following  Figure,  that  the  Diameters  (abovefaid;  aud  the 
Length  of  one  Cask  may  be  equal  to  thole  of  another,  and  yet 
one  of  thofe  Casks  may  contain  or  hold  leveral  Gallons  more  than 
the  other. 

As  for  Infl^nce,  fuppofe  the  annex¬ 
ed  Figure  ABCDGF ,  to  repreient  a 
Cask*,  then  it  is  plain,  that  it  the  out¬ 
ward  curved  Lines  ABC,  and  IGD 
are  the  Bounds  or  Staves  of  the  Cask, 
it  mull:  needs  hold  more  than  if  the 
inner  ftrait  or  prick’d  Lines  were  its 
Bounds  or  Staves;  and  yet  the  Bung 
Diameter  B  G,  Head  Diameter  C  D  and 
AF,  and  the  Length  LH  are  the  lame 
in  both  thofe  Casks. 

Whence  it  plainly  appears,  that  no  one  certain  orgeneral  Rule 
can  be  prefcrib’d  to  find  the  true  Content  of  all  Sorts  of  Casks, 
and  therefore  Gagers  do  ufually  fuppole  every  Cask  to  be  in  the 
Form  of  fome  one  of  thefe  following  Solids. 


vu 


T.  The  middle  Zone  or  Fruftum  of  a  Spheroid, 

11.  The  middle  Zone  or  Fruftum  of  a  Parabolic  Spindle. 

III.  The  lower  Frulhirns  of  two  equal  Parabolic  Conoids. 

IV.  The  lower  Fruftums  of  two  equal  Cones. 

Now  the  Way  of  guefiing  at  the  Cask’s  Form,  and  computing 
its  Content  according  to  that  fuppos’d  Form,  I  (hall  here  Ihew 
in  their  Order. 

I.  If  the  Staves  of  the  Cask  are  very  curved  or  arching  (  as  the 
outward  Lines  of  the  laft  Figure  )  then  the  Cask  is  fuppos’d  to 
be  in  the  Form  of  the  middle  Zone  or  Fruftum  of  a  Spheroid, 
whole  Content  may  be  computed,  by  Theorem  22.  Page  427.  which 
gives  thefe  two  Rules. 

,To  twice  the  Square  of  the  Bung  Diameter ,  add 
the  Square  of  the  Head  Diameter ;  multiply  that 
Sum  into  the  Length ,  and  divide  the  cPrcdu£l 
j  by  1077,1.5.  viz.3, 8 197  x  28 1  for  Ale-Gallons  \ 
and  by  882,36.  viz.  3,8197  x  231  for  fVme 
V  Gallons.  '  Or  thus 
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twice  the  Area  of  the  Bung  Circle ,  add  the 
Area  of  the  Head  Circle  j  multiply  their  Sum 
into  one  Third  of  the  Lengthy  and  the  Brodutf 
will  be  the  Content  in  their  refpeftive  Gallons . 


Example  I.  Suppofe  a  Cask  in  the  Form  of  the  middle  Zone  of  a 
Spheroid,  whofe  Bung  Diameter  is  31,5,  Head  Diameter  24,5,  and 
its  Length  42  Inches. 

Firft,  31,5X31,5'  X  2  =  1984,5.  And  24,5X24,5=  £00,215 
Again  1984,5 ^00,2 5  =  2584,75.  And  2584  75X42  =  108559,5 
Then  1077,15)108559,5  (100,78  the  Content  in  Ale-Gallons. 
And  882,35)  108559,5  (113,03  the  Content  in  W.  Gallons, 


Or  thus,  by  the  fecond  Rule. 

Bung  Diameter,  31,5  twice  its  Circles  Area  is  5,5170 
Head  Diameter,  24  5  its  Circles  Area  is  1.^718 

The  Length  42  divided  by  3  is  14.  7>i988=theirSfr/« 

Then  7,1 988  X  14  =:  100,78  the  Content  in  Ale-Gal.  As  before. 
And  fo  the  Content  in  Wine-Gal,  may  be  found. 

II.  If  the  Staves  of  the  Cask  are  not  quite  fo  much  curved  or 
arching  as  was  fuppos'd  before,  the  Cask  is  then  taken  for  the 
middle  Fruftum  of  a  Parabolic  Spindle,  and  its  Content  is  com* 
puted,  as  by  Theorem  27.  Page  432.  which  gives  this  Rule. 


i  twice  the  Square  of  the  Bung-Diameter^  add 
the  Square  of  the  Head-Diameter  ;  from  their 
Difference  fubtraSl  four  Tenths  of  the  Square  of 
the  Difference  of  the  Diameters ;  multiply 
the  Remainder  into  the  Lengthy  and  divide  the 
\  (Produfi  by  1077,15,  &c.  As  above* 

Example  2.  Suppofe  the  Dimenfions  the  fame  as  before.  Then 

31.5X31,5X2:  +24,5X24,5  =  2584,75.  And  31,5 — 245  =  7 
Again  7  X  7  X  0,4 tn  19. 6.  And  2584,75  —  19 » £  :  X  42  =  107 73^,3 
Then  1077,15)  10 7736,3  (100,01  theCont.  in  A.  G.  (Pc.  for  W.  G. 

III.  When  the  Staves  of  the  Cask  are  but  verv  little  curved  or 
arching  then  Stis  fupposki  to  be  in  the  Form  of  the  Fruftums  of 
two  equal  Parabolic  Conoids,  abutting  or  joyning  together  upon 
one  common  Bale  at  the  Bulge,  and  the  Content  may  be  found 
by  Theorem  Page  430.  which  gives  thele  Rules. 
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{To  the  Square  of  the  Bung-Diameter  add  the 
Square  of  the  Head-Diameter  \  multiply  their 
Sum  into  the  Length ,  and  divide  the  cProdutf 
by  718,08 

(Viz.  a,5464X  282)  for  Ale  Gallons',  or  by 588,22 
(Viz.  2,5464x23 1  )  for  Wine  Gallons .  Or  thus , 
To  the  Area  of  the  Bung-Circle  add  the  Area  of 
the  Head-Circle  ;  multiply  the  Sim  into  Half 
the  Length ,  and  the  ProduEl  mil  be  the  Con¬ 
tent  requir'd. 

Example  3.  With  the  fame  Dimenfions  as  before.  Then 
31,7X31,;:  +24, 5X14, 5=51 59M-  And  1592,5  X41  =  66887 
And  718,08  )  66885  (93,01  the  Content  in  Ale-Gallons. 

Or  588,22  )  66885(113,7  the  Content  in  Wine-Gallons. 

IV.  If  the  Staves  of  the  Cask  are  ftrait  from  the  Bulge  to  the 
Head,  as  the  inner  prick'd  Lines  in  the  laft  Figure,  (if  fuch  a  Cask 
can  be  made)  it  is  then  taken  for  the  lower  Fruftums  of  two  e- 
qual  Cones,  abutting  or  joining  together  upon  one  common  Bafe 
at  the  Bulge.  And  its  Content  may  be  computed  as  at  Problem 
13.  Page  445.  or  by  Theorem  15.  Page  4I9.  Thus, 

ffothe  Sum  of  the  Squares  of  the  Head  ana  Bung- 
I  Diameters  add  their  Qrodutf ;  then  multiply 
that  Sum  into  the  Lengthy  and  divide  the  laji 
J  Qroduft  by  1077,15.  Or  by  882,36.  The 
^  Quotient  will  be  the  Content ,  &c. 

Example  4.  With  the  fame  Dimenfions  as  before. 

Firfi,  31,5  x  31,5:  +  24,5  x  24,5 :  +  31,5  x  24,5  =  2364,27 
And  2364,25X41  =  99*98,5  Then  1077,77)  99198,5  (91,18 
the  Content  in  Ale-Gallons.  And  fo  on  for  Wine-Gallons. 
Thus  you  have  the  Methods  of  computing  the  true  Contents  of 
the  fouf  Solids,  in  whofe  Forms  all  Casks  1 
are  fuppos’d  to  be.  And  by  the  Examples 


mute 


Differ* 

°>77' 

7-00 

0,83 


Ale-Gallon s. 

it  appears,  that  four  fuch  Casks  as  have  their  J  100,78 
Dimenfions  all  equal,  and  the  fame  with/riV  100  °| 
thofe  above-mentioned,  their  Contents  will / 
be  as  in  the  Margin.  LAV*  9z’1* 

From  the  Difproportion  or  Inequality  of  thefe  Differences,  it 
will  beeafy  to  conceive,  that  there  may  be  feveral  Casks  whofe 
Contents  cannot  be  truly  found,  according  to  the  aforefaid  flip- 
pos'd  Forms;  and  therefore,  in  order  to  re<5lify  the  faid  Inequali- 
tics,  fome  Authors  ( that  have  written  upon  this  Subject)  have  laid 

down 
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down  Theorems  of  their  own  Invention  ;  and  yet  called  them  by 
thefe  Names  )  others  have  propofed  Tables  for  the  fame  Purpofe. 
But  fince  it  is  fo,  that  we  can  only  guefs  at  the  Truth,  the  plain- 
eft  and  eafieft  Way  is  to  be  preferr'd  in  Praftice;  and  that  is,  by 
finding  fuch  a  mean  Diameter  as  will  reduce  the  proposed  Cask  to 
a  Cylinder.  Thus, 

(Multiply  the  Difference  between  the  Head  and 


Rule.  1 


Bung  Diameters  with  0,7  or  with  0,65,  or 
with  0,6  or  with  0,55.  according  as  the  Staves 
of  the  Cask  are  more  or  lefs  arching  \  add  the 
(Product  to  the  Head  Diameter ,  and  the  Sunt 
will  be  the  mean  Diameter  requir'd-  Then 
find  the  Content  as  at  CP  rob-  1 1.  (Page  444. 
Example.  With  the  fame  Dimenfions  as  before.  Then  the  Bung 
Diameter  lefs  the  Head  Diam.  is  31,5  —  24,*  =  7.  And 

.  M-D.  A.G .  Cont.  Vif- 

7X0,7  =  29,4  its  Area  2,4073x42  =  101,10 

24,*  4.J7  X  0,65  =  257,05; -  2,3*04 X 42=  58,71 

*>*541X42=  56,3* 


(7  X  o,6  =  28,7 
,7  X  0,**=:  28,3* 


2,238*  X42=  5 4,03 


*>39 

2,3?> 

2,32 


r»  may  be  obferv’d  that  the  Difference  between  each 

ask  s  Content  is  regular,  and  very  near  equal;  which  plainly 
ihews,  that  there  is  not  fo  much  Room  left  for  Error  this  Way 
ot  computing  their  Contents,  as  was  by  the  aforefaid  Forms. 

Now  the  firft  of  thefe  four  (viz*,  with  0,7  )  is  very  commonly 
uied  amongft  Gagers  for  all  Sorts  of  Casks;  but  I  did  never  gage 
any  Cask  that  would  contain  quite  fo  much  as  that  Rule  did 
make  it;  and  the  Reafon  doth. appear  very  plain  from  Theorem 
22.  P^ge  417.  being  compar'd  with  Theorem  15.  Page  42 6.  and  the 
iaft  Figure,  viz -  that  no  Cask  (  being  regularly  made  )  can  hold 
more  than  the  middle  Fruftum  of  a  Spheroid.  But  I  always  found 
by  Experience,  that  if  the  fecond  and  third  of  thefe  Rules  (viz,- 
with  o^*  and  o,0  were  duly  apply'd,  they  would  anfwer  very 
near  the  Truth  amongft  the  common  Sort  of  Casks;  and  the 
iourth  Rule  ( viz.  with  o,**  )  will  come  pretty  near  the  Truth  in 
computing  the  Contents  of  Casks,  whole  Staves  are  almoft  ftrait 
betwixr  the  Head  and  the  Bung,  viz, .  fuch  as  Wine-Pipes,  HTc- 

6.  To  find  what  Quantity  of  Liquor  is  either  drawn 
forth,  or  remaining  in  any  fpheroidal  Cask ,  ufually 
call'd  the  Ullage  of  a  Cask  ;  which  hath  two  CaCes. 

Cafe  I.  To  find  what  Quantity  of  Liquor  is  in  the  Cask. , 
when  its  zlxis  is  perpendicular  to  the  Horizon,  viz*  when 
it  fan  ds  upright  upon  one  of  its  Heads -  In. 
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In  order  to  perform  this  the  eafieft  Way,  it  will  be  convenient 
to  know  how  to  calculate  the  Area  of  any  Circle  betwixt  the 
Bung  and  Head,  whofe  Diftance  from  the  Bung  or  Middle  of  the 
Cask  is  given.  Now  that  may  be  done  by  this  Proportion. 

fAs  the  Square  of  half  the  Length  of  the  Cask  :  is 
I  to  the  Difference  between  the  Bung  and  the  Head 
Areas  :  :  fo  is  the  Square  of  any  Circle  s  Difiance 
from  the  Bung  :  to  the  Difference  between  the 
Bung  Areay  and  the  Area  of  that  Circle y  viz. 
the  Area  of  the  Liquor s  Surface. 


Viz.  ^ 


l 


And- 


SDemonftratimi. 

Half  the  Length  of  the  Cask. 
Half  the  Bung  Diameter. 
Half  the  Head  Diameter. 


'P  t=3  the  Diftance  of  any  Circle  from 
the  Bung. 

<l~  Half  the  Diameter  of  that  Circle. 


/  ;  \ 


B 


H  . 


BB. 


Then,  according  to  the  common  Property  of  the  Ellipfis,  page 
3 62.  it  will  be, 

B  B  :  D  D  : :  B  B  H  H :  d J.  And  B  B  :  DD  : :  B  B  —  P  P  :  aa. 

_  C  DDHH  .  .  c  DDPP 

Ergo  <— — r.=  BB.  And  >  -  - - : 

C  DD — id  C  DD  —  aa, 

„  r  ,  r  DDHH  DDPP 

Confequently,  - 

This  ^Equation  being  brought  out  of  the  Fraftions,  will  be¬ 
come  DDHH  —aa  HH  =  DDPP  —  d  d  PP. 

Which  gives  this  Analogy  HH  :  DD  — dd  ::  PP:DD  —  a  a* 

Then  V  D — a  a  being  fubt  rafted  from  D  D ,  will  leave  a  a. 

But  Circles  Area’s  are  in  Proportion  to  the  Squares  of  their 
Diameters,  by  Theorem  6.  Page  407.  Therefore,  G?c.  Q.  E.  D. 

Then  from  the  Bung-Area  fubtraft  one  third  Part  of  theafore- 
fa id  Difference,  viz.  between  the  Bung-Area,  and  the  Area  of  the 
Liquor’s  Surface;  multiply  the  Remainder  with  the  Liquor’s  Dt- 
fhnce  from  the  Bung,  and  the  Produft  will  (Lew  what  Quantity 
of  Liquor  is  either  above  or  under  Half  the  Content  of  the  Cask. 

Examp 'e.  Let  us  fuppofe  a  Cask  of  the  fame  Dimenfions  with 
that  in  the  fir  ft  Example ,  Page  451*  and  let  it  be  requir’d  to  find 
what  Quantity  of  Liquor  is  in  it  (  of  Aie-Meafure  )  when  there 
h  but  <?  Inches  wet.  Here  Half  the  Length  of  the  Cask  is  *i 

Inches, 
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Inches,  whofe  Square  is  441,  and  the  Liquor's  Diftance  from  the 
Bung  is  21 —  9  =  12.  its  Square  is  144*  The  Difference  be¬ 
tween  the  Bung  and  Head  Area's  is  1,0917  (  =  2,57635  — 1.6718 ) 
Then  441 :  1,0917  ::  144:  0,3564- 

And  2,7635  —  0,3564  =  2,4071  the  Area  of  the  Liquor’s  Sur¬ 
face. 

Again  3  )  0,3564  (  0,1188.  And  2,7635- — 0,1188  =:  2,6447 
Then  2,6447  X  12=  31,73^4*  what  the  Cask  wants  of  being 
half-full.  Confequentiy  50.39 — 3 1,73  =  18,66  will  be  the  Quan¬ 
tity  of  Liquor  in  the  Cask  at  9  inches  wet  in  Ale-Gallons. 

And  if  the  Cask  had  wanted  but  9  Inches  of  being  full ;  then 
50.39+31.73  =  8z,i2  would  have  been  the  Quantity  of  Liquor 
in  the  Cask. 


Note ,  Becaufe  the  two  firft  Terms  (  viz,.  441  and  1,0917)  in  the 
Proportion,  are  fix’d,  viz,,  continue  the  fame  for  any  Dillance,  it 
will  be  very  eafy  to  calculate  the  Area’s  of  all  the  Circles  betwixt 
the  Bung  and  Head  to  every  Inch,  and  by  that  Means  to  make  a 
Table  that  will  flhew  what  Quantity  of  Liquor  is  either  drawn 
out,  or  remaining  in  the  Cask,  at  any  Depth. 

Cafe  2.  To  find  what  Quantity  of  Liquor  is  in  any  Cask* 
when  its  Axis  is  parallel  to  the  Horizon ,  viz.  when  it 
lies  alonz • 

There  are  Variety  of  Tables  to  be  found  in  Books  of  Gaging 
for  this  Purpofe;  but  I  always  oblerv’d,  that  the  following  Me¬ 
thod  of  computing  the  Ullage,  by  a  Table  of  the  Segments  of  a 
Circle,  came  very  near  the  Truth  in  all  Sorts  of  Casks,  which  is 
thus  perform’d  : 

1.  By  the  Bung  and  Head  Diameters  find  fuch  a  mean  Diame¬ 
ter  as  you  judge  will  reduce  the  propos’d  Cask  to  a  Cylinder,  by 
the  Method  laid  down  in  P^s  453.  And  then  find  its  full  Con¬ 
tent,  as  in  thofe  Examples. 

2.  From  the  Bung  Diameter  fubtraft  the  mean  Diameter,  and 
halve  their  Difference,  ( viz,,  divide  it  by  2.) 

3.  From  the  wet- Inches  of  the  propos’d  Ullage,  fubtrafl  the 
faid  half  Difference,  and  call  it-#;  then  obferve  this  Proportion. 


Viz. 


As  the  Mean  Diameter  :  is  to  100  (  the  Diameter 
of  the  Tabular  Circle  )  : :  fo  is  the  la  ft  Differ¬ 
ence  (  viz.  x.  )  :  to  a  Verfed-S ine  in  the  Table. 
(  Page  441. 


Then  if  the  Tabular  Segment  which  Hands  againft  that  Verfed- 
Sine,  be  multinly'd  into  the  Content  of  the  Cask,  the  Product 
will  fhew  the  Ullage,  viz,,  what  Quantity  of  Liquor  is  either  in 
the  Cask,  or  drawn  forth.  Exxmple, 


_ ^ _  -  "  «  ■  _ 
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Example  I.  Let  the  Cask  be  that  of  the  fecond  Sort,  in  Page  4 73. 
viz,,  whole  Bung  Diameter  ist 3 1 , y  Inches,  mean  Diameter  15?, 05-, 
and  Content  5*8,71  Ale-Gallons;  and  fuppole  there  were  10, y 
Inches  wet  in  it,  it  is  requir’d  to  find  the  wet,  and  dry  Gallons  ? 

Here  31,5  —  27,05  =  2,4  7  its  half  is  1,12.  And  10,7-7-  1,22  =19,28 
Theni9,o?  :  1 00:  :  9,28  .*0,3 19  =  V.  Sine;  its  Segment  is  0,2748 
And  98,71X0,2748  =  27,12  the  Number  of  wet-Gallons. 

Again  31, 7  —  10,7  =  21  the  dry  Inches;  and  21  —  1,22  =  19,78 
Then  29,07  :  loo ::  19,78  :  0,68  ;  its  Segment  is  0,7241 
And  98,71  X  0,7241  =71,48  the  Numter  of  dry-Gallons. 

Proof  71,48  +  27,12=  98  6  the  Content  of  the  Cask  very  near 
which  plainly  (hews  the  Truth  of  this  Method. 

Thus  far  may  fuffice  concerning  Gaging  of  Backs  or  Coolers, 
Tuns,  Coppers,  and  Casks,  &c.  To  which  I  (hall  only  add,  That 
as  the  Contents  of  all  Brewers  Utenfils  are  to  be  computed  by  the 
Ale-Gallons,  fo  the  Contents  of  all  Didillers  lltenfiis  (viz,,  all 
their  Wafh-Backs,  Stills,  and  Casks,  &c. )  mud  be  computed  by 
the  Wine-Gallons. 

And  in  gaging  of  Malt,  (upon  which  there  is  now  a  Duty  of 
four  Shillings  per  Bufhel )  you  mud  ohferve,  That  a  Corn  or  Malt- 
Bufihel  doth  contain  2150,42  Cubic  Inches;  (SeePd£e42.)  and 
therefore  in  Gaging  of  Mait-Ciderns,  or  other  Vefifels,  2170,42 
will  he  a  condant  or  fix’d  Divilor  for  finding  the  Area’s  of  all 
Rightdin’d  Figures  in  Buihels  at  one  Inch  deep,  and  2738  will 
be  a  condant  or  fix’d  Divilor  for  finding  the  Area’s  of  Circular 
Figures. 

I  have  omitted  the  Bufinefs  of  Gaging  Mafh-Tuns,  and  taking 
an  Account  of  the  Goods  or  Grains,  in  order  to  eftimate  wha? 
Quantity  of  Wort  was  produced  from  them,  &c.  becaufe  I  could 
never  find  (by  all  my  Obfervations )  any  Certainty  therein; 
nor  is  .it  pofiible  there  ihould  be  any,  by  real'on  of  the  great 
Difference  that  is  in  Malt,  (and  its  Grinding  too)  for  the  belt 
Malt  (  well  ground  )  will  yield  or  produce  the  mod  Wort,  and 
leaf!:  Grains;  on  the  conrrary,  had  Malt  (being  ill  ground) yields 
the  leaf!  Wort  and  mod  Grains. 

f  N  '  »  v 

N.  *3.  For  the  Numbers  proper  to  the  IRISH  Gallon,  See  the  laft 
Edition  of  HA  IV N  El’s  Complete  Measurer,  Publilh’4 
by  S.  FULLER ,  at  the  Globe  and  Scales  in  Meath- Street,  DUBLIN. 
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PREFACE. 

<*  \ 

♦ 

THE  Mathematicks  formerly  received  confiderable 
Advantages  y firjl,  by  the  Introduction  oj  the  In¬ 
dian  Characters ,  and  afterwards  by  the  Invention 
of  Decimal  Fractions ;  yet  has  it  Jince  reaped  at  leaf  as 
much  from  the  Invention  of  Logarithms ,  as  from  both  the 
ether  two *  The  life  of  thefe ,  every  one  knows ,  is  of  the 
grcatejl  Extent,  and  runs  through  all  cParts  oj  Mathema - 
ticks .  By  their  Means  it  is  that  Numbers  almoft  infinite , 
and  fuch  as  are  otherwife  impracticable ,  are  managed 
with  Eafe  and  Expedition.  By  their  Ajjijlance  the  Ma¬ 
riner  fleers  his  VeJJel ,  the  Geometrician  invejli gates  the 
Nature  of  the  higher  Curves ,  the  Aflronomer  determines 
the  'Places  of  the  Stars,  the  Philofopher  accounts  for  other 
Thee  nomen  a  of  Nature ;  and  laflly,  the  Ufurer  computes 
the  Inter ejl  of  his  Money. 

The  SubjeCl  of  the  follow ing  Treatifc  has  been  cultivated 
by  Mathematicians  of  the firjl  Rank fome  of  whom  taking 
in  the  whole  DoClrine,  have  indeed  wrote  learnedly,  but 
fcarcely  intelligible  to  any  but  Maflers.  Others,  againy 
accommodating  themfelves  to  the  Apprehetfion  of  Novices y 
have  feleCled  out  fome  oj  the  mojl  eafy  and  obvious  Pro¬ 
perties  of  Logarithms,  but  have  left  their  Nature  and  more 
intimate  Properties  untouch’d.  My  Dejign  therefore  its 
the  following  TraCl,  is  tofupply  what  feemed  (bill  wanting , 
viz.  to  difeover  and  explain  the  DoClrine  of  Logarithms y 
to  thofe  who  are  not  yet  got  beyond  the  Elements  of  Algebra 
and  Geometry. 

The  wonderful  Invention  of  Logarithms  we  owe  to  tl  e  Lord 
Neper,  who  was  the  firjl  that  conJiruCled  and  pubhfhed  a 
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Canon  thereof,  ^Edinburgh,  in  the  'Year  1614.  This  was 
very  gracioufly  received  by  all  Mathematicians ,  who  were 
immediately  fenfible  of  the  extreme  Vfefulncfs  thereof*  And 
tho  it  is  ujital  to  have  various  Nations  contending  for  the 
Glory  of  any  notable  Invention ,  yet  Neper  is  universally  al¬ 
low’d  the  Inventor  of  Logarithms,  and  enjoys  the  whole  Ho¬ 
nour  thereof  without  any  Rival . 

The  fame  Lord  Neper  afterwards  invented  another  and 
more  commodious  Form  of  Logarithms ywhich  he  afterwards 
communicated  to  Mr .  Henry  -Briggs,  Trojeffor  of  Geometry  at 
Oxford,  who  was  hereby  introduced  as  a  Sharer  in  the  com¬ 
pleting  thereof  :  But  the  Lord  Neper  dying ,  the  whole  Bit- 
finefs remaining  was  devolved  upon  Mr .  Briggs,  who,  with 
prodigious  application,  and  an  uncommon  Dexterity ,  cotn- 
pafs’d  a  Logarithmic  Canon,  agreeable  to  that  new  Form  for 
the  firfi  twenty  Chiliads  of  Numbers ,  (or  from  1  to  20000) 
and  for  eleven  other  Chiliads,  viz.  from  90000  to  10 1000. 
For  all  which  Numbers  he  calculated  the  Logarithms  to  four¬ 
teen  T laces  of  Figures.  This  Canon  was  publifh* d  at  Lon¬ 
don  in  the  Year  1624. 

Adrian  \lacq  publijhed  again  this  Canon  at  Goudae  in 
Holland  in  the  Year  1628,  with  the  intermediate  Chiliads 
before  omitted,  filled  up  according  to  Brigg’s  Trefcriptions  \ 
but  thefe  Tables  are  not  fo  ufeful  as  Brigg’s,  becaufe  the 
Logarithms  are  continued  but  to  10  Tlaces  of  Figures. 

Mr.  Briggs  alfo  has  calculated  the  Logarithms  of  the 
Sines  and  Tangents  of  every  Degree,  and  the  hundredth 
Tarts  of  Degrees  to  15  T laces  of  Figures,  and  has  Sub¬ 
joined  to  them  the  natural  Sines,  Tangents,  and  Secants,  to 
1  5  T laces  of  Figures.  The  Logarithms  of  the  Sines  and 
Tangents  are  called  Artificial  Sines  and  Tangents,  but  the 
Sines  and  Tangents  themfelves  are  called  Natural.  Thefe 
Tables,  together  with  their  ConftruBion  and  Ufe,  were  pub - 
lifhfl  after  Brigg’s  Death,  at  London,  in  the  Year  1633, 
by  Heny  Gellibrand,  and  by  him  called  Trigonometria 
Britannica. 
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Since  then ,  there  have  been  publijhed ,  in  federal  (places, 
compendious  Tables ,  wherein  the  Sines  and  Tangents,  and 
their  Logarithms,  conjifi  of  but  f  even  Places  of  Figures , 
and  wherein  are  only  the  Logarithms  of  the  Numbers 
from  i  to  i  ooooo,  which  may  be  fufficient  for  mofi  TJfes. 

The  bejl  Difpofitionof  thefe  Tables,  in  my  Opinion,  is  that, 
firfi  thought  of  by  Nathaniel  Roe,  of  Suffolk  ;  and  with 
fome  Alterations  for  the  Better,  followed  by  Sherwin  in 
his  Mathematical-Tables  publijb’d  at  London//;  1 705; 
wherein  are  the  Logarithms  from  I  to  ioiooo  confifiing  of 
7  Places  of  Figures.  To  which  are  fubjoined  the  Differ 
rences  and  proportional  (Parts , '  by  Means  of  which  may 
be  found  eafily  the  Logarithms  of  Numbers  to  iooooooo, 
observing  at  the  fame  Time  that  thefe  Logarithms  conjifi 
only  of  7  Places  of  Figures.  Here  are  alfo  the  Sines , 
Tangents,  and  Secants,  with  the  Logarithms  and  Diffe -? 
rences  for  every  Degree  and  Minute  of  the  Quadrant,  with, 
fome  other  Tables  of  Ufe  in  praffical  Matheniaticks . 


T  H  E 
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HESE  mofl  excellent  and  ufeful  Numbers  were  firfl  in¬ 
vented  by  the  famous  and  never  to  be  forgotten  Lord 
Neper.  Baron  of  Mercbijton  in  Scotland,  a  fore  fa  id,  (Ann.  16I4.) 
who  ingenioufly  contrived  to  perform  Multiplication  and 
Divilion  of  Natural  Number's,  by  only  adding  or  fubtrafting  cer¬ 
tain  Artificial  Numbers,  which  he  called  Logarithms,  and  the  Extracti¬ 
on  of  Roots  by  dividing  the  Log.  by  2  for  the  Square  :  by  3  for 
the  Cube:  by  4  for  the  Biquadrat, 

This  Invention  of  his  (no  doubt)  proceeded  from. a  mature 
Confideration  of  the  Coherence  that  is  betwixt  Numbers  in 
Geometrical  Proportion  and  thofe  in  Arithmetical  Progreflion. 

As  in  thefe  following  : 

,7/-  V  1  •  2  •  4  •  8  .  16  .  32  .  6\  .  128,  &c.  Geometrical, 

^*  £  o  .  I  .  2  .  3  .  4  .7.6'.  7,  &c.  Arithmetical. 

It  is  very  perceptible,  that  as  the  Numbers  in  the  Geometrical 
Proportionals  are  produced  by  Multiplication  or  Divifion ,  thofe  in  the 
Arithmetical  Progrelfion  are  produced  by  Addition  or  Subtraction  :  As 
doth  appear  in  this  Example; 

r ,•  5  4X32  =  128?  J  128 32=4 Geometr. 

'J  1+5=  7  I  £  7  • —  j  =  2  Arithmet. 

.  •  ST  .  10  .  loo  .  1000  .  ioooo  .  100000,  &c.  Geometr. 

A°am’?0.  1  .  2  .  3  .  4  .  &c.  Arithmer. 


The  fame  Coherence  is  betwixt  thefe  Latter,  as  was  between 
the  two  firft  Ranks. 


...  £  1000  x  10  ^  10000  Z  1  aoooo-f- 1000=  loo  Geometr. 

I  z"i  3  +  1  =  4  S  C  j  —3=2  Aritlime:. 

Either  of  thefe  Examples  do  fufficiently  {hew  the  Reafon  and  very 
Ground  of  Logarithms. 

And 
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And  from  the  Latter  of  thefe  it  was,  that  the  Prime  Logarithms 
or  CharaCteridics  were  firft  afligned. 

As  ia  this  Table  ; 


Natural  Nutn. 

Logarithms. 

I 

0,0000000 

io 

1,0000000 

loo 

2,0000000 

Iooo 

3,0000000 

loooo 

4,0000000 

Iooooo 

f  .0000000 

Having  laid  this  Foundation,  the  next  Work  was  to  find  out 
the  Logarithms  of  the  intermediate  Numbers  fituated  betwixt  i 
and  io,  viz,,  of  2,  3,  4,  54  6 .  7,  &c.  and  of  thofe  betwixt  10  and 
loo,  viz,,  of  11,  12,  13,  14,  15:,  &c.  and  fo  on  for  the  reft.  This 
was  a  Work  of  Lome  Difficulty,  and  very  laborious. 

The  firff  Step  in  order  thereunto  (as  I  conceive)  was  to  find  out 
a  Rank  of  continual  Means  betwixt  10  and  1,  fo  as  that  the  lad 
(and  lead  thereof)  might  be  a  mixed  Number  lei s  than  2, 
and  fo  near  1,  as  to  have  luch  a  Number  of  Cyphers  before  the 
iignificant  Figures  thereof,  as  was  intended  the  Places  of  Logarithms 
in  the  Table  fhould  confiff  of.  Which  Means  are  to  be  found,  by 
extracting  the  Square  Root  of  10 (having  fird  annexed  a  competent 
Number  of  Cyphers  thereunto;)  then  extracting  the  Root  of  that 
Root,  and  fo  by  a  continued  Extraction  of  Root  out  of  Root,  un¬ 
til  there  be  a  Root  fo  qualify’d  as  before-mentioned:  Which  to 
make  a  T«ble  to  (even  Places  in  the  Logarithms,  will  require  twen¬ 
ty-five  leveral  Extractions,  the  lad  of  which  will  produce  this 
Number,  1, 00000006862238. 

The  next  Step  was  to  find  out  a  Number  betwixt  (1)  and  (o)  in  At 
rithmetical  Progredion,  that  might  truly  correl'pond  with  the  Mean 
before  found  (betwixt  io  and  1)  fuch  a  Number  mud  con fequent- 
ly  be  its  Logarithm.  And  this  may  be  found  byaqontinual  bifeCt-? 
ing  (or  halving)  of  1,  fo  often  as  was  the  Number  of  the  forego¬ 
ing  Extractions,  (to  wit.  twenty-five)  the  lad  of  which  BifeCtions 
will  produce  0,000000029802322,  &c.  the  true  Logarithm  of 
1,000000068622  38. 

For  as  1,00000006861238  by  twenty-five  continued  Involutions 
(viz,,  firlt  into  it  felf,  then  that  ProduCt  into  ic  felf,  and  fo  on 
fuccefiively)  will  produce  to;  fo  wifi  0  00000002 980232  by  the  like 
Number  of  Doublings  and  Re  dou blings,  produce  1. 

This  Mean  (or  Number)  and  its  Logarithm  being  thus  found,  it 
will  follow  by  propoitionj 

Ai 
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As  the  Significant  Figures  of  this  Mean ;  are  to  the  Significant  Figures  of  its  Logo? 
r'xibms  ::  So  are  the  Significant  Figures  of  any  Mean,  beiveixt  any  given  Mum  be 
dndi  :  (having  feven  Cyphers  before  fuch  Figures,  as  this  hath) 
To  the  Significant  Figures  of  its  Logarithm.  To  which  mult  be  prefixed  le- 
ven  Cyphers  to  complete  it.  After  which,  being  doubled,  and 
redoubled  according  to  the  Number  of  Extractions  required  to 
produce  its  cofrefponding  Mean,  will  at  laft  dilcover  the  true 
Logarithm  of  the  given  Number.  For  the  clearing  of  this,  take  an 
Example.  / 

Suppofe  it  were  required  to  find  the  Logarithm  of  the  Number  2, 
to  feven  Places.  Firlt,  by  a  continued  Extraction  of  Root  out  of 
Root,  beginning  at  2,  find  fuch  a  Mean,  or  Root  as  before,  betwixt 
2  and  1,  as  will  have  feven  Cyphers  before  its fignificant  Figures; 
which  after  tw7enty-three  feveral Extractions,  will  be  this  Number 
1,00000008262958.  Then  according  to  the  foregoing  Proportions, 
it  will  be 

6862238  : 2980232 :: 8262958  : 3588557 
To  which  prefix  feven  Cyphers,  as  before  direCted,  then  will 
1,00000008269958  have  for  its  Logarithm,  ,00000003588557 ;  which 
being  doubled  and  redoubled,  as  aboyefaid,  will  produce 
0,30102997958658  the  true  Logarithm  of  2  ;  which  being  contract¬ 
ed  to  feven  Places,  according  to  the  firlt  Defign,  and  agreeable  to 
the  feven  Places  of  Cyphers,  then  it  will  become  0,3010299.  But 
in  all  the  Tables  that  I  have  feen,  the  Logarithm  of  2  is  0,3010300  : 
I  conceive  the  Reafon  is,  becaufe  the  remaining  Figures  7958658 
come  fo  near  Unity  of  the  laft  Place  in  the  retained  Figures. 

And  by  the  lame  Method  that  this  Logarithm  of  2  is  made,  may 
the  Logarithm  of  any  other  Number  be  found.  Bur  w-hen  once 
the  Logarithms  of  a  few  of  the  prime  Numbers,  of  3.  7. 11.  13. 
1s*c.  (that  is,  of  fuch  Numbers  as  cannot  be  produced  by  the  mul¬ 
tiplying  of  two  Integer  FaCfors)  are  obtained,  the  reft  may  be 
eafily  compofed  by  Addition  and  Subtr a H ion  only . 

For  as  3  X  2  =  6  So  Log.  of  3  Log.  of  2.  =:  Log.  of  6. 

And  as  10  -H 1  =  5  So  Log.  of  io- —  Log.  of  2  =  Log.  of  f 

The  like  of  all  Numbers  that  have  aliquot  Parts,  (that  is,  fuch 
Integer  Numbers  as  may  be  divided  by  Integers.)  And  indeed  the 
Logarithms  of  fevera!  of  the  prime  Numbers  may  alfo  be  obtained 
by  Addlition  or  Subtraction,  as  might  eafily  he  ibewed,  and  is  not 
difficul c  to  conceive  by  any  one,  who  butduly  confiders  the  Na¬ 
ture  and  Defign  of  Logarithms  ;  (STc  of  which  I  {ball  forbear  lay¬ 
ing  any  thing  in  this  Place  and  keep  toymy  firfE  Defign  herein, 
which  was  to  give  a  brief  Account  of  the  ingenious  Author's  Me¬ 
thod  as  I  conceive  it  of  making  the  fame:  who  undoubtedly 
found  it  a  very  d  fficuk  Work,  bv  Reafon  there  is  required  fo 
many  feveral  Extractions  of  Roots  out  of  Roots,  which  mull 

needs 
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needs  render  it  both  troublefom  and  laborious.  Then  to  propofe 
a  different  Method  of  railing  the  Logarithms  of  fuch  prime  Num¬ 
bers  before  mentioned,  which  require  the  Extradion  of  Roots 
to  obtain  their  refpedive  Means,  with  one  tenth  Pare  of  the 
Trouble  and  Time  required  by  the  foregoing  Method.  And  not 
only  fo,  but  more  exad  ;  for  by  our  prelent  Method  of  conver¬ 
ging  Series,  the  Root  of  any  Power,  how  high  foever  it  be,  is  ea- 
lily  found  at  one  (ingle  Extradfion ;  and  thereby  the  Errors  which 
would  arife  by  extradin g  a  Surd  Root  out  of  a  Surd  Root  efpecially 
when  often  repeated,  are  avoided  ;  and  confequently  fuch  a  Mean 
as  may  be  required  betwixt  any  Number  and  Unity,  is  thereby 
moreexadly  found. 

Now  how  this  may  be  performed,  I  here  intend  to  Oiew,  as  briefly 
as  I  can.  In  order  thereunto,  take  this  as  a  Model. 

Let  d~the  Root,  or  Mean  required  betwixt  any  Number  and 
Unity : 

C  az  —  n  d  :  a4  s=s  □  a\  [a8  =3  □  a4 
Then -Ja1*  a8  .  a3Z  ^  OalS  .  a64  =:  □  a3  2 
£alz8=i  Ua6*.  n*iz8  -  dSI2=nazs* 

And  fo  on  fucceffively  with  the  Indices  in  Geometrical  Progrefli- 
on,  until  the  Power  of  a  be  made  equal  to  fuch  a  Term  in  that 
Progreffion,  as  that  the  Root,  or  Value  of  a  may  have  betwixt  U- 
nity  and  its  fignificant  Figures,  fo  many  Cyphers,  as  are  the  in¬ 
tended  Number  of  Places  in  the  Logarithms. 

For  Inftance,  Let  it  be  required  to  find  the  Mean  between  Jo  and  i* 
then  the  Power  of  a,  mud  be  £3  3  5  5443  z  s=s  10,  this  Index  33754432 
being  the  27th  Term  in  Geometrical  Progreffion,  which  may  be 
thus  determined. 

Let  1,  the  Charaderiftic  or  Logarithm  of  io,  be  divided  by  fuch 
a  Term  in  Geometrical  Progreffion,  as  will  caufe  fuch  a  Number 
of  Cyphers  to  be  before  the  fignificant  Figures  in  the  Quotient,  as 
are  required  to  be  before  the  Figures  of  the  Root  a  ;  fuppofey,  as 
before. 

Then  I  33**443*  =  ,00000002980231,  &c. 
which  is  the  true  Arithmetical  Mean  (as  before  found,  by  a  conti¬ 
nual  bifeding  of  1)  correfpondent  to  that  fignify’d  by  a  And 
therefore  the  Value  of  a  found  by  extrading  the  refpedive  Root 
of  1  o  =  ^3  3  5  5443 2  will  be  the  Mean  required; 

Viz *.  1.00000006862238  whofe  Log.  is  ,00000002980232. 

Thefe  being  found,  are  the  Foundation  of  the  reft,  as  before. 

Then  fuppofe  it  be  required  to  find  the  Logarithm  of  any  of  the 
Prime  Numbers;  if  you  pleafe,  that  of  2.  In  order  thereunto, 
let  a  =  the  Root  or  Mean  fought  betwixt  2  and  1,  as  before  ;  then 
muftrf  be  continually  involved,  as  by  the  above  Model,  until  its 
Index  be  equal  to  the  greateft  Term  in  Geometrical  Progreffion, 

whole 
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whofe  Number  of  Places  of  Figures  are  to  be  equal  to  the  Number 
of  required  Cyphers  before  <t>  to  wit  7.  According  to  which.  the 
Power  of  a  will  be  a  83  8  850  8  =;  2  (this  8388608  being  the  23d  Term 
in  Geometrical  Progreffion)  confequently  the  refpe&ive  Root  of 
2  =4S3  55508  will  be  the  Mean  required. 

Example* 

Let  r-f*  2  =  4 

Then  will  r83  88<ro8  -1-8388608 

+  33184367894328  rS3  i8*°*ee~aa3  stGos  r^1 
Suppofe  r  =  1 

Theni  +  83886082  +  3318436789432822=:  2 
That  is  83886o8e-j-33i84367894328ee=i 
.Each  Part  being  divided  by  the  Co-efficient  found  prefixed  ttief, 
Viz.  331843,  &c.  then  it  will  become 

,00010002  3?  22  =  ,0000000000000284  ==:  D 

D 

1  — —  6 

,00000023  "T  e 
•••*•••• 

,0000000000000284:=:  D 
,00000023  248  (,00000008  1 

7-?^  ,00000008  ■ 

i  Divifor  ,00000031 

Firft  rsi, 

+  e.P=:  ,00000008 


#  New  r  =  1,00000008 

Which  being  duly  involved,  in  the  fame  Order  as  the  Model  de¬ 
notes,  and  multiplied  into  the  refpe&ive  Co-efficients,  will  theq 
produce  thefe  Numbers, 

vi%,1^5^3^3 *9*7  +  I64HI682  +  6883341606628922 
Then  164111682  +  6883341606628922  ==  ,0436361033 
And  ,00000023842  -{-*22  =: ,00000000000000063393  z=zD 

Confequently  $ - -- - r—  =:  2 

£>0000002384  ~p  2 


,00000000000000063393 = D 
.  ,0000002384  480  (,00000000263  e=J  e 

-p  2  =  ,0000000026  . _ . 

.r - ^393 

Diviior  ,000000240  14460 


Divifor  ,0000001410 


9330 

7230 


O  o  o 
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,  la  i  r  —  1,00000008 

-}-  e  =  ,00000000 if  3 

New  r  =  1,00000008263 

I  take  only  1  0000000268  =  the  which  being  involved,  and 
ordered  as  before  will  produce  thefe  following  Numbers,  vi& 
1,999503684867  +  16773028?  *-)-*  70551267454081??  —  2 
Then  16773028?  4"  703 5 1 267454084??  :n  ,0004963 1 5 1 33 
,0000002384186?  -f-  ee  ==~'  00000000000000000705481443  =  D 

Confequ  ently  s - — - — — = e 

J  1  c ,0000002384186  -f-  e 


,00000000000000000705481443  — '  D 
J0000002384186  47686  (,0000000000295  t=s  e 

+  ?  ,0000000000295  . 

- - - 2286214 

Divifor  ,00000023843  2146023 


Divifor  ,000000238447 

Divifor  ,0000002384481  * 

*  Here  I  defid  forming 
a  new  Divifor,  and  make 
ufe  of  the  Abridgment. 

r*  *  *  •  *  - 

r .  •  •  •  r  1 

Lad  r  ==:  ^.0600000826 
4-1  e  2=  ,0000000000295879 


14019143 

1 i 922405 


*20967380 

19075848 


1891 532 
1669136 

nwi  ■■■  — 

1 

222396 

2I4596 


^=2  1,0000000826295879 

This  Value  of  a=  1.0000000826295879  is  the  Geometrical  Mean 
betwixt  2  and  1,  as  was  required;  (agreeable  to  that  before  found* 
by  twenty-three  feveral  Extra&ions.)  And  by  this  Method  of  pro¬ 
ceeding,  may  be  found  the  Mean  betwixt  10  and  1,  viz* 
1,00000006862238,  or  betwixt  any  other  of  the  (before  mentioned) 
Prime  Numbers  and  Unity,  as  might  eafily  be  fhewed.  But  for 
Brevity  Sake.  I  (hail  omit  giving  more  Examples  thereof,  this  one 
being  fufficient  (efpecially  to  the  Ingenious)  if  well  confidered, 
and  but  once  underdood,  to  fhew  the  Nature  of.  and  Manner 
bow,  to  proceed  upon  the  like  Occafion,  of  finding  anv  propofed 
Mean.  The  next  Thing  will  be  to  find  the  Logarithm  of  the 

Number 
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Number  from  whence  fuch  Mean  was  produced,  which  may  be 
thus  performed. 

Firft,  find  its  correfponding  Arithmetical  Mean,  or  Logarithm, 
by  Proportion,  as  in  Pag-  461.)  Then  multiply  chat  correlpon- 
ding  Mean,  fo  found,  into  the  Index  Number  of  luch  Power  as 
the  Geometrical  Mean  was  produced  from  ;  that  Product  will  be 
the  Logarithm  of  the  given  Number  (without  , a  continued  Dou¬ 
bling  and  Redoubling,  as  before.)  For  the  clearing  of  this,  let 
it  be  required  to  complete  the  Logarithm  of  %. 

Hiving  fir  ft:  found  j, 00000006862138,  the  proper  Geometrical 
Mean  betwixt  10  and  1.5  alio  its  cqrrefpon ling  Logarithm 
,00000001980232  (as  before  directed)  with  them  and  the  Mean  be¬ 
twixt  2  and  1,  la  ft  found,  viz..  1.0000000826293879 ;  make  ufe  of 
the  above  mentioned  Proportion,  (as  in  Fig.  463.)  viz. 

6862238  .*  29802 32  i  826293879  :  358833729 
To  which  prefix  feven  Cvphers  to  complete  it  (as  before.)  Then  it 
will  become  ,000000033885 5729.  This  Number  being  multiplied 
into  the  Power  of  a  (whac  that  is,  fee  Fig.  465.)  will  produce  the 
Logarithm  of  2. 

viz .  0000000358855729  X  8388608  =:  0,30103000391352 

But  according  to  the  firft  Defign,  it  is  required  to  have  bur  feven 
Places,  viz .  0,301300  ;  which  is  the  true  Logarithm  of  1  without 
any  Defeat. 

Thus  I  have  prefented  you  with  a  new  and  expeditious  Method 
of  making  Logarithms;  which  if  they  were  required  to  fourteen 
or  fifteen  Places  (I  can  modeftly  fay)  they  might  then  be  made 
with  one  twentieth  Part  of  the  Time  and  Trouble  required  by 
the  firft:  Method. 


METHOD  III. 


A  NEW 

TABLE 

O  F 


LOGARITHMS. 

Compofed  by  Mr*  Lon  g. 

Finding  the  Logarithm  by  Divilion  only,  and  the  Na¬ 
tural  Number  belonging  to  a  Logarithm,  by  Multipli¬ 
cation  only  9 

O  o  o  2,  Log* 


O  o  o  2 
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Log.  Nat.  Hum. 


°,9  I 

0,8  • 

o,7 

0,6 

o>5 

°,4 

0,2 

0,1 

7.943182347 

6.309573445 

?.ol  1872336 
3.981071706 
3.I62277660 
2.?  II886432 
I.99?2623I  ? 

I.?84893I93 
1.25891  ? 4 1  2 

0,09 

1. 23026877I 

0,08 

I.202264435 

0,07 

0,06 

I.l48l?36H 

0,0? 

I. IHOI8454 

0,04 

I.O96478I96 

0,03 

I.07l?l930? 

0,02 

I. O47H8548 

0,01 

1.023291992, 

0,009 

I.O2O939484 

0,008 

I.OI859I388 

0,007 

I.OI6248694 

0,006 

I.OI39II386 

0,00? 

1.011579454 

0,004 

I.OO915I886 

0,003 

1.006931669 

0,002 

1.004615794 

0,00  I 

I.OO2305238 

0,0009 

1.002074475 

,0 ,0008 

1.001843766 

0,0007 

I.OOI6I3IC9 

0.0006 

S.ool  381506 

0,000? 

f.ool  i  51956 

0.0004 

1. 000921459 

0,0003 

1.000691015 

0.0002 

1.00046062  3 

'•.000  I 

1.000230285 

Log •  Nat.  Hum. 


0,00009 
0,00008 
0,00007 
0,00006 
0,0000? 
0,00004 
o  00003 
o  ooooi 
o,oooot 

0,000009 

0,000008 

0,000007 

0,000006 

0,00000? 

0,000004 

0,000003 

0,000001 

0,000001 

0,0000009 

0,0000008 

0,0000007 

0,0000006 

0,000000? 

0,000000* 

0,0000003 

0,0000001 

0,0000001 

0,00000009 
o  00000008 
o  00000007 
0,00000006 
0,0000006? 
O  00000004 

0,00000003 

O  00000002 

o  0000000 r 


1.000  207154 
1.000  184224 
1.000  I6II9J 

1.000  138165 

1.000  II?  1  36 
1.000092 106 
1.000069080 
1.000046053 
1.000013026 

1  0000  2072* 
1. 0000  1842 1 
1.0000  1 6 1  n 
1.0000 13816 
1. 0000  1 1 5 1 3 
I  000009210 
1.000006908 
1.00000460? 
1.000002302 

1.000002072 

I.OQOOOI841 

r.oooooi6n 

1.000001381 

I -QOOOO 1 1  ?  I 
I.OOOOOO92I 
I.OOOOOO69O 
I.QOOOOO46O 
I.OOOOOO23O 

I.OOOOOO2O7 
I.OOOOOOI84 
I.OOOOOOI6I 
1.000000138 
l. OOOOOO  I  I  ? 
I.OOOOOOO92 
I.OOOOOOO69 
I.OOOOOOO46 

I.OOOOOOO23 
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This  Table  I  l'ometimes  make  ufe  of  for  finding  the  Logarithm 
of  any  Number  propos'd,  and  vice  ver[a.  Suppofe  I  had  Occafion 
to  find  the  Logarithm  of  2000.  I  look  in  the  firll  Clafs  of  my 
Table  (the  whole  Table  confifts  of  8  Clafles)  for  the  next  lefs  to  2, 
which  is  1.9952.6231?,  and  againft  it  is  3,  which  confequently  is 
the  firft  Figure  of  the  Logarithm  fought.  Again,  dividing  the 
Number  propos'd  2,  by  1.99526231?  the  Number  found  in  the 
Table,  the  Quotient  is  1.002374467:  which  being  look'd  for  in 
the  fecond  Clafs  of  theTable.  and  finding  neither  its  Equal,  r.ora 
Leffer,  I  add  o  to  the  Part  of  the  Logarithm  before  found,  and 
look  for  the  faid  Quotient  1.002374467  in  the  third  Clafs,  where 
the  next  lefs  is  1.002305238,  and  againft  it  is  1,  to  be  added  to 
the  Parc  of  the  Logarithm  already  found;  and  dividing  the  Quo¬ 
tient  1.002574467,  by  1.002305238.  laft  found  in  the  Table,  the 
Quotient  is  1.000069070  ;  which  being  fought  in  the  fourth  Clafs 
gives  o,  but  being  fought  in  the  fifth  Clafs  gives  2,  to  be 
added  to  the  Part  of  the  Logarithm  already  found;  and  di- 
viding  the  laft  Quotient  by  the  Number  laft  found  in  the 
Table,  vi z-  1.000046053,  the  Quotient  is  1. 00001301 5,  which  be¬ 
ing  fought  in  the  fixth  Clafs,  gives  9  to  the  Part  of  the  Logarithm 
already  found:  And  dividing  the  laft  Quotient  by  the  new  Divi- 
for.  viz.  1.00000207X,  the  Quotient  is  1.0000001 19,  which  being 
greater  than  i.oopoooiij;  (hews  that  the  Logarithm  already  found, 
yiz,.  5.3010299  is  lefs  than  the  Truth  by  more  than  half  an  Unit; 
wherefore  adding  1,  you  have  Brio’s  Logarithm  of  2000,  viz . 
3.30I0300. 

If  any  Logarithm  be  given,  fuppofe  3,3010300,  throw  away  the 
Chara&eriftic,  then  over  againft  thefe  Figures  3...0..1 

you  have  in  their  refpe&tve  Clafles  1.995262315 . . . 

I.002305238 . . . 1,000069080 - 0...0  which  multiplied 

continually  into  one  another,  the  Product  is  2.000000019966, 
which  by  reafon  the  Chara&eriftic  is  3,  becomes  2.000,000019966, 
&c.  that  is,  2000.  the  Natural  Number  defired.  I  fhall  not  men¬ 
tion  the  Method  by  which  this  Table  is  fram'd,  becaufe  you  will 
eafily  fee  that  from  the  life  of  it. 

It  is  obvious  to  the  intelligent  Reader,  that  thefe  Clafles  of 
Numbers  are  no  other  than  fo  many  Scales  of  mean  Proportionals: 
In  the  firft  Clafs,  between  I  and  io;  fo  that  the  lail  Number  there¬ 
of,  viz •  1,258925412-  is  the  tenth  Root  of  io,  and  the  reft  in  or¬ 
der  alcending  are  the  Powers  thereof.  in  the  fecond  Clafs,  the 
la!l  Number  1.023292992  is  the  hundredth  Root  of  Io,  and  the  reft 
in  the  fame  Manner  are  Powers  thereof.  So  1  002305238  in  the 
third  Clafs,  is  the  tenth  Root  of  the  laft  of  the  fecond,  and  the 
reft  its  Powers,  &c.  Or.  which  is  all  one,  each  Number  in  the 
preceding  Clafs.  is  the  tenth  Power  of  the  correfponding  Num¬ 
ber  in  the  next  following  Clafs:  Whence  Jtis  plain,  thattocon- 

ilrud 
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r u 6fc  th  ie  Tables  requires  no  more  than  one  Exrnftion  of  the 
fifth  or  lurlbiid  Root  for  each  GUI's,  the  reft  of  the  Work  being 
done  bv  the  common  Rules  of  Arithmetjck. 


METHOD  IV. 

Their  Con  fir  aft  «on,  according  to  the  common  Rules,  given  by 
many  Excracfiom  ot  Roots,  is  tediousj  the  belt  Way  yet  known  is 
this  which  follows. 

To  make  a  Table  of  Logarithms . 

Firjl ,  Put  for  the  Logarithm  of  i,  a  Cypher  for  the  Index,  and 
a  co  npetent  Number  of  Cyphers  for  the  Logarithm,  according  to 
the  Number  of  Places  you  would  have  yojir Logarithms confift  of  5 
for  to  an  Unit  with  the  fame  Number  of  Cyphers*,  for  loo,  2, 
with  as  many  Cyphers;  for  1000,  3,  with  as  many  Cyphers,  &c. 

Sec.on.Uv,  Lind  the  Difference  between  l'ome  two  Logarithms  above 
looo  or  rather  above  10000,  that  differ  by  Unity;  thus.  Multiply 
■the  two  Numbers  together,  and  that  Produft  v.ou  mu  ft  multiply 
again  by  434294.48  1  903251838 96  *  which  lift  Product  divided  by  the 
Arithmetical  Mean  between  both  Numbers,  the  Quotient  is  the 
Difference  fought. 

Suppofe  we  would  find  the  Difference  between  the  Log.  .10000, 
and  looor,  the  Produiflof  thefe  two  Numbers  is  i.oooloooo.  which 
multiplied  by  4343  produceth  434343*3  »  this  divided  by  10000.5, 
quotes  4343-  Now  if  to  the  Logarithm  of  10000,  which  is 
4.0000000,  you  add  the  Difference  before  found,  to  wit,  434,  the 
Sum  4  00004341s  the  true  Logarithm  of  loooi  to  7  Places. 

fnrlly  Hiving  thus  found  the  Difference  of  any  two  Logarithms 
Differing  bv  Unity,  and  confequently  l'ome  of  the  Logarithms  by 
dividing  the  Difference  found  by  the  Arithmetical  Mean,  between 
any  two  Numbers  Differing  !y  Unity,  you  fhall  have  the  Diffe¬ 
rence  of  the  Logarithm  of  thofe  two  Numbers. 

ThU'  to  find  the  Difference  betwixt  the  Logarithm  of  274,  and 
27?;  divide  4313  the  D'fference  of  the  Logarithm  of  10000,  and 
loom  by  27i  5  the  Quotient  15821,  is  the  Difference  fought 

Fourthly  Having  by  this  Means  found  a  few  of  the  prime  Loga¬ 
rithms,  the  red  are  made  by  Addition  and  Subtraction ,  and  having 

made 


*  Wh'ihis  the  Sab  tangent  of  the  Carve  sxprejjir.g  Brigg’i  Logarithms.  See  Keil’i  Trig. 
Pag.  135-  14°> 
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made  the  Canon  upward,  above  1000  to  10000  by  Conlequcnce 
it  is  made  for  all  inferior  Numbers. 

The  prime  Numbers  to  which  Logarithms  mull  be  found  in 
firll  Place,  are  thefe,  2.  .  5  .  7  •  1 1  •  1  3  •  *7  •  19  •  *3  •  -9  •  3*  •  37  • 
41  .  43  .  47  .  53  .  f  9  .  61  .  67  .  71  •  73  •  79  •  •  97 ■>  &c'  or 

fame  Numbers  with  Cyphers. 

But  fince  it  was  very  tedious  and  laborious,  to  find  the  Loga¬ 
rithms  of  the  Prime  Numbers,  and  not  eafy  tocompure  Logarithms 
by  Interpolation,  by  firll,  lecond  and  third,  &c.  Diffei  ernes  there¬ 
fore  the  great  Men,  Sir  ijaac  Hevcton ,  Mercator  Gregory  IVaUis  and 
lallly,  Dr.  Halley,  have  publifhed  infinite  converging  Series  by; 
which  the  Logarithms  of  Numbers  to  any  Number  of  Places  may 
be  had  more  expeditioully  and  truer:  Concerning  which  Series, 
Dr.  Halley  has  written  a  learned  Trad,  in  the  Pbilofopbicai  Tran) actions, 
wherein  he  has  demonllrated  thofe  Series  after  a  new  Way,  and 
fhevvs  how  to  compute  the  Logarithms  by  them.  But  I  think  it 
may  be  more  proper  here  to  add  anew  Series,  by  Means  ot  which 
may  be  found  ealily  and  expeditioully,  the  Logarithms  of  large 
Numbers. 

Let  z  be  an  odd  Number,  whofe  Logarithm  is  fought ;  then  fball 
the  Number  z  —  I  and  z  4"  I  be  even,  and  accordingly  their  Lo¬ 
garithms  and  the  Difference  of  the  Logarithms  will  be  had,  which 
let  be  called :  Therefore,  alio  the  Logarithm  of  a  Number  which 
is  a  Geometrical-Mean  between  z —  1  and  z  +  I  will  be  given, 
viz.  equal  to  the  half  Sum  of  the  Logarithms.  Now  the  Series 


1,1, 
yX - - -j  + 

4  24Z,* 


36ozi 


+ 


181 


4.  — — — —  &  c.  lb  all  be 

•  -  -  -  -v  > 


I  J  I  zoz, 1  25ZOO£> 


equal  to  the  Logarithm  of  the  Ratio,  which  the  Geometrical  Mean 
between  the  Numbers  - 1  and  z  “j"1  1,  has  to  the  Arithmetical- 
Mean,  viz-  to  the  Number 


y 

If  the  Number  exceeds,  1000,  the  firll  Term  of  jthe  Series—  is 

fufficient  for  producing  the  Logarithm  to  13  or  ia  Places  of  Fi¬ 
gures,  and  the  fecond  Term  will  give  the  Logarithm  to' 20  Plates 
of  Figures.  But  if  z  be  greater  than  10000,  the  firll  Term  will 
exhibit  the  Logarithm  to  18  Places  of  Figures ;  and  fo  this  Series 
is.  of  great Ufe  in  filling  up  the  Logarithms  of  the  Chiliads  -omitted 
by  Briggs  For  Example;  It  is  required  to  find  the  Logarithm  .of 
26001.  The  Logarithm  of  20000  is  the  fame 'as  the  Logarithm  of 
2.  with  the  Index  4  prefix'd  to  it;  and  the  Difference  of  the  Lo¬ 
garithms  of  10060  and  20002,  is  the  fame  as  the  Difference  of  the 
Logarithms  of  the  Numbers  10000  and  1000 1,  viz •  o.,  0006434*72. 

76 c7.  And  if  this  Difference  be  divided  by  4*,,  or  80004,  the 

Quo- 
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Quotient 


—  fhall  be 
4* 


o.  ooooo  00005428 1 3 


And  if  the  Logarithm  of  the  Geometrical-  4.  30105 1709302416 

Mean  be  added  to  the  Quotient,  the  Sum  will  & - - 

be  the  Logarithm  of  .20001.  Wherefore  it  4. 30105  1709845230 
is  manifeft,  that  to  have  the  Logarithm  to 
14  Places  of  Figures,  there  is  no  Neceflity  of  continuing  out  the 
Quotient  beyond  6  Places  of  Figures.  But  if  you  have  a  Mind  to 
have  the  Logarithm  to  10  Places  of  Figures  only,  as  they  are  in 
Places  Tables,  the  two  firft  Figures  of  the  Quotient  are  enough# 
And  if  the  Logarithms  of  the  Numbers  above  20000*  are  to  he 
found  by  this  Way,  the  Labour  of  doing  them,  will  moftly  con- 
fift  in  fetting  down  the  Numbers.  Note ,  This  Series  is  eafily  de* 
duced  from  that  found  out  by  Dr.  Halley ;  and  thofe  who  have  a 
Mind  to  be  inform’d  more  in  this  Matter,  let  them  conlult  his  a- 
bovenam'd  Treatife* 


Mr.  W A  R  D’s  Eafy  Method  of  making  the  Canon  of 

&tne£>  ®angcntg,  &c* 

FIRST,  Let  me  premife  two  Things,  that  the  Periphery  of  a 
Circle,  whofe  Radius  is  Unity  or  1,  is  6.283185,  &c.  and 
that  the  Natural  Sine  of  one  Minute  doth  fo  infenfibly  differ  from 
the  Length  of  the  Arch  of  one  Minute,  that  it  may  be  taken  for 
the  fame. 

rAs  the  (Periphery  in  Minutes  :  Is  to  the 

Confequently,  4?*"^  Radllis : : 

^  J’joots  one  Minute  \  To  the  Parts  agree* 

(~ing  to  that  Minute . 

.  That  is,  2 1600*  :  6,283185  ::  1'  :  0.000290888  =  the  Natural 
Sine  of  one  Minute  ;  which  agrees  with  the  largell  Table  of  Sines 
I  ever  faw. 

Having  thus  got  the  Sine  of  one  Minute,  its  Co-Sine  may  be 
thus  found  : 


Suppofe 
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Suppoie  RA  —  R?  the  Radius  of  any  Circle,  SN=?  the  Sine  of  the 
Arch  SA.  Then  RH  —  CS  is,the  Co- 
Sine  of  chat  Arch.  Buc  □  RS ■ —  □ 
t>  N  —  n  R  AT  conlequently 

V  □Rv  —  U*N— K;V. 

That  is.  From  the  Square  of  the 
Radius,  111 bt rati  the  Square  of  tHe 
Sine  of  i',  the  Square  Root  of  the 
Remainder  will  be  the  Co  Sine, of 
I',  per  Chip.  9.  Prop.i.  In  Numbers, 
the  Sine  of  1'  is  000190885,  its  Square 
is  0,000000084^11  ;  and  1  • — • 

0,000000084612  =:  0.9999999I 5 388, 
the  Square  Root  thereof  is 
,99999995  —  the  Co-Sine  required. . 


The  Sine  and  Co-Sine  of  one  Minute  being  thus  obtain'd,  all 
the  reft  of  the  Sines  in  the  Quadrant  may  he  gradually  calculated 
by  Mr.  Michael  Par/s  Sinical  Proportions  ;  which  I  frail. here  infert, 
to  the  fame  EffeCt  as  they  are  iii  his  Mifcellanies  *,  and  then  explain 
and  demonftrate  the  Truth  of  thofe  proportions. 

If  a  Rank  of  Anches  be  equi-different  ; 

r  As  the  Sint  of  any  Arch  in  that  Rank  :  Is  to  the 
Sum  of  the  Sines  of  any  two  Arches  equally  remote 
The  1  from  it  on  each  Side  :  :  So  is  the  Sine  of  any  other 

.  Arch  in  the.faid  Rank  :  To  the  Sum  oj  the  Sines 
of  two  Arches  next  it  on  each  Side  j  having  the 
ffame  common  Difance. 

Immediately  after  thefe  Proportions,  he  lays  down  the  follow¬ 
ing  Equations : 

Three  Arches  equi-difterent,  being  propofed  ;  if  (faith  he)  you 
put  if  —  the  Sine  of  the  greater  Extreme,  y—the  Sine  of  the  le/Ter 
Extreme;  A  —  the  Sine  of  the  Mean  ;  w  — the  Co-Sine  thereof; 
JO  the  Sine  of  the  common  Difference  ;  d— the  Co-fine  thereof  5 
and  R  —  the  Radius. 


i.  Then  Z  T  y : 

3.  Then  Zy  —  MM 


2  Md . 


R 


2.  Then  Z — y  = 


2  mV , 
_ 


VD. 


Then 


Z 


y  .  Md  —  Md 

From  the  foregoing,  it  is  evident,  (faith  he)  that  if  two  Thirds^ 
viz-  either  the  former  or  latter  60  Degrees,  or  the  former  30  Degr. 
and  the  latter  30  Degr.  of  the  Quadrant  he  completed  with  Sine's; 
the  remaining  Part  of  the  Quad  rant  may  be  completed  by  Addi¬ 
tion,  or  Subtraction  only. 

P  p  p  Thus 
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5  hus  far  is  from  the  Ingenious  Mr.  P^ry,  concerning  thele  ex¬ 
cellent  Proportions 

G 


the  Truth  whereof  I 
fhall  thus  demonftrate. 


d 


In  the  annexed  Cir¬ 
cle  DA  z=z'da  are  Dia¬ 
meters,  fh  —  ba~ab 
be,  are  equal  Arches. 


Draw/74  parallel  to 
T>A  then  will  Ne 
L/.  And  the 
like  the  A  Gfe ,  being 
both  right-angled  at  r 
and  e.  and  L  d  :=  A  G 
becaufe  fubtended  by* 
the  equal  Arches  ac-=. 
fa.  . 


A 


r 


Therefore  Tz  :  dc  : :  Gf:  G?. 

Confequently  :  dc  £  Gf  :  Ge.  But  H/;  =  G/,  whence  f/J/  =: 
4G/,  and  \da,t=:  the  Radius,  dp^kde.  Therefore  it  will  be, 
Radius :  2 dp  :  :  HM  =  4;G/  :  GN+  Ne  =3 GN  +  L/.  That  is.  As  the 
Radius  :  Is  to  twice  the  Sine  dp  : :  bo  is  the  Sine  HAf :  To  the  Sum 
of  the  two  Sines  GA7and  FL  =fL.  Q.E.D. 

1  (ball  now  explain  thele  Proportions,  and  fhew  how  they  may 
be  applied  in  Pra&ice  :  Having  the  Sine  of  one  Minute,  and  its  , 
Co-Sine  as  before;  let  the  Radius  be  made  the  Mean  or  Middle 
Term  between  thole  two  Extremes;  then  the  Proportions  will 
run  _  1 

As  the  Radius  :  Is  to  the  double  Co-fine  of  one 
Minute  :  :  So  is  the  Sine  of  one  Minute  :  To  the 
jy,  i  Sine  of  two  Minutes ,  and  of  00 r  :  And  fo  is 
USy  i  the  Sine  of  lr  w  To  the  Sum  of  the  Sines  of  3 f 
J  and  1 1  : :  And  fo  is  Sine  of  3 7 :  To  the  Sum  of 
Sines  of  4 1  and  2 7. 


f 


V 


And  fo  on  in  a  faccejjiye  Order ?  from  Minute  to  Minute, 


And  then,  if  from  the  S  im  of  the  Sines  of  3'  and  1'  be  taken 
the  Sine  of  H  the  Remainder  will  be  the  Sine  of  3':  And  the  like, 
if  from  the  Sum  of  the  Sines  of  4'  and  ir,  be  taken  the  Sine  of  z ty 
there  will  remain  the  Sine  of  4/,  cir’e. 

Proceed in 


g 


pane  Xtijjottometrp.  47  ? 

Proceeding  on  by  this  Method,  ail  rhe  Natural  Sines  in  the  Qua¬ 
drant  may  be  eafily  calculated  by  Addition,  and  Su htra&ion  only. 
For  the  Radius,  or  firft  Term  in  the  Proportion,  being  1. 0000000 
or  Unity,  Divifion  is  wholly  avoided:  And  becaufe  the  fecond 
Term  in  the  Proportion  varies  not,  if  a  Tariff*,  or  fmall  Table 
be  made  thereof  to  all  the  nine  Digits,  then  Multiplication  isal- 
fo  avoided.  For  by  the  help  of  that  TarifFa,  the  whole  Work 
may  be  perform’d  by  Additon  and  Subtra&ion,  until  all  the 
Sines  are  gradually  made. 

Thus  you  have  an  eafy  Way  of  making  the  Canon  of  Sines; 
which  being  once  done,  the  Tangents  and  Secants  may  be  found 
by  the  following 

L  As  the  Co-Jin e  of  any  Arch  :  Is  to  the  Sine 
Proportions-^  of  that  Arch  :  :  So  is  the  Radius  :  To  the 
£  Tangent  oj  the  fame  Arch. 

That  is,  by  the  firfi.  Scheme  of  this  'Problem , 

KV;  SM  ::  RA  :  TA.  And  RM  :  RS  ::  RA  :  RT  ~  the  Secant  of 
that  Arch. 


pane  Xrtflronometrp. 

Definitions. 


I  \  Circle  is  fuppos’d  to  be  di- 
Ajk_  vided  into  360  equal  Parts, 
called  Degrees;  and  each  Degree 
into  60  equal  Parts,  called  Mi¬ 
nutes  ;  and  each  Minute  into  60 
equal  Parts,  called  Seconds,  &c. 
Any  Portion  of  whofe  Circumfe¬ 
rence  is  called  an  Arch,  and  is  mea- 


G 


A 


it  contains. 

2.  A  Chord  or  Subtenfe  is  a 
ftrait  Line.  conne&ing  the  Extre¬ 
mities  of  an  Arch  ;  as  BE  is  the 
Chord  of  the  Arches  RAE,  BDE. 

3.  A  Sine  (or  Right  fine)  is  a 
ftrait  Line  drawn  from  one  End  of 
an  Arch  perpendicular  to  that  Diameter  paffing  thro’  the  other 
End;  or  it  is  half  the  Chord  of  twice  the  Arch;  Jo  BE  is  rhe 
Sine  of  the  Arches  BA,  BD.  And  here  it  is  evident,  that  theS:ne 
of  90  Decrees  (which  is  equal  to  the  Radius  or  Semi-Diameter  of 
the  Circle)  is  the  greateft  of  all  Sines  the  Sine  of  an  Arch  greater 

than  a  Quadrant  being  lefs  than  the  Radius, 

Ppp:  4.  The 


47 


6 


pane  trigonometry. 


4.  The  Difference  of  an  Arch  from  a  Quadrant,  whether  it  be 
greater  or  lefs,  is  called  its  Complement;  I'o  HB  is  the  Comple¬ 
ment  of  the  Arches  BA,  BD  ;  Bl  is  the  Sine  of  that  Complement, 
and  therefore  it  is  called  the  Co-fine,  or  Sine-Complement  of  the 
Arches  BA.  BD. 

5.  The  Secant  of  an  Arch  is  a  ftrait  Line  drawn  from  the  Cen¬ 
ter  thro' one  End  of  the  Arch  till  it  meet  w  ith  the  Tangent,  which 
is  a  flrait  Line  touching  the  Circle  at  the  Extremity  of  that  Dia¬ 
meter  which  cuts  the  other  End  of  the  Arch  ;  lb  CG  is  the  Secant, 
and  AG  the  Tangent  of  the  Arches  BA,  BD:  And  CK  is  the  Co- 
fecant,  and  HK  the  Co-tangent  of  the  Laid  Arches. 

6.  A  Verfed  Sine  is  the  Segment  cf  the  Diameter  intercepted  be¬ 
tween  the  Arch  and  its  Sine  :  Thus  FA  is  the  Verfed  Sine  of  the 
Arch  BA.  and  FD  of  the  Arch  BD. 

7.  Whatever  Number  of  Degrees  an  Arch  wants  of  a  Semi- 
Circle  is  called  its  Supplement. 

8.  That  Part  of  the  Radius  which  is  betwixt  tjie  Center  and 
Sine  is  equal  to  the  Co-fine;  thus  CF  is^rfB. 

o.  If  an  Arch  be  greater  or  lefs  than  a  Quadrant,  the  Sum  or 
Difference  of  the  Radius  and  Co-fine  is  equal  to  the  Verfed  Sine. 

In  a  Triangle  are  fix  Parts,  viz,,  three  Sides  and  three  Angles: 
Any  three  of  which  being  given,  except  the  three  Angies  of  a 
Plane  Triangle,  the  pther  three  mqy  be  found  either  Mechanical¬ 
ly,  by  the  Help  of  a  Scale  of  equal  Parts  and  Line  of  Chords,  or 
by  an  Arithmetical  Calculation,  if,  fuppofing  the  Radius  divided 
into  any  Number  of  equal  Parts,  we  know  how  many  of  thofe 
equal  Parts  are  in  the  Sine,  Tangent,  or  Secant  of  any  Arch  pro¬ 
pos'd:  The  Art  of  inferring  which  is  called  Trigonometry ,  and  it  is 
either  Plane  or  Sphericaj. 

Plane  Trigonometry  is  folv'd  by  the  Help  of  four  fundamental  Pro- 
pofitions,  call'd  Axioms. 

Jlxiom  1. 

In  a  Right-angled  Triangle  ABC, 
if  one  Leg  of  the  Right-angle,  as 
AB  or  CB, 'bp  made  the  Radius  of  a 
Circle,  then  (ball  the  other  Leg  CB 
or  AB  be  the  Tangent  of  the  Angle 
opnofite  to  it,  and  the  Hvpothemife 
AC  (or  Side  oppofite  to  the  Right- 
angle)  its' Secant  (bv  Definition  s-) 

But  if  the  Flypothenufe  AC  be 
made  the  Radius  of  a  Circle,  then 
will  the  Legs  (or  Sides  including  the 
Right-angle)  to  wit  CB  and  AB  be 
the  Sines  of  the  Angles  oppofite 
^by  Definition  3.) 


G 
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Upon  this  Axiom  depends  the  Solution  of  the  J'even  Cafes  of 
Right-angled  Plane  Triangles. 

Note ,  That  the  three  Angles  of  a  Plane  Triangle  make  two  Right* 
Angles,  or  180  Degrees,  by  32.  i  Euc/.. 

For  the  more  ealy  making  the  Proportions  for  the  Solution  of 
Right-angled  Triangles,  obferve,  that  as  different  Sides  are  made 
Radius,  fo  the  other  Sides  acquire  different  Names,  which  Names 
are  either  Sines,  Tangents,  or  Secants,  and  are  to  be  taken  out  of 
your  Table. 

To  find  a  Side,  any  Side  may  be  made  Radius  :  Then  fay,  As  the 
Name  of  the  Side  given,  is  to  the  Name  of  the  Side  required  ;  fo 
is  the  Side  given,  to  the  Side  required. 

But  to  find  an  Angle,  one  of  the  given  Sides  mud  be  made  Ra¬ 
dius;  then,  As  the  Side  made  Radius,  is  to  the  other  Side;  fo  is  the. 
Name  of  the  firfd  Side  (which  is  Radius)  to  the  Name  of  the  fecond 
Side;  which  fourth  Proportional  mud  be  found  among  the  Sines 
or  Tangents,  (g*c,  to  be  determin'd  by  the  Side  made  Radius,  and 
againft  it  is  the  Angle  required. 

The  Proportions  for  the  Solution  of  feven  Cafes  of  Plane  Right- 
angled  Triangles.  [See  the  next  foregoing  Fig.] 


Given  f  Re^>  j  _ «  Proportions. _  |  Rad.  }  Caf*m 


A  B 

A  and 
G 

BC 

Cofi.  A  :  si.  A  : :  AB  :  BC. 

R  :  Tan.  A  : :  AB  :  BC. 

Co-t.A:  R  ::AB:BC. 

AC 

AB 

BC 

I 

A  B 

A  and 

1  C 

AC 

Cofi.  A  :  R  ::  AB  .AC. 

,  R  :  Sec.  A  : :  AB  :  AC. 

Tan.  A  :  Cofe.  A  ::  AB  :  AC. 

AC 

AB 

BC 

X 

A  B 

B  C 

A 

arid 

C 

AB  :  BC  : :  R  :  Tan.  A. 

Complement  is  C. 

BC  :  AB  ::  R  :  Tan.C. 
Comrdemenr  is  A. 

AB 

BC 

3 

:A  B 

BC 

AC 

AB  :  BC  ::  R  :Tan.  A;  Then 
Cofi.  A  :  R  : :  AB  :  AC.  or 

y/  .’  □  AB  -j-  u  BC :  =:  AC  ( per  47.  I. 
Eucl. 

AB 

AC 

4 

>> 

n* 

A  and 
C 

AC:  BC  ::  R  :  Cofi.  A. 
r  AB  :  AO  : :  R  :  Secant  A. 

AC 

AB 

5 

A  B 
AC 

B  C 

AC:  AB  ::  R  :  Cofi.  A;  Then 
R  :  Tan.  A  : :  AB  :  BC,  or 

v7:  n  AC  —  □  AB  :  ~BC. 

AC 

AB 

6 

A  C 

A  and 

c 

AB 

R  :  Cofi.  A  : :  AC  :  AB. 

Sec.  A  :  R  ::AC:AB. 

Cof.  A .  Cot.  A : ;  AC  :  AB 

AC 
AB 
BC  j 

7 

1 


Axiom 


/ 


47 8  Pane  Xttgottomettp. 


Axiom  II. 

In  any  Triangle  the  Sides  are  proportional  to  the  Sines  of  the 
oppofite  Angles. 

SDcmonttratton, 

f 


Produce  the  leflfer  Side  of  the  Triangle  ABC,  to  witABtoF,  ma^ 
Icing  AF==BC:  Let  fall  the  Perpendiculars  BD,  FE,  upon  the  Side 
CA  produc'd,  if  need  be;  then  will  FE  be  the  Sine  of  the  Angle  A, 
and  BD  the  Sine  of  the  Angle  C,  to  the  Radius  BC  =  AF. 

Now  the  Triangles  ABD  and  AFE,  having  the  /_  A  common  ro 
them  both,  and  the  /_D=:Z.E  =  to  a  Right-angle,  are  fimilar; 
wherefore  (by  4 .6  Eucl.Elern.)  AF  (BC):  AB  ::  FE :  BD ;  viz,>  Si.  A : 
Si.  C.  QjL  Z>.  Qtherwife  thus ; 

By  Ax- 1.  AB  :  R  ::  BD  :  Si.  A,  and  BC:  R : :  BD  :S|.  C; 

Therefore  ABxSi.  A(=^RxBD)=;BCx  Si.  C; 

Wherefore  AB  :  BC  : :  Si.  C  :  Si.  A.  Q.  E.  D. 

Axiom  III. 

The  Sum  of  the  Legs  of  any  Angle  of  a  Plane  Triangle,  is  to 
heir  Difference,  as  the  Tangent  of  half  the  Sum  of  the  Angles  op- 
)ofite  to  thofeLegs,  is  to  the  Tangent  of-  half  their  Difference. 

SDemonflration. 

In  the  Triangle  ABC  . 
produce  CB,  the  lelfer 
Leg  of  the  Angle  B,  till 
BD  becomes  =:  BA,  the 
greater  Leg.  and  then  bi- 
CD  in  E;  join  AD  and 
;>i feft  it  al fo  in  F ;  d ra  w 
BF,  which  (by  8.1  Eucl.El.) 
will  be  perpen.  to  AD; 
and  draw  EF.  which  (by  q  B  E  D 

t.  6  Fuel.  Klttn.)  w  ill  be 

parallel  to  AC.  Then  will  the  Angle  ABF  =  FBD  — ^BBD,  which 
external  Angle  ABD  is  (by  32.  1  E ucL  Elem)  =;BAC  -f-C,  that  is  to 
Sum  of  the  oppofite  Angles  required.  * 

Draw  thenBG  parallel  to  CA.  fo  will  the  Angle  GBA  be  (by  29. 
I  EutL  Elem  )  equal  to  its  Alternate,  one  BAC;  and  if  from  half  the 

Sum 
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Sum  of  the  opposite  Angles  you  take  the  leffer  Angle,/,  e.  If  from 
A  ABF  you  take  the  Z_  GBA,  there  will  remain  A  GBF  =  half  the 
Difference  of  the  oppofite  Angles  ’And  fo  alfo,  if  from  CE  half 
the  Sum  of  the  Legs,  you  take  CB  tne  lefler  Leg,  there  will  remain 
BE  equal  to  half  the  Difference  of  the  Legs.  And  then,  fince  the 
A  ABF  is  Right-angled,  if  BF  be  made  Radius,  AF  will  be  the  Tan¬ 
gent  of  A  ABF  (i.  e.  the  Tangent  of  half  the  Sum  of  the  oppofite  An-, 
gles )  ;  and  in  the  little  A  GBF,  FG  will  be  the  Tangent  of  the  A 
GBF  (i.  e.  the  Tangent  of  half  the  Difference  of  the  oppofite  Angles)  : 
But  the  Segments  of  the  Legs  of  any  Triangle  cut  by  Lines  parallel 
to  the  Bafe,  being  (by  Scbol.  to  2.  6  Eucl.El)  proportional ;  EC  :EB 
::  FA  :  FG;  that  is  in  Words,  half  the  Sum  of  the  Legs,  is  to  half 
their  Difference,  as  the  Tangent  of  half  the  Sum  of  the  oppofite 
Angles,  is  to  the  Tangent  of  half  their  Difference:  But  Wholes 
are  as  their  Halves ;  wherefore  the  Sum  of  the  Legs,  is  to  their  Diffe¬ 
rence^  the  Tangent  ofhalftheSumof  the  Angles  oppofite,  is  to 
the  Tangent  of  half  their  Difference.  £?  E.  D. 

Axiom  IV. 

The  Bafe,  or  greateft  Side  of  any 
Plane  Triangle  is  to  the  Sum  of 
the  Legs,  as  the  Difference  of  the 
Legs,  is  co  theDifference  of  the  Seg¬ 
ments  of  the  Bafe  made  by  a  Per¬ 
pendicular  let  fall  from  the  An¬ 
gle  oppofite  to  the  Bafe. 

SDemonftraticm. 

From  the  A  B,  on  the  Bafe  AC, 
of  the  A  ABC,  let  fall  the  Per¬ 
pendicular  BD  ;  on  B  as  a  Center, 
with  the  greater  Leg  BC,  as  a  Ra¬ 
dius,  defcribe  the  Circle  BxCyZ ;  and  produce  AB  to  *  and  y,  and 
CA  to  Z.  Then,  • 

By  the  37.3  Eucl.  Elem.  AyX  A*is:=;  AC  X  AZ  ;  viz. :  BC  — BA  : 
x  :  BC  +  BA :  =  AC  x :  DC  —  DA  : 

Therefore  AC :  BC  +  BA  : :  BC  :  —  BA  :  DC  —  DA.  QjE.D. 

Other  wife, 

Let  the  Difference  of  the  Squares  of  the  Sides  BCand  AB  be  ta¬ 
ken  and  divided  by  the  Bafe  AC,  the  Quotient  (hall  be  the  Diffe¬ 
rence  of  the  Segments  of  the  Bafe  aforefaid  : 

Or, 

Square  all  the  3  Sides,  and  dedud  the  Square  of  one  of  the  lefs 
Sides  out  of  the  Sum  of  the  other  two  Squares,  divide  half  the  Re¬ 
mainder  by  thelongeft  Side,  the  Quotient  is  the  Alternate  Segment 
of  the  Bafe. 

The  Proportions  for  the  Solution  of  the  fix  Cafes  of  Plane 
oblique  Triangles.  [$et  the  laji  Fig.] 


Given 
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Given 

Reqd •  | 

Proportions. 

|  Ax.  |  Cafe. 

AB 
BC 
and  C 

A 

;  Si.  A. 

2 

1 

N.  rB.  i fi,  If  the  given  Angft^e  Obtufe,  the  other  i  Angles  then  are  each  Acute. 
idly.  If  the  Side  oppolite  to  the  given  Angle  is  longer  than  the  Side  oppolite  to  the 
Angle  fought,  then  is  the  Angle  fought  Acute,  but  if  lTiorter,  then  is  the  faid  Angle 
doubtful,  and  may  be  either  Acute  or  Obtufe,  beeaufe  both  the  Sine  and  its  Comple¬ 
ment  to  two  Right  Angles  are  the  fame  :  Wherefore  to  be  certain,  of  what  Quality 
the  Angle  oppolite  to  the  greateft  Side  is.  Take  the  Slim  and  Difference  of  the  great- 
eft  Side  and  Middle  (or  leaft)  and  their  Logarithms,  if  the  half  of  them  be  equal  to 
the  Logarithm  of  the  third  Side,  the  Angle  oppolite  to  the  greateft  Side  is  a  Right  An¬ 
gle,  but  if  the  Logarithm  of  the  third  Side  be  greater  than  the  half  it  is  Acute,  if  lefs, 
it  is  Obtufe:  Or,  without  Logarithms,  multiply  the  laid  Sum  by  the  Difference 
abovefaid,  and  extract  the  Square-Root, 

cJEqualto  ^  ^  **  r  Right  -> 

which  if  <  Greater  ♦han  >  the  third  Side,  then  is  the  greateft  Angle  <  Obtufe  S. 
LLels  than  ->  c  Acute  o 


A  B 
BC 
and  C 

A  C 

AB :  BC : :  Si.  C :  Si.  A. 

Hence,  by  Subtraction,  the  Z_  B  will  be', 
known. 

si.  A:  si.  B  ::BC  :  AC. 

2 

2 

A,  C 
and  BC 

AB 

si.ArSi.  BC  :  AB. 

2 

3 

B 

AB 

BC 

* 

Aand 

C 

AB  pBC  —  AB  : :  Tan.  £  Sum  of 
'  the  JL. s  oppofii^  Tan.  £  Difference 
of  the  Z.S  oppofite  Then  £  Sum  £ 
Difference  ==  greater  Z_  A  j  and  £ Sum 
—  £  Difference  leffer  Z  C. 

3 

4 

B 

AB 

BC 

AC 

Firft,  find  the  Angles  by  the  laft} 
then  Si.  C  :  Si.  B  ::  Ab  :  AC. 

3 

2 

S 

AB 

BC 

AC 

A* 

B 

Q 

it 

‘  m* 

AC:  BC-fBA  :  :BC  — BA:  DC— DA: 
Then  £  AC  +  4; 'DC  —  £  DA  =  DC. 
And  4  AC  —  :  £  DC—  £DA:  =  DA. 
Then  A#*'*  AD  : :  R:  Coli.  A. 

And*  CB  ?DC  : :  R:  Cofi.  C. 
An>!8o°*-Z_  A  —  Z_C  ~  L  B. 

*  ■  '  .  7 

4 

I 

I 

4 

6 

/ 
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Or  ltVore  readily  at  one  Operation. 

From  half  the  Sum  of  the  Sides  fubduA  each  particular  Side,  and  let  the  Sum  of  the 
Logarithm  of  th^  half  Sum  ffnd  Difference  of  the  Side  fubtending  the  enquired  Angle 
be  lubdu&ed  from  the  Surifof  the  Log.  cof  the  other  Difference  and  the  doubled  Ra¬ 
dius,  half  the  Remainder  lhall  be  the  Log.  of  the  Tangent  of  half  the  enquired  Angle. 

Agreeable  to  thh  Axiom  in  Gellibrand’r  Trig.  Brirannica.  p. 

■As  the  ReCtangle  of  half  the  Sum  of  the  Sides*tmd  the  Difference  between. that  half  Sum  au(l 
the  Side  oppojite  to  the  Angle  required,  is  to  the  ReCtangle  of  the  other  two  Remainders  ;  fo  is 
the  Square  of  Radius,  to  the  Square  of  the  Tangent  of  half  the  Angle  fought. 

Ex  Angulis  later  a,  vel  ex  laterihus  Angulos  &  mixtim  in  Triangulis  t  am plants  quam  Sphfi- 
ricis  ajfequi ,  Summa  Gloria  Mathematici  ejl  :  Sicenim  Ccelttm  &  TtrutS  &  Maria  felici  & 
sdmiratido  calculi  Men  fur  at,  ,  Fran.  Yiet&> 
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